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We consider a general elliptic quasivariational-hemivariational inequality in real Hilbert spaces for
which we provide a solution existence and uniqueness result, a convergent iterative procedure,
and a Lipschitz continuous dependence result that we use in order to deduce the existence of a
solution to an associated optimal control problem. As an example for applications of the abstract
results, we consider a new model of static contact problem which describes the equilibrium of an
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and control of the contact problem.
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1. Introduction

Introduced by Panagiotopoulous in the early 1980s ([21]), hemivariational inequali-
ties and the more general variational-hemivariational inequalities represent an area
of intensive research in the recent years, due to their applications in physical and
engineering problems where non-smooth, non-monotone and/or set-valued relations
are used among different physical quantities. While variational inequalities are
featured by the presence of non-smooth convex functions in their formulations,
variational-hemivariational inequalities generally include both nonsmooth convex
functions and locally Lipschitz functions that are allowed to be nonconvex. Early
references in the area include the books [19, 23]. The mathematical literature on
variational-hemivariational inequalities concerns existence, uniqueness, regularity
and convergence results, among others. The reader is referred to [17, 29] for recent
advances on the analysis of variational-hemivariational inequalities, and is referred
to [10] for recent advances on their numerical analysis.

An abstract form of an elliptic quasivariational-hemivariational inequality is as fol-
lows.

ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag



254 W. Han, M. Sofonea / Analysis and Control ...

Problem 1.1. Find an element u € Ky such that

(Au,v —u) + ®(u,v) — ®(u,u) + VO(u;v —u) > (f,v—u) VoeKy. (1)

Here Ky is a subset of a normed space V, A is an operator mapping V to its
dual V*, ® is a bi-variate functional defined on V', ¥ is a locally Lipschitz function
on V and ¥Y denotes the generalized directional derivative of ¥. For a precise
description of the problem setting, cf. Section 2. We use the term “quasivariational-
hemivariational” inequality since the functional ® depends on the solution w.

Existence and uniqueness of a solution to Problem 1.1 was first investigated in [18]
through an application of abstract surjectivity results of pseudomonotone operators
combined with the Banach fixed-point theorem. The problem was re-examined in [§]
through an elementary approach of the Banach fixed-point argument, starting with
a minimization principle for a special case of Problem 1.1 where ®(u,v) = ®(v) and
A is a potential operator ([7]). See Section 2 for a typical statement on the solution
existence and uniqueness for Problem 1.1.

An extension of Problem 1.1 is to allow the functional ¥ to depend on two arguments.
In the following form of such an extension, ¥ stands for the generalized directional
derivative of ¥ with respect to its second argument.

Problem 1.2. Find an element u € Ky such that

(Au,v —u) + ®(u,v) — ®(u,u) + VO(u,u;v —u) > (f,v —u) YveKy. (2)

Assumptions on the data of Problem 1.2 will be specified in Section 3. A problem
from contact mechanics, similar to Problem 1.2 (or more precisely, of the form of
Problem 4.2 in Section 4), is considered in [17, Section 7.1]. There, the existence of a
solution to the problem is given, but not the uniqueness of the solution. One purpose
of the paper is to fill this gap by providing a complete result on solution existence
and uniqueness for Problem 1.2. Furthermore, we investigate an optimal control
problem associated with Problem 1.2. We will illustrate the theoretical results in
the study of a contact problem.

Processes of contact between deformable bodies abound in industry and everyday
life. Their modeling, analysis and numerical simulation are the topics of a large
number of references that continues to grow steadily. Comprehensive references in
the area include books [2, 4,5, 9, 11, 15, 17, 22, 29|, for instance. In these references,
various contact problems are studied, for different types of materials such as elastic,
viscoelastic and viscoplastic materials, associated with different contact and friction
boundary conditions. The contact problems are formulated as variational, hemi-
variational and variational-hemivariational inequalities, that allows well-posedness
analysis with techniques from functional analysis and nonsmooth analysis. We con-
sider in this paper a contact model for elastic materials with locking property which
leads to unilateral constraint in the variational formulations of the model. This
contact problem is similar to the one considered in [27] except that the contact is
frictional.

The rest of the paper is organized as follows. In Section 2, we present some prelim-
inaries, including an existence and uniqueness result for Problem 1.1. In Section 3,
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we deal with analysis and control of Problem 1.2, which represents a general ellip-
tic quasivariational-hemivariational inequality. We provide results on existence and
uniqueness of a solution, a convergent iterative procedure, and Lipschitz continuous
dependence for the solution, as well as the existence of an optimal control to an
associated control problem. In Section 4 we consider a new model of contact for
elastic materials, list assumptions on the data and introduce its variational formula-
tion. Then, in Section 5 we apply the abstract results from Section 3 in the analysis
and control of this contact model.

