Note the following review problems DO NOT cover all problem types which may appear on the
final.

6.3 preliminaries:

la.) Suppose f(t) = t2, then f(t —2) = (t — 2)?

1b.) Suppose f(t) =2 + 3t + 4, then f(t —2) = (t —2)2 +3(t —2) + 4

lc.) Suppose f(t) = sin(t) + €3, then f(t —2) = sin(t — 2) + 3(¢-2)

2a.) Suppose f(t —2) = (t — 2)?, then f(t) =2
2b.) Suppose f(t —2) = (t —2)% + 3(t — 2) + 4, then f(t) =t> + 3t + 4
2c.) Suppose f(t —2) = sin(t —2) + €372 then f(t) = sin(t) +
3a.) Suppose f(t —2) =2+ 2t + 5, then f(t) = >+ 6t + 13

242t +5=(t—2)2+4t —4+2t+5=(t—-2)2+6t+1=(t—-2)2+6(t—2)+12+1
=(t—-2)2+6(t—2)+13

Check: f(t—2)=(t—2)2+6(t—2)+13=12—4t+4+6t—12+13=12+2t+5

3b.) Suppose f(t —2) = 3t2 + 8t + 1, then f(t) = 3t> + 20t + 29

32+ 8t +1=3(t—2)2—3(—4t+4)+8+1=3(t—2)*+12t — 12+ 8t + 1
=3(t—2)2+20t — 11 =
3(t—2)2 +20(t —2) +40 — 11 = 3(t — 2)2 +20(t — 2) + 29

Check: f(t—2) = 3(t—2)2+20(t—2)+29 = 3(t>—4t+4)+20t —40+29 = 3t2 —12t+12+20t—11 =
3t2 +8t+1

3c.) Suppose f(t —2) = cos(t) + €5, then f(t) = cos(t + 2) + e8¢ +16

cos(t) + 4% = cos(t — 2 + 2) + e3(t=2)+16

Check: f(t —2) = cos(t — 24 2) 4 3E=2F16 — cos(t) + 31716416 = cos(t) + 8¢
Chapter 6:

4.) Find the LaPlace transform of the following: (used L(u.(t)f(t —c)) = e “L(f(t)))

da.) L{ug(t® —2t+1)) =e (F +45 +7)

Llus(t2 =2t +1)) = L(us((t —3)2+6t —9—2t+1)) = L(uz((t —3)2+ 4t —8)) = £(u s((t—3)2 +
4t —3)+12—=18)) = L(uz((t —3)* +4(t = 3) +4)) = e ¥ L + 4t +4)) = e 3 (Z +45 + )



4b.) L(ug(e™8Y)) = 6_45_325%3

E(U4€_8t) — E(U4e_8(t_4)_32) — 6_4S£(6_8t_32) — 6_456_32E(6_8t) — 6_43_323+L8

de.) Llug(te™)) = e > (Zmz + g7 + 5i5y)

L(uz(t2e3%)) = L(uz([(t — 2)% + 4t — 4]e3F=2DH6)) = L(un([(t — 2)% +4(t — 2) + 8 — 4]e3(t=2)+6)) =
Luz([(t —2)2 +4(t — 2) +4]e3E=246)) = 725 L([t2 + 4t + 4]e316)) = e 25eSL([t? + 4t +4]e?)) =

e~ 25e0 L(t2e3t + 4te3t + 4e3t)) = e~ 2516 (5_23)3 + 4(5_13)2 + (ng))

5.) Find the inverse LaPlace transform of the following: (usually used u.(t)f(t—c) = L~ (e 7 L(f(t)))}

5a.) L71(e 8 L3) = ug(t)e3(t=8)

L7 (e ¥ L5) = ug f(t — 8) where

LIf(1) = <55). Hence f(t) = £71(sL5) = e

s— s—3

5b.) L7 (e* ) = u_4(t)\/i§ sinh(vV/3(t + 4))

L71(e* 512) = u_y(t) f(t +4) where

L(F(1) = wri). Hence f(t) = 2L (YE) = Lsinh(v/3t)

