Ch 7 and 9

Suppose an object moves in the 2D plane (the x1, x5 plane) so that it is at
the point (z1(t),z2(t)) at time ¢t. Suppose the object’s velocity is given by
x) (t) = axy + bxo,
x5(t) = cr1 + dxg

/
Or in matrix form (xl) _ (a b) (901)
.CUQ C d ,CI:'2

To solve, find eigenvalues and corresponding eigenvectors:

a—r b

c  d—r = (a—r)(d—7)—bc=1*—(a+d)r+ad —bc = 0.

Thus 7 — (a+d)i\/(a+2d)2—4(ad—bc)

Case 1: (a +d)? — 4(ad — bc) > 0

Hence the general solutions is (?) = <Ul ) et 4 ¢ (Zl ) ezt

Case la: r1 > 19 >0
Case 1b: 11 <19 <0

Case 1c: 1o < 0 < 1y



Case 2: (a+d)?> —4(ad — bc) =0

Case 2i: Two independent eigenvectors:

The general solution is (:Cl> = (Ul ) e + ¢4 (wl ) et
o V2 w9

Case 2ii: One independent eigenvectors:

The general solution is (ml) = (vl> e + ¢4 [(Ul> t+ (wl )] et
o V9 ) w2

Case 2a: r >0
Case 2b: r <0

Case 3: (a+d)? —4(ad — bc) < 0. Le., r = X+ ip

Suppose the eigenvector corresponding to this eigenvalue is

<01+z’w1> (vl) (wl)

. = + 1

Vo + 1W2 U9 wWo

Then general solution is
T\ vicos(ut) — wysin(pt) \ visin(ut) + wicos(ut) \

=C . e +Co . e

T vacos(ut) — wosin(ut) vasin(ut) + wacos(ut)

Case 3a: A >0

Case 3a: A <0

Case 3a: A =0