2. Preliminaries

In this section we present some notation and preliminary material which are needed
in the rest of the paper. Let V' be a real Hilbert space. Denote by || - ||y the norm on
V', by V* the dual space of V', and by || - ||y, (-,-) the norm on V* and the duality
pairing over V* x V| respectively. Given a set Ky C V, an operator A: V — V*
functions ®: V xV - R, U: V — R and f € V*, we consider Problem 1.1.

The function ® is assumed to be convex with respect to its second argument whereas
the function W is assumed to be locally Lipschitz. In (1), ¥°(u;v — u) denotes the
generalized directional derivative of ¥ at the point u along the direction v — w.
Recall that for a locally Lipschitz continuous function ¥: V' — R, the Clarke (or
generalized) directional derivative of ¥ at w €V in the direction v €V is defined by

U0 (u;v) = limsup Y(wt+ ) - (w) :
w—u, AL0 A

and the Clarke subdifferential (or generalized gradient) of ¥ at u € V' is defined by
O (u) :={n e V* | ¥ (u;v) > (nv)yVoeV}. (3)
Discussions and properties of the generalized directional derivative and the general-

ized gradient can be found in various references, e.g., [3, 17].

For a set K in a normed space X, the function Ix : V — R defined by

Lie(u) 0, if ue kK,
u) =
K +oo, if u¢ K,

is called the indicator function of K. Its subdifferential (in the sense of convex
analysis) is

{meX* | (n,u—v)>0Vve K} ifuelk,
3CIK()={ (4)

0 if u¢ K,
when K is convex. An element n* € 0°Ix(u) (if any) is called a subgradient of I at
u. We shall use these notions in Section 4 with a particular choice of the space V.

We use the notation “ —” and “ —7” for the strong and weak convergence in various
spaces that will be specified. Moreover, all the limits are considered as n — oo, even
if we do not mention it explicitly.
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Finally, we recall that a function ¢: Ky — R is said to be weakly lower semicontin-
uous (weakly ls.c.) at u € Ky if

lim inf o (un,) > ¢(u) ()

n—oQ
for each sequence {u,} C Ky converging weakly to w in V. The function ¢ is weakly
l.s.c. on Ky if it is weakly l.s.c. at every point u € Ky .
For the analysis of Problem 1.1, we consider the following hypotheses on the data.

H(Ky) V is areal Hilbert space, Ky is a non-empty, closed and convex set in V.
H(A) A:V — V*is Lipschitz continuous and strongly monotone.

H(®), ®:V xV = R, forany u € V, &(u,-): V — R is convex and bounded
above on a non-empty open set; and there exists a constant ag > 0 such
that for all uq, us,v1,v9 € V we have

D (uy, v) — P(uy, v1) + Pug, v1) — P(ug, v2) < ag|luy —us|lv|jvr —ve|lv. (6)

H(V) W:V — Rislocally Lipschitz continuous, and for a constant oy > 0,

\Ilo(vl;vg —v1) + lIfo(vg;vl —v9) < ayl|vr — 112||%/ Yoy, vg € V. (7)

H(f) feV~

We denote by m,4 > 0 the constant in the strong monotonicity inequality of A.
Then, (Avi — Avg, v — v9) > muallvr — vy Vor, v € V.

The subscript 2 in H(®), reminds the reader that this is a condition for the case
where ® has two independent variables. The condition ®(u,-): V' — R being con-
vex and bounded above on a non-empty open set guarantees that ®(u,-) is locally
Lipschitz continuous on V' (cf. [6, Corollary 2.4, p. 12]).

The unique solvability of Problem 1.1 was shown in [18] and [29]. The statement of
the next result follows [8]; see also [28].

Theorem 2.1. Assume H(Ky), H(A), H(®)y, H(V), H(f), and the smallness
condition

ap + oy < My.

Then, Problem 1.1 has a unique solution u € Ky .

We end this section by recalling a well-known general result on existence of a mini-
mizer ([1, Section 3.3.2], [14]).

Theorem 2.2. Let (W, ||-||w) be a reflexive Banach space, Ky a nonempty weakly
closed subset of W and J : Ky — R a weakly lower semicontinuous function. In
addition, assume that either Ky is bounded or J is coercive, i.e., J(w,) — 0o as
|wn|lw — oo. Then, there exists at least one element W such that

w € Ky, J(w) < J(w) Vw e Ky. (8)
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3. Analysis and control of a general quasivariational-hemivariational
inequality

In this section we deal with the analysis and control of Problem 1.2. Note that the
difference between the Problems 1.1 and 1.2 is that in Problem 1.2, ¥: V xV — R is
allowed to be a functional of two arguments. For this reason we refer to Problem 1.2
as a general elliptic quasivariational-hemivariational inequality and view Problem 1.1
a standard elliptic quasivariational-hemivariational inequality. We use ¥° to mean
the Clarke generalized directional derivative with respect to its second argument.