5c.) L71(e® = Lu_1 ()3 Dsin(2(t + 1))

1
Gomrra) = 2

C—l(@sm) =wu_1(t)f(t+ 1) where

L(F(1) = o). Hence f(t) = L7 (=2rpy) = 2€¥sin(21)

5d.) L7 (e 2gyr) = wa ()3t — 1)V

L1 (e®
5e.) 15)=Tu_1(0)

—1 s _1p0-—1 es
£4s§e —458) (e® _ iu—1(t)f(t+1) where

L(f(t)) =1. Hence f(t) =1. Thus f(t+1) =1

5f.) L71(e®) =6(t+ 1)




6.) Use the definition and not the table to find the LaPlace transform of the following:
6a.) L(t?) = %

st st

oo _ efst o0 e . efst
Jo e P dt = P |3 — [ 2t = limy_oot®

—st

— [2t5+

—Jo 2¢
st

=0 -0 — [limi—0o2t®5 —2(0)% — 25 5] = [0 -0 — (zz'mt%owi7 - 25’—53)1 = (
_ 2
=7

25)]

Let u =12, dv=e"5¢

—st

du =2t, v =

7st

Pu=2, [v=
6b.) L(cos(l)) = 172
J" e stcos(t)dt = e tsin(t)[5° — [T —se™* sin(t)dt

= limy—oce "' sin(t) — e%sin(0) — [se™* cos(t)|5° — [ —s*e * cos(t)dl]
=0—0— [lim—ocse *'cos(t) — se®cos(0) + s> [ e **cos(t)dt]
= —[0— s+ [, e cos(t)dt]
=s— 5% [ e *tcos(t)dt
Hence [;° e *tcos(t)dt = s — s* [ e *tcos(t)dt
Thus [ e *tcos(t)dt + s* [}~ e *tcos(t)dt = s
Thus (14 s2) [, e *tcos(t)dt = s
Thus [~ e cos(t)dt = =52
Let u= e~ %, dv = cos(t)
du = —se ', v = sin(t)
d?u = s?e*!, [v = —cos(t)

7.) Find the inverse LaPlace transform of the following. Leave your answer in terms of a convo-
lution integral:

Ta.) E‘l(m) = %fg e2(=%) 5in(2s)ds

LN ) = £ (&

o) * LT ((52+4)) e x 1sin(2t) = %f(f e2(t=9) sin(2s)ds



e?*sin(s)ds

7b.) £_1(W1_43+5)) fo e2(t=se2s5in(s)ds
L) e (i) = £ () + L () = €2 e sin(t) = [, €2
= —e*cos(s)[h = —e*cos(t) + €'

Note we can easily calculate this integral

= fo e*'e ¥ e* sin(s)ds = [ e* sin(s)ds = €' [ sin(s)ds
7c.) ‘C_l((82)(s22—8—48+5)) = =2 [/ e2(t=9)(e25cos(s) + 2e%sin(s))ds
— 2s _ — 1 s—242 _ 1 s—2 —
LN o) =287 (g o) = 287 (o [ + o)) = 2677+
(e%tcos(t) + 2e2tsin(t)) = 2ft 2(t=5)(e25cos(s) + 2e%°sin(s))ds
) + 2sin(s))ds = 2e?t[sin(s) — 2cos(s)]|}

Note we can easily calculate this integral
(s) + 2e*sin(s ))ds = 2¢?t f cos(
tsin(t) — 2cos(t) + 2]

= 2¢2t f; e~ 2%(e**cos
= 2e?![sin(t) — 2cos(t) — (0 — 2)] = 2¢?
8.) Find fxg
8a.) 4t * 5t* = i
[y 4(t — s)bs*ds = fg 20(ts* — s5)ds = 4ts® — 25018 = 446 — 1946 = 246
8b.) 5t* x4t = 2t°
5t 4t = 4t * 5t* = 210
x et = Z(—sin(t) — cos(t) + e*)
Ssin( = el[—e Ssin(s)|f — fg —e *cos(s)ds]

