6.6: The Convolution Integral

Defn: The convolution of f and g is the function fxg
defined by

fo f(t—s)g ds—fo g(t — x)dx
Note * 1s
1.) commutative: f*xg=gx* f
2.) associative: (f*xg)*h= fx(gx*h)
3.) distributive w.r.t +: f*(g1+g2) = f*xg1+ f*xgo
4) fx0=0%f =0

Example: cos(t) x 1 =

Example: sin(t) x sin(t) 2 0



Thm: L((f *g)(t)) = L(f(¢))L(g(?))
Proof:

L>F)L(g(t) = [y eV f(y)dy [y e *"g(x)dx
= o 1JoT eV f(y)dyle ** g(x)dz
= [5G T eV f(y)e " g(x)dy]da
=Jo Lo 6_8(y+x)f(y)g(fv)dy]dw

= [,C1)5 e Wt fy) g(z)dz]dy

Let t = o +y, dt = dz

= Jo 1) e W) fy)g(t — y)dt]dy
= [y 1) e f(y)g(t — y)dtldy

= [y e F(y)g(t — y)dydt

= [T e[y f(y)g(t — y)dy)dt
— fo St f*g)( )dt
= L(f * g)

Example: L71(2—=) =

s(s—a)