In the study of Problem 1.2, condition H (W) is replaced by the following.

H(V), W:V xV — R is locally Lipschitz continuous with respect to its second
argument, and for two constants vy 1, g 2 > 0 and for all wy, wq, v1,v2 € V,

‘Po(whvl; ve —vy) + ‘Ifo(w2,v2; v — Vg)
< agllvr — volff; + aollwr — wallv|lor — vallv. 9)

Similar to H(®),, the subscript 2 in H(¥), reminds the reader that this is a condition
for the case where ¥ has two independent variables.

Our first result in this section is the following.

Theorem 3.1. Assume H(Ky), H(A), H(®)s, H(V)y, H(f), and the smallness
condition Qo + Qg1 + Qg < Ma. (10)

Then, Problem 1.2 has a unique solution u € Ky . Moreover, the operator f —
u = u(f) which maps the element f € V* to the solution u € Ky of Problem 1.2 is
Lipschitz continuous.

Proof. By Theorem 2.1, for any w € Ky, the auxiliary problem of finding u € Ky
such that

(Au,v —u) + ®(u,v) — ®(u,u) + VO(w,u;v —u) > (f,v—u) Vove Ky (11)

has a unique solution. This defines a mapping P: Ky — Ky by u = P(w). Let us
show that the mapping P is a contraction on Ky . For this purpose, let wy, ws € Ky,
and denote u; = P(wy), ug = P(ws). Then we have the inequalities

(Aug, ug — ug) + P(ur, ug) — P(ug, ur) + \I]0<w17 U ug — uy) > (f, ue —uq),
(Aus, uy — uz) + (w2, ur) — P(ug, ua) + U0 (wo, uss ug — uz) > (f, uy — us).
We add the two inequalities to get
(Auy — Aug,uy — ug) < P(ur, ug) + P(ug, uy) — D(ur, ur) — P(ug, usz)
+ \Ifo(wl,ul;'uQ — U1> -+ \IJO(U}Q,UQ; up — UQ).
Now we apply the assumptions on the operator A and the functions ®, ¥ and find
mallur—usly < asllur—usz|lf + awallur—us i + awallwr —ws|lv [ur —uszllv. (12)

Qg 2

— <
ThUS, ||U1 u2||V = ma— (Oéq; Fowq

) ||w1 - 7~U2||v-
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From the smallness condition (10),
Qy 2
ma — (ae + aw,1)

< 1.

Hence, P: Ky — Ky is contractive and, by the Banach fixed-point theorem, P
has a unique fixed-point v € Ky . It is easy to see that the fixed-point u is the
unique solution of Problem 1.2. This proves the existence and uniqueness part of
the theorem.

In order to prove the Lipschitz continuity of the solution with respect to f € V*, we
consider two elements fi, fo € V* and denote by wu, us the solutions of Problem 1.2
for f = f1 and f = f,, respectively. We use arguments similar to those used in the
proof of (12) to see that

mallur — ualy < (g + apy + awo)lur — uslly + | fi = follv=llur — uallv.  (13)

Then, using the smallness condition (10) we deduce that

) If1 = fol

1

ma — (ae + aw1 + aw2

V*,

[y — ually <
which conclude the proof. O

A natural iterative procedure can be introduced and studied for solving Problem 1.2
(to be implemented at the discrete level). Let

Ug € Kv, (14)
and for n > 1, find u, € Ky such that, for all v € Ky,
(A, v — ) + P (Up, ) — P(Un, Un) + VO (Up_1, Un; v — uy) > (f,0 — ). (15)

Observe that each iteration (15) requires the solution of a quasivariational-hemi-
variational inequality of the form stated in Problem 1.1.

Theorem 3.2. Under the assumptions of Theorem 3.1, the iteration procedure (14)—
(15) is well-defined and the sequence {u,} converges to the solution u € Ky of
Problem 1.2.

Proof. Under the assumptions of Theorem 3.1, we have the existence of a unique
solution u,, € Ky to (15) (cf. e.g. [8, Theorem 3.7]).