8c.) sin(t)
ds = ' fo

Jo € sin(s)ds = [, e'e”®sin(
= el[—e"tsin(t) — —e%sin(0) — fot —e Ssin(s)ds}]
{(e"tcos(t) — e’cos

{e%cos(s)|}
(0)) — [7 —e*sin(s)ds}]

= el[—e " tsin(t) —
e 5sin(s)ds|

e teos(t) +1— fg

= el[—etsin(t)
= —sin(t) — cos(t) + e’ — e’ [ e ®sin(s)ds
Hence €' [ e ®sin(s)ds = —sin(t) — cos(t) + €' —e f; e *sin(s)ds
sin(s)ds = —sin(t) — cos(t) + e

Hence 2¢* [,
1(—sin(t) — cos(t) + €)

Hence €' f(f e Ssin(s)ds
4



Let u = sin(s), dv =¢e*

du = cos(s), v=—e*

d*u = —sin(s), [v=1e"*

Make sure you can also solve a quick differential equation using the LaPlace transform and use
any of the formulas on p. 304.

Chapter 3:

9.) Solve the following initial problems:
9a.) ¥ + 6y +8y =0, y(0) =0, ¥y (0)=0
Suppose y = €"t. Then ¢/ = re", y" = r2e"

r2emt + 6remt + 8e™ = 0 Hence r? + 67 + 8 = 0. Thus, (r + 2)(r + 4) = 0.Hencer = -2, -4
Hence general solution is y(t) = cie ™2t + cye ™%
y(0)=0:0=1c¢1 4+ c3. Thus co = —¢1

y'(0)=0:9y = —2cie 2 — 4cpe™H

0= —2¢c; —4cy = 2¢9 — 4cy = —2¢9 Thus ¢ =0,¢1 =0
Thus, y(t) = 0 is the solution to the initial value problem.
9b.) ¥ + 6y’ + 9y =0, y(0) =0, y'(0) =0

2 +6r+9=>r+3)(r+3)=0

Hence general solution is y(t) = cie™3t + cote™3
y(0) =0:0=c1 +¢2(0). Thus ¢ =0

y = cote 3

y' = cale™3t — 3te™3

y'(0) =0:0 = ca[e’ — 3(0)e’]. Thus cp = 0.

Thus, y(t) = 0 is the solution to the initial value problem.

9c.) y" + 6y + 10y =0, y(0) =0, ¥'(0) =0

24 6r4+10=0,r = VO AWUD _ 6k _ 34



Hence general solution is y(t) = cie™3tsin(t) + cae 3tcos(t)

y(0) =0:0=1c1(0) + c2(1). Thus ca =0

y' = c1[—3e3tsin(t) + e 3tcos(t)]

y'(0) =0:0=c¢1[0+ 1]. Thus ¢; = 0.

Thus, y(t) = 0 is the solution to the initial value problem.

Quicker method to solve 9a, b, c:

Note that y = 0 was the obvious solution to the initial value problems in 9a, b, c.

Clearly the constant function y(t) = 0 satisfies ay” + by’ + cy = 0 for any a, b, c. It also satisfies
y(0) =0, ¥’(0) = 0. Thus this constant function is a solution to IVP of this type. Since IVP of
this type have unique solutions, y(t) = 0 is the only solution.

9d.) y" + 6y’ + 8y = cos(t), y(0) =0, 3'(0) =0

Guess y = Acos(t) + Bsin(t) is a solution.

Then y' = —Asin(t) + Beos(t) and y”" = —Acos(t) — Bsin(t)

—Acos(t) — Bsin(t) + 6(—Asin(t) + Bcos(t)) + 8(Acos(t) + Bsin(t)) = cos(t)
(—A+ 6B+ 8A)cos(t) + (—B — 6A + 8B)sin(t) = cos(t)

