4.7: Optimization

A right circular cylinder is inscribed in a sphere of radius 5m.
Find the largest possible surface area of such a cylinder.

S(x) = 2(m2?) + (27x)(2y) = 2(wx?) + (47z)V/25 — 22
S:[0,5] = R

Note we chose the domain to be a closed interval, so that we
can apply the EVT. In reality, we can’t have a cylinder of radius
0 (z = 0) or a cylinder of height 0 (x = 5). But we can find
the maximum S(x) value in the interval (0, 5) by finding the
maximum S(z) value in the interval [0, 5] if the maximum does
not occur at x =0 or x = 5.

S'(x) = 47TJI—|—47T\/25—7Z'2+47T:E(%)(25—562)_%(—2%) =0, DNE
DNE: z =5

0 = 4mx + 47/25 — 22 — 4 (25 — x )*%
0=x+25— a2 — 22(25 — 22) "2

(V25— 27)(0) = (V25 — 2?) [z + V25 — 2 — 22(25 — 22) 7]
0=2v25— 22+ 25— 22 — 22

202 — 25 = v/25 — a?

(222 — 25)? = (xv/25 — x2)2. Note by squaring both sides, our
new equation has more solutions than our previous equation.
Hence not all solutions to this new equation will be critical points,
but as long as we check all critical points, it’s fine to check ad-
ditional points if you are not sure which of the solutions to this
new equation are critical points.

r* — 10022 + (25)2 = 22(25 — 2?)

Szt — 12522 + (25)% = 0. Hence z* — 2522 + 125 =0

g2 _ 254/(25)2-40125) _ 25%4/5(125)-4(125) _ 5. 735

r =+ /25i2\/125‘ Note /25i2\/125 c [075]

S :]0,5] — R. Thus we are not interested in negative solutions.

By the EVT, we need to check critical points and endpoints to
see which point(s) gives the largest S(x) value.

S(x) = 2ra? + 4mw\/25 — 22
Endpoints: =0, 5: S(0) =0, S(5) = 50w

25++125

Potential critical points in [0, 5]: = 3

S( 25i2\/125) — 27‘(’(25:':2\/ 125) + 47T\/25j:2\/ 125 \/25 _ 25i2\/125
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(25 + V/125) + 2m,/20(25) = 7 (25 + 5v/5) + 2075

Hence the maximum surface area is 7r(25 +5v/5 ) + 20my/5 =
25m4257/5 m?2. This cylinder has radius 4/ 25Jr5‘/_m and height
=225 — 22 = 2\/25 — 2544125 2\/725*25f m

If we check, S'(y/22=¥12%) + 0 and hence y/22=¥12% is not a

critical point, but it is easier to check S(4/ 25% V125) than to check

if 25—+v125
2

is a critical point.

(25 £ V125)+27mv/25% — 125 = 7(25 £ v/125)+27/252 — 5(25)]]