To prove the convergence, we choose v = u,, in (2) and v = v in (15), and add the
two inequalities to obtain

(Au — Aup,u — up) < O(u, up) — P(u, u) + P(uy, u) — P(uy, uy,)
+ U0 (wy ws uy — 1) + VO Uy, U u — ).
Then we use the conditions H(A), H(®)s, H(V)y to get
mallu — |t < asllu—un||f + awallu = unlf + awallu = wnallvllu = unllv,

Qw2
ma — (ae + aw,1)

ie., lu — uplly < Kllu—tp_1l|ly, K:=

Therefore, lu — un|ly < K"||u— uol|y.
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By the smallness condition (10), we know x < 1 and hence, ||u — u,||y — 0 as
n — 00. [

We now proceed with the study of an optimal control problem associated with the
quasivariational-hemivariational inequality (2). To this end, we keep the assumption
of Theorem 3.1 and for any f € V* we denote by u(f) € Ky the solution of
Problem 1.2. We assume that W is a normed space endowed with the norm || - ||w,
Ky C W and B : Ky — V* is a given operator. In addition, we consider a cost
function J : Ky x Ky — R. In this framework we state the following optimal
control problem.

Problem 3.3. Find w € Ky such that
J(u(Bw),w) = min J(u(Bw),w). (16)

’LUGKW

In the study of this problem we consider the following assumptions.

H(Kw) W is a reflexive Banach space, Ky, is a nonempty weakly closed set in .

H(B) B: Ky — V*is completely continuous, that is, if w, — w in W, then
Bw,, = Bw in V*.

H(J) J:VxW —Rand

{ for all sequences {u,} C V and {w,} C W such that u, — u

in V, w, = w in W, we have liminf J(u,,w,) > J(u,w).
n—oo

(17)

H(Kw)" Kw is a bounded set in W.
H(J)  Kyw is unbounded and there exists m; : Ky — R such that
{ (a) J(u,w)>my(w) YueV, we Ky.

(b) Jwa|lw = 400 = my(w,) = +o0. (18)

Theorem 3.4. Assume H(Ky), H(A), H(®)y, H(V),, (10), H(Kw), H(B), H(J),
and either H(Kw)" or H(J)'. Then, there exists at least one solution W € Ky of
Problem 3.3.

Proof. Let J; : Kiy — R be the function defined by
Ji(w) = J(u(Bw),w) Vwe Ky (19)
and consider the following auxiliary problem:

find w € Ky such that J;(w) = min J;(w). (20)

we Ky

We claim that this problem has at least one solution w. For this purpose, we will
apply Theorem 2.2.

Let {w,} C W be a sequence such that w,, — w in W. Then, assumption H(B)
shows that Bw, — Bw in V* and, therefore, Theorem 3.1 implies the convergence
u(Bw,) — u(Bw) in V. We now use definition (19) and assumption (17) to see that

liminf Jy(w,) > Ji(w).
k—o0
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We conclude from here that the function J; : Ky — R is weakly lower semicontin-
uous.

We now distinguish two cases. First, we assume H(Ky ). Then, existence of a
solution to problem (20) follows directly from Theorem 2.2. In the second case,
assume H(J)'. Then, using (18)(a), for any sequence {w,} C Ky we have

Ji(wy) = J(u(Bwy,), wy,) > my(w,) Vn eN.

Therefore, if ||w,|lw — oo, by assumption (18)(b) we deduce that Jy(w,) — oo
which shows that the function J; is coercive. We again apply Theorem 2.2 to
conclude the solvability of the minimization problem (20).

Since the problem (20) is a reformulation of Problem 1.2, we conclude that under
the stated assumptions, Problem 1.2 has a solution. Il

4. A contact model

The physical setting, available in many references on contact problems (e.g., those
cited in Section 1), can be summarized as follows. A deformable body is fixed on
a part of its boundary, is acted upon by body forces and surface tractions and can
arrive in contact with an obstacle, the so called foundation. The equilibrium of
the body in this physical setting can be described by various mathematical models,
obtained by using different mechanical assumptions.

Let the reference configuration of an elastic body be a bounded domain  C R?
(d = 2,3). The boundary 952 of Q is assumed to be Lipschitz continuous and

N=TpUlyUT~

where I'p, I'y and ' are mutually disjoint relatively open subsets. We assume
meas (I'p) > 0 and meas (I'c) > 0, yet I'y is allowed to be empty. We use v for
the unit outward normal vector on 9€2. The displacement variable is an R%valued
function w: Q — R¢ with the components u;, 1 < i < d. We adopt the summation
convention over a repeated index. Over R¢, we use the canonical inner product

u-v=uw;, u,vecR.