(6B + 7TA)cos(t) + (—6A + 7B)sin(t) = cos(t) + 0sin(t)

cos(t) and sin(t) are linearly independent functions,

Hence (—6A + 7B)sin(t) = 0sin(t). Thus —6A+ 7B =0s0 A =

@I\I

And (6B + TA)cos(t) = cos(t). Thus 6B+7A=1,s0 6B+ 7({B)=1. 3P p-%85p -1

Thus B = =~ and A=

Check: cos(t) 5 sm( ) + 6(—%3%’71(1&) + 865008( ) + 8(8—75005(t) + %sin(t}) = (—8—75 + % +
85)005(15) + (—8% — £+ B)sin(t) = cos(t)

Thus general solution is y(t) = c1e™ + coe™* + Lcos(t) + & sin(t)
Use initial values to find ¢, cs:

O:cl+02+8—75+0. Henceclz—cz—%

y'(t) = —2c1e™ 2" + —dege™ — Lsin(t) + cos(t)

6



0:—261—402—0—{—%:—2(—62—8—75)—4024—%2262—{—%—4024—%:—202—{-%

10 7 17

Thus 2¢y = 8 or ¢y = g and ¢1 = —g — g = — 55

5
Note these are NOT the same values for ¢; and ¢ for the homogeneous case.

The the solution to the initial value problem is y(t) = —ile~ 2! 4+ e~ 4 Lcos(t) + < sin(t)
9e.) ¥ + 6y" + 9y = cos(t), y(0) =0, y'(0) =0

Guess y = Acos(t) + Bsin(t) is a solution.

Then y' = —Asin(t) + Bceos(t) and y”" = —Acos(t) — Bsin(t)

—Acos(t) — Bsin(t) + 6(—Asin(t) + Bcos(t)) + 9(Acos(t) + Bsin(t)) = cos(t)

(—A+ 6B +9A)cos(t) + (—B — 6A + 9B)sin(t) = cos(t)

(6B + 8A)cos(t) + (—6A + 8B)sin(t) = cos(t) + 0sin(t)

cos(t) and sin(t) are linearly independent functions,

Hence (—64 + 8B)sin(t) = Osin(t). Thus —6A+8B =0s0 A=3B =3B

And (6B + 8A)cos(t) = cos(t). Thus 6B +8A=1,s0 6B+8(3B)=1. B2 =3B =1
ThusBzS—%andA:%:%.

Thus general solution is y(t) = c1e ™3 + cate ™3t + Zcos(t) + 3 sin(t)

Use initial values to find ¢y, ca:
0=c1+c2(0) + 2% + 0. Hence ¢; = —%
Y (t) = —3c1e73t 4 coe3t — Bepte ™3 — Zsin(t) + S5c0s(t)

0=-3c1+c—0-0+g=-3(-g)+tatg=gtatg=Cct+i

Thus ¢y = —% and ¢; = %

Note these are NOT the same values for ¢; and ¢y for the homogeneous case.
The the solution to the initial value problem is
y(t) = —z e — Bte™3t + Zcos(t) + 2 sin(t)

Check: y(0)=—-% +0+ = =0

Y (t) = ge 3+ Dtem3t — D=3 — Zsin(t) + 3 cos(t)



y(0) =S 4+0-18 043 = 1221543 _

Thus initial conditions are satisfied. To fully check that this is the solution, should check if
Yy’ + 6y’ + 9y = cos(t)

9f.) vy + 6y + 10y = cos(t), y(0) =0, y'(0) =0

Hence general solution to the homogeneous equation is y(t) = cie™3'sin(t) + coe 3t cos(t)
Thus y = Acos(t) + Bsin(t) is not a solution to the homogeneous equation.

Guess y = Acos(t) + Bsin(t) is a solution.

Then y' = —Asin(t) + Bceos(t) and y” = —Acos(t) — Bsin(t)

—Acos(t) — Bsin(t) + 6(—Asin(t) + Bcos(t)) + 10(Acos(t) + Bsin(t)) = cos(t)

(—A+ 6B+ 10A)cos(t) + (—B — 6A + 10B)sin(t) = cos(t)

(6B +9A)cos(t) + (—6A + 9B)sin(t) = cos(t) + 0sin(t)

cos(t) and sin(t) are linearly independent functions,

Hence (=64 + 9B)sin(t) = Osin(t). Thus 64+ 9B =0s0 A= 3B =3B

And (6B + 9A)cos(t) = cos(t). Thus 6B +9A=1,50 6B+ 9(3B) =1. 2£2Tp =3B =1
ThusB:%andAzg%zl—%.

