Solve: y" +y =0, y(0) = -1, y/(0) = -3

r? +1 =0 implies r* = —1. Thus r = %i.

Since 7 = 0 £ 1i, y = kycos(t) + kesin(t). Then y = —kysin(t) + kacos(t)
y(0) = —1: —1 = kycos(0) + kasin(0) implies —1 = ky

y'(0) = —3: =3 = —kysin(0) + kocos(0) implies —3 = ko

Thus IVP solution: y = —cos(t) — 3sin(t)

When does the following IVP have a unique solution:

IVP: ay” + by’ + cy = 0, y(to) = yo, ¥'(to) = y1.

Suppose y = ¢1¢1(t) + ca2(t) is a solution to ay” + by’ + cy = 0. Then 3/ = 19 (t) + cadh(t)
y(to) = yo: Yo = c11(to) + caa(to)

Y (to) = 10 y1 = a1 (to) + cady(to)

To find IVP solution, need to solve above system of two equations for the unknowns ¢; and cs.

Note the IVP has a unique solution if and only if the above system of two equations has a unique solution
for ¢; and c,.

Note that in these equations ¢; and ¢y are the unknowns and o, ¢1(to), P2(to), y1, @ (to), P5(to) are the
constants. We can translate this linear system of equations into matrix form:

c1¢1(to) + c2g2(to) = Yo ¢1(to) ¢2(to)] {Cl} _ [3/0]
19 (to) + c205(to) = 11 ¢ (to)  h(to) | Lea yi

1(to) ¢2(to)}: o1 92
¢i(to) dh(to) ] 1¢h &b

Definition: The Wronskian of two differential functions, ¢; and ¢, is

W (1, ds) = b1y — &b = f;,i ﬁz

implies

= 9105 — P2 # 0

Note this equation has a unique solution if and only if det {

Examples:

cos(t)  sin(t)

1.) Wronskian of cos(t), sin(t) = —sin(t)  cos(t)

‘ = cos*(t) + sin?(t) =1 > 0.
e¥cos(nt) el sin(nt)

2.) Wronskian of e®cos(nt), % sin(nt) = de¥cos(nt) — nettsin(nt) de? sin(nt) + netcos(nt)

= e¥cos(nt)[de sin(nt) + nettcos(nt)] — et sin(nt)[det cos(nt) — ne®sin(nt)]
= e (cos(nt)[dsin(nt) + ncos(nt)] — sin(nt)[dcos(nt) — nsin(nt)])
= e (dcos(nt)sin(nt) + ncos®(nt)] — dsin(nt)cos(nt) + nsin® (nt)))

= e (ncos®(nt) + nsin*(nt)) = ne*¥(cos?(nt) + sin(nt)) = ne?® > 0 for all ¢.