Denote by S? the space of second order symmetric tensors on R?. The canonical
inner product over S is

o:T =0T, 0= (0y),T=I(7)E 8¢

and O will represent the zero element of the spaces R and S?. For a differentiable
(in the classical sense or the weak sense) displacement field u, the linearized strain
tensor e(u) = (Vu + (Vu)T)/2 is an S%valued function. The stress tensor o is
also an S%valued function in Q. For a vector field v, its normal and tangential
components on the boundary 0f2 are defined as v, = v -v and v, = v — v, V.

For a tensor field o, its normal and tangential components on 0f) are defined by
o, = (ov)-v and o, = ov — o,v. Note that, here and below, in order to simplify
the notation, we do not indicate explicitly the dependence of various functions on
the spatial variable & € € U 0.

The pointwise formulation of the contact problem we consider is as follows.
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Problem 4.1. Find a displacement field u : 0 — R? and a stress field o : Q — S?
such that

o € Fe(u) + 0Ik,e(u) in  Q, (21)
Dive + f,=0 in (22)

u=0 on IV, (23)

ov=Ffy on Iy, (24)

—oy, =p(uw, —go) on T, (25)

—o; € h(u, — go)OY,(u,) on T¢. (26)

We now provide a short description of the equations and boundary conditions in
Problem 4.1. First, equation (21) represents the constitutive law of a locking ma-
terial in which F is the elasticity operator, assumed to be nonlinear, I, is the
indicator function of the set Ky C S? and 9°Ig, represents its subdifferential in the
sense of convex analysis, see (4). The study of locking materials started with the
pioneering works of Prager [24, 25, 26]. There, the constitutive law of such materials
was introduced and various mechanical interpretations have been provided. Refer-
ences in the field include [4, 22, 23], for instance. Examples of operators F which
satisfy the condition (30) below can be found in [17, 29]. For the set K, which
describes the locking constraints of the material, various examples can be found in
the literature, as explained in [4]. A standard example is

Ko= {1 eS| F(r) <k}, (27)

where F : S — R is a convex continuous function such that F(0) = 0 and k is a
positive constant. It is easy to see that in this case the set K| is a nonempty convex
closed subset of S?. Using (27) with the choice

F(T) = tr(71), (28)

where tr(7) denotes the trace of the tensor 7 € S% leads to the class of materials
with limited compressibility ([25]). The choice

F(r) =5 Il (29)

where 72 := 7 — (tr(7)/d) I denotes the deviator of the tensor 7 € S¢, leads to
the von Mises convex. This convex set was considered in [24, 25| to model the
ideal-locking effect.

Equation (22) is the equation of equilibrium in which f, represents a given den-
sity of the external body force; we use this equation since the process is assumed
to be static and, therefore, we neglect the inertial term in the equation of motion.
Conditions (23), (24) represent the displacement and the traction boundary condi-
tions, respectively. Condition (23) reflects the fact that the body is clamped on I'p
and condition (24) describes the force boundary condition on I'y, fy being a given
density of the surface traction.
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On the contact boundary I'¢, along the normal direction, the contact condition
is (25), p, being a given normal compliance function and gy being the initial gap
between the body and a foundation. Such normal compliance contact conditions
have been introduced in [20] and then used in a large number of papers, including
[12, 13, 16]. Along the tangential direction, the friction law is (26), in which h,
and 1, are given functions and, as usual 0, represents the generalized gradient
(or the Clarke subdifferential) of the function v.. The conditions (25) and (26) are
of general forms, and they contain many particular contact conditions and friction
laws as special cases, as explained in [17, Section 6.3]. Note that the functions p,
and h, in these conditions are supposed to vanish for a negative argument. This
restriction is imposed from physical reasons, since it reflects the fact that when
there is separation between the body and the foundation then the reaction of the
foundation vanishes. Moreover, the function A, can be interpreted as the coefficient
of friction.

We now introduce assumptions on the problem data. For the elasticity operator
F:QxS*— S assume

( (a) there exists a constant Lz > 0 such that
|F(z,e1) — F(x, &9)|| < Lrller — &
for all e;,e, € S%, a.e. & € Q;

(b) there exists a constant mz > 0 such that
(F(@,e1) — F(m,62)) : (€1 — £2) > myr ||e1 — (30)
for all €;,e5 € S%, ae. x € Q;

(c) F(-,€) is measurable on ( for all € € S%

[ (d) F(x,0) =0 for a.e. x €.

For the normal compliance function p,: I'c X R — R, assume

( (a) there exists a constant L, > 0 such that
|p<m,T1) - p(m,r2)| S Lpu|r1 - T2|
for all i, 7 € R, a.e. x € I'¢; (31)

(b) p,(+,7) is measurable on I'¢ for all r € R;

L (¢) pu(x,7) =0 forae x €T, all r <0.