Thus general solution is y(t) = cre™ 3 sin(t) + coe ™ cos(t) + =5cos(t) + 55 sin(t)
Use initial values to find c¢1, ca:

0=1c1(0) + c2(1) + 2 + 0. Hence ¢ = —

y'(t) = —3cre 3 sin(t) + cre ™ cos(t) — 3eae ™ cos(t) — cae ™ sin(t) — 5 sin(t) + 5cos(t)

0=04+c; —3c2+0-0+ 3 Thusc; =3co— 55 =3(—5) — 5 = 35° 13
Note these are NOT the same values for ¢; and ¢y for the homogeneous case.

The the solution to the initial value problem is

y(t) = T3 3sin(t) + — e 3 cos(t) + & cos(t) + 5 sin(t)
Check: y(0) =0— 35+ 25 +0=0
To fully check that this is the solution, should check if 4" + 6y’ + 9y = cos(t) and if y'(0) = 0.

3.8: 1-5, 7,11, 14, 3.9: 1- 8



Make sure you understand sections 3.8, 3.9
10.) Solve the following initial problems:
10a.) ¥ +3y+1=0, y(0) =0

Method 1: separate variable

d
o=-3y—1

dy  _
3,1 — dx

dy :fdx

—3y—1
Let u= -3y — 1, du = —3dy
S IE LT

—3ln(u) =2+C

In(=3y —1) = -3x+ C4
—3y — 1 =e37th

—3y =e 37 41

y—lecle—sm_%
y=Ke3e 1
y(0)=0:0=K — 5. Hence K = 3
Thusy_%e—?’m_%

Method 2: integrating factor:
Yy +3y=-1

Let u = e 3% — ¢3o

3%yl 4 3e3Ty = 3t

(e37y) = —e3®

[(e3y) = — [ 3=

ey =—3e* 4+ C

Y= —% + Qe 37



y(0)=0:0=—% 4 C. Hence C =

1
3

Thus y = %6_3“’ —

W=

Method 3: LaPlace transform:
L(y')+3L(y) = —L(1)
sC(y) +y(0) +3L(y) = —1

(s +3)L(y) = —3

L) = ~sorm = ~3l5 ~ 533
Yy = —%[1—6_3””]
10b.) , y(0) = 0

*10c.) cos(t)y’ — sin(t)y = &, y(0) =
Note cos(t)y’ — sin(t)y = (cos(t)y)’
J(cos(t)y)' = [ at

cos(t)y = —t~ 14 C = =1+t

y(0) =0: 0=—14C. Hence C' = 1.

_ —14Ct
y= tcos(t)

— 3y3 =322 —2In(z)+ C
y(0) =0: 0= 3e? —2In(e) + C
C =2In(e) — 3e? =2 — 3¢?

3

Answer: y? — 1y3 = 322 — 2In(z) +2 - 3

Chapter 1:



11.) For each of the following, draw the direction field for the given differential equation. Based
on the direction field, determine the behavior of y as ¢ — oo. If this behavior depends on the
initial value of y at ¢t = o, describe this dependency.

11a.) ¢y =y

11a.) v/ =1

Ha.) ¥ = y(y +4)

Chapter 7:

12.) Transform the given equation into a system of first order equations:

12a.) 2" — 22" + 32’ — 4z = t?

Answer: 1) = 9, xh = 13, 4 — 223 + 319 — 411 =12

12b.) 2" — 22" + 32’ — 4w =2

Answer: 1) = 9, 7h = 13, T4 = x4, Ty — 223 + 319 — 471 = 12

Make sure you also study exam 1 and 2 as well as everything else. Remember the above list is
INCOMPLETE.

* means optional type problem. If a problem like 9¢c appeared on the final, it would be in the

”choose” section.
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