For the tangential potential function 1, : I'c x R — R, assume

((a) ¥, (-, &) is measurable on ['¢ for all € € R? and there
exists e, € L*(I'¢)? such that ¢, (-,e.(-)) € L}(T¢);

(b) 9, (x,-) is locally Lipschitz on R? for a.e. ¢ € T'¢;
(c) |0Y.(z, €)| < G, for a.e. ® € T, for € € R with ¢y, > 0;
(d) 2@, €136, — &) + Y@, €258 — &) < ay, (1§ — &

L for a.e. x € [¢, all €, &, € RY with v, > 0.

(32)
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For the friction coefficient function h,: I'c x R — R, assume

( (a) there exists a constant ¢, > 0 such that
(@, 71) = he (@, 72)| < [0 =14
for all m, 7o € R, a.e. € T'¢;

(b) h,(-,r) is measurable on I'c for all r € R; (33)
(c) 0 < hy(x,r) < h, for all r € R, a.e. ¢ € I'¢ with h, > 0;
L (d) he(x,7) =0 for ae. x € ¢, all r <0.

We note that (32) (b) and (c) are equivalent to the property that ¢ (z, -) is Lipschitz
continuous on R? for a.e. & € I'c with a Lipschitz constant ¢,. Finally, we assume
that the set of locking constraints, the density of body forces and surface traction
and the gap function are such that

K, is a closed convex subset of S and 0 € K, (34)
fO € L2<Q7Rd)7 fN € L2<FN;Rd)7 (35)
go € L*(T¢), go(x) >0 ae x€Tlc. (36)

In the variational analysis of Problem 4.1 we use the following function spaces
V={ve H(QR) |v=00nTp}, (37)

which is a Hilbert space with the inner product

(u, v}y :/Qr-:(u)  e(v) da.

Moreover, we consider the set Ky C V, the operator A: V — V* the function
® .V xV — R and the element f € V* defined as follows.

Ky ={veV|el) € Kja.e. inQ}, (38)
(Au,v) = / Fe(u)-e(v)de Yu,velV, (39)
Q
O(u,v) = / p(u, — go)v,da Yu,v €V, (40)
Te
<f,'v):/f0-vd:)3—|— fy-vda YveV. (41)
Q In

Assume (u, o) are sufficiently regular functions which satisfy (21)-(26) and let
v € Ky. Then, using standard arguments based on integration by parts and the def-
initions (3), (4) of the generalized gradient and convex subdifferential, respectively,
it follows that w € Ky, and, moreover,

/F(e(u)-(s(v)—e(v)) dx +/[pl,(u,,—gg)(vy—uu) + hy (u, —go) V2 vT—uT)}da
Q

|Ne]

> [ folo-wdes [ fyo-wa
Q T'n
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Therefore, using the notation (38)-(41), we deduce the following variational formu-
lation of the contact problem (21)—(26).

Problem 4.2. Find a displacement field uw € Ky such that

(Au,v — u) + ®(u,v) — O(u, u) +/ hr(w, — go) 2 (ur; v, — u,) da

e
> (f,v—u) YveKy. (42)

Note that the solution of Problem 4.2 depends on f which in turns, depends on the
data f, and f, as it follows from definition (41). For this reason, in Section 5
below we sometimes use the notation w(f) or w(fy; fx)-

We end this section by noting the inequalities
[ llZowey S NV Yo eV,
lv: 1 Zaromay < A 0IE Yo eV
Here A\, > 0 is the smallest eigenvalue of the eigenvalue problem
uelV, /s(u) ce(v)dr = )\/ u,vda Yo eV,
Q e
whereas A, > 0 is the smallest eigenvalue of the eigenvalue problem
ucV, /s(u):e(v)d:p:)\/ u,-v.da YveV.
Q I'e
These inequalities will be used in the variational analysis of Problem 4.2 we provide
in the next section.
5. Analysis and control of the contact model

Our first result in this section is the following existence and uniqueness result.
Theorem 5.1. Assume (30)—(36) and
Lo\t + hem AT 4 e (AA) Y2 < mg. (43)

bv v

Then, Problem 4.2 has a unique solution u € K. Moreover, the operator

(fos Fn) = u=u(fy, fy)

which maps any pair (fo, fn) € L2(,R?) x L?(T'y,R?) to the solution uw € Ky of
Problem 4.2 is Lipschitz continuous.

Proof. We start by considering the function ¥ : V' x V' — R defined by
U (u, v) = / by — go) U (v,) da,  w,0 € V. (44)
Te
Then, using [17, Theorem 3.47], we find that the following inequality holds:

U0 (w, u;v) < / hr(w, — go) V2(ur; v, )da Yw,u,v € V. (45)

INe;
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Next, we consider the auxiliary problem of finding an element w € Ky such that
(Au,v —u) + O(u,v) — P(u,u) + V(u,u;v —u) > (f,v—u) Vve Ky (46)

to which we shall apply Theorem 3.1 with the space V' defined in (37). To this end
we check the validity of the conditions of this theorem. First, it is easy to see that
H(Ky), H(A) and H(f) hold, and moreover, the strong monotonicity constant of
the operator A is myq = mz.

Let us examine the condition H(®)y. It is easy to see that ®(u, ) : V — R is a
convex continuous function and, therefore, it is bounded above on a non-empty open
set. Moreover, for wq, us, v1,v9 € V, we have

pl/(ul,u - 90)(112,1/ - Ul,u) +Pu(uz,u - 90)(Ul,u - Uzu) < Lpu|u1,l/ - U27u\|U1,u - U2,1/|

a.e. on ['c, and then

/ Do (U1, — go) (V2 — V1) + Pu(ua, — go) (V1 — v2,,)] da
I'e

< L, lu1 — w2 ooy 10 = vapll2we) < Lp Ay Hlur — wslv[[or — val|y.
It follows from here that the function ® satisfies condition H(®), with
ag = Ly At (47)

Let us examine the assumption H(V),. It is easy to see that W is locally Lipschitz
continuous with respect to its second argument. Now we check the condition (9).
For wy, ws, uy, us € V, we write

hT (wl,u - 90) ¢2(U1,r; u2,7’ - ul,T) + hT(w2,V - 90) 77[}2(’11,277; ul,’r - u?,T)

= hr<w1,u - gO) [1/)2(’“1;; U2+ — ul,T) + ¢2(U2,r; Uy — IU’Q,T)}

+ [hT<w2,y - 90) - h‘r(wl,l/ - go)] ’l/}g(UQ,T; Ui, — U2,r)
a.e. on I'c. Then, by assumption (33) we find that
0 < he(z,7) < ey [he (Wi — o) — he(way — go)| < cn, [w1 — way
a.e. on ['c. Also, by the Lipschitz continuity of v,
WE(’UQ,T; Ui r — UQ,T)‘ <y, U, — s,

a.e. on ['c. Thus,
/ [hﬂ'(wl,u - gO) wg (ul,r; U2+ — ul,‘r) + hT<w2,l/ - 90) wg(ul‘r; Ui,r — UZ,T)] da
T'e

S / [ETmT |’U,1’7— - ’U,277—|2 + Ch, Cy, |w1,l/ - w2,1/| |u1,7— - u2,7’|] da
e

< hema A [ = walf + enocp, (WA T2 [y — walv us —uaflv. (48)
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Hence,
WO (wy, wp;uy — wy) + U0 (wo, u; uy — us)
< heme AT un = ws[§ + en,cp, (WA) T2 lwy — ws v f|lun — usllv.

Therefore, (9) holds with

Qg = ETmT)\T 1, Qg o = ChTCd,T()\,,)\T)_l/Q. (49)

We now combine (47), (49) and (43) to see that the smallness condition (10) is
satisfied.

In conclusion, we are in a position to use Theorem 3.1. In this way we deduce that
there exists a unique element u € Ky such that (46) holds. Then, combining (46)
and (45) we deduce that w is a solution of Problem 4.2. This proves the existence
part in Theorem 5.1.

We now prove the uniqueness part. To this end, let w;,us € V be solutions to
Problem 4.2. Then, wy,us € Ky satisfy the inequalities

(Aur, v —ur) + @(ur,v) — O(uy, ug) + / he (1, = go) 3 (U175 v, — w1 ;) da
Fe

> (f,v—u;) Vve Ky, (50)

(Aug, v — ug) + P(us, v) — P(us, us) + / he(tg, — go) Y2(ug,; v, — us,) da
Le

> (f,v—u) VYveKy. (51)

We take v = us in (50) and v = u; in (51), then add the resulting inequalities and
use conditions H(A), H(®), to find that

mrllu —usl?
S / [hT(uLV - gO) @DS(ULT; ’u’2,'r - ul,T) + hT(UQ,V - gO) ¢2(u27'r; ul,T - u?,T)] d(l
Te
+ Ly, Ay lun — walf3 (52)

On the other hand, arguments similar to those used in the proof of (48) yield

/F [hT(ul,lI — 90) 1/)2(’“1,5 U — Ui r) + I (U2 — Go) ¢2(U2,T; Uy — Uz,r)] da
c
< (hemeAst + en ey, (AAS) T2 [ — ws[f. (53)
We now combine inequalities (52) and (53) to deduce that
(mr — Ly, A\t — heme A — cthwT()\V)\T)_l/Q) |uy — us < 0.

By the smallness assumption (43), we derive from the above inequality that u; = us.
This proves the uniqueness part in Theorem 5.1.
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Finally, we recall that Theorem 3.1 guarantees that the operator f — w(f) which
maps any element f € V* to the solution u € Ky of the quasivariational-hemi-
variational inequality (46) is Lipshitz continuous. Therefore, since the operator

(fo Fn) = F: L2 RY) x LP(Ty; RY) — V>
defined by (41) is linear and continuous, we deduce that the operator
(for Fn) = ul(fo, F) s (G RY) x L*(Dy; RY) — V*

is a Lipschitz continuous operator. This concludes the proof of Theorem 5.1. Il

We now follow the statement of Theorem 5.1 with some comments.

Remark 5.2. (a) The proof of Theorem 5.1 shows that under assumptions (30)—
(36) and (43), the quasivariational-hemivariational inequality (42) has a unique so-
lution which, in the meantime, is the unique solution of inequality (46). We conclude
from here that inequalities (42) and (46) are equivalent.

(b) In addition to the mathematical interest in the Lipschitz continuous dependence
result in Theorem 5.1, it is important from mechanical point of view, since it shows
that small perturbation on the density of body forces and surface tractions give rise
to small perturbation on the weak solution of the contact problem (21)-(26). [

We then consider an iterative procedure to approximate Problem 4.2. Define a
sequence {u,},>0 C Ky by choosing an initial guess uy € Ky, and for n > 1, by
finding u,, € Ky such that

<Aun7 v - un) + qD(“m 'U) - (I)(um un) + / hT(Un—LV - 90) 1/’2('“%,7? Ur — un,T) da
T'e

> (f,v—u, VveKy.
By Theorem 3.2, under the assumptions stated in Theorem 5.1, we have the con-

vergence
u, > u inV.

We now turn to the optimal control of Problem 4.2. Several situations can be
considered but, for simplicity, we restrict here to use Theorem 3.4 in the particular
case when the control is the density of applied tractions f,, W = L2(I'y, R%), Ky
is a bounded set and the cost function J does not depend on the control function.
To this end assume in what follows that (30)—(34), (36), (43) hold and, moreover,

fo € L*(Q;RY). (54)

We also consider the operator B: W — V* defined by
(Bf n,v) = / fo- 'vdac—i-/ fyn-vda Yv eV, fye L*(Ty;RY. (55)
Q Ty
Let Ky C LIy, RY). Then, Theorem 3.4 guarantees that for each £ € Ky, there

exists a unique solution u = u(B f ) to Problem 4.2. Next, given J: Ky — R, the
control problem we consider below is as follows.
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Problem 5.3. Find fy € Kyw such that

T(u(BFy) = min J(u(Bfy)). (56)

foeKw

In the study of this problem we consider the following assumptions.

Ky is a nonempty weakly closed bounded set in L2(I'y; R?). (57)

J : Ky — R is a continuous function. (58)

Our result in the study of Problem 5.3 is the following.
Theorem 5.4. Assume (30)—(34), (36), (43), (54), (57) and (58). Then, there

exists at least one solution fy € I?W of Problem 5.3.

Theorem 5.4 is a direct consequence of Theorem 3.4 as well as on Remark 5.2 (a)
which states that inequalities (42) and (46) are equivalent. Its proof is based on
the compactness of the operator B defined by (55). Since the details in proof are

obvious, we skip them. Nevertheless, we provide two relevant examples of sets K W
and function J together with the mechanical interpretations of the corresponding
optimal control problems.

Example 5.5. A first example of can be obtained by taking
Ky = {f € (xR | | Fxllayze < M},

s = | (= 0 do

where M > 0 and ¢ € L*(T'3) are given. With this choice, the mechanical interpre-
tation of Problem 5.3 is the following: given a contact process of the form (21)—(26)
with the data F, Ko, fo, v, hr, U7, go and given M > 0, we look for a density of
tractions fy which satisfies the inequality ||fyl/z2(ry,rey < M such that the nor-
mal component of the corresponding solution is as close as possible to the “desired
normal displacement” ¢ on I's. [

Example 5.6. A second example of Problem 5.3 can be obtained by taking K w as
above and

Tlu) = / le ()P de.

With this choice, the mechanical interpretation of Problem 5.3 is the following: given
a contact process of the form (21)—(26), with the data F, Ko, f,, pv, hr, ¥, go and
given M > 0, we look for a density of tractions f, which satisfies the inequality
| f w2y ray < M, such that the corresponding deformation in the body is as small
as possible. O

Theorem 5.4 guarantees the existence of the solutions of all these optimal control
problems.
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