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Abstract. We consider a class of evolutionary variational inequalities arising in various frictional
contact problems for viscoelastic materials. Under the smallness assumption of a certain coefficient,
we prove an existence and uniqueness result using Banach'’s fixed point theorem. We then study two
numerical approximation schemes of the problem: a semidiscrete scheme and a fully discrete scheme.
For both schemes, we show the existence of a unique solution and derive error estimates. Finally,
all these results are applied to the analysis and numerical approximations of a viscoelastic frictional
contact problem, with the finite element method used to discretize the spatial domain.
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1. Introduction. This work concerns the study of a class of abstract evolu-
tionary variational inequalities modeling the frictional contact between a viscoelastic
body and a rigid foundation. Situations involving dynamic or quasi-static frictional
contact abound in industry, especially in engines, motors, and transmissions. For
this reason considerable engineering literature exists dealing with frictional contact
problems. Invariably, the engineering papers deal with specific situations, geometries,
or settings and the emphasis is on numerical approaches or experimental results. An
early attempt to study frictional contact problems within the framework of varia-
tional inequalities was made in [7]. An excellent reference on analysis and numerical
approximations of contact problems involving elastic materials with or without fric-
tion is [12]. The mathematical, mechanical, and numerical state of the art can be
found in the proceedings [17].

Quasi-static contact problems arise when the forces applied to a system vary
slowly in time so that acceleration is negligible. Rigorous mathematical treatment of
quasi-static problems is recent. The reason lies in the considerable difficulties that
the process of frictional contact presents in the modeling and the analysis because
of the complicated surface phenomena involved. The variational analysis of some
quasi-static contact problems can be found, for instance, in [1, 5, 13] within linearized
elasticity and in [18, 19, 21] within nonlinear viscoelasticity.

Recently it is shown in [20] that a number of quasi-static frictional contact prob-
lems for viscoelastic materials leads to variational models of the following form: Find
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a displacement field u : [0,7] — V such that for ¢ € [0, T],

(L) (Aa(t),v —a(t))v + (Bu(t),v —a(t))v +j(a(t), v) — j(i(t), u(t))
= (f(t),v =)y  VveV,

and
(1.2) u(0) = up.

Here, V is a function space of admissible displacements, A and B are nonlinear oper-
ators related to the viscoelastic constitutive law, and the functional j is determined
by contact boundary conditions. The data f is related to the given body forces and
surface tractions, and wug represents the initial displacement. In this paper, [0,7] is
the time interval of interest, and the dot above a quantity denotes the derivative of
the quantity with respect to the time variable ¢.

The aim of this paper is to provide variational and numerical analysis for the
abstract Cauchy problem of the form (1.1)—(1.2) and to apply these results in the
study of some viscoelastic frictional contact problems. The literature is abundant in
numerical treatment of elliptic or evolution variational inequalities; see, for instance,
[8, 10, 11]. Here we follow [10] (see also [9]) to analyze semidiscrete and fully discrete
approximation schemes.

The rest of the paper is structured as follows. In section 2 we show an exis-
tence and uniqueness result to the problem (1.1)—(1.2). The result is proved based on
standard arguments for elliptic variational inequalities followed by applying Banach’s
fixed point theorem twice. In sections 3 and 4 we analyze a semidiscrete scheme and
a fully discrete scheme, respectively. For both schemes, we show the existence of a
unique solution derive error estimates. Under suitable solution regularities, conver-
gence order error estimates can be obtained. Since solution regularity results for the
problem (1.1)—(1.2) are not available and since the solution does not likely enjoy high
degree regularity, it is important to know if the numerical solution converges to the
exact solution without any assumption on the solution regularity. In section 5, we
show the convergence of the two schemes under the basic solution regularity proved
in section 2. In the final section, we apply all the results proved in sections 2-5 to a
concrete example of viscoelastic frictional contact problem modeled by an evolution-
ary variational inequality of the form (1.1)—(1.2). For numerical approximations of
this example we use the finite element method to discretize the spatial domain.

2. An existence and uniqueness result. In this section we list the assump-
tions on the data and present an existence and uniqueness result in the study of the
Cauchy problem (1.1)—(1.2).

We suppose in what follows that V' is a real Hilbert space endowed with the inner
product (-, -)y and the associated norm ||-||y. Let T' > 0. We will use the space C[0, T
of real-valued continuous functions on [0, 7] and denote by C([0,T]; V) (C*([0,T);V))
the space of continuous (respectively, continuously differentiable) functions from [0, T']
to V, with norms

V) = t
||UHC([0,T],V) tg%&% llu(®) v

and

lulle qo,rvy = max, Ju(t)|lv + ax, l[a(t)]|v,
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respectively. For p € [1,00], we will also use the Sobolev space W1P(0,T;V) with
the norm

T 1/p
T [ / Q)% + a2 de| it 1<p < oo,

or

[l w00 0,7:v) = max{[|u(t) || Lo o,7:v), [10(E) | Low (0,77 }

where a dot now represents the weak derivative with respect to the time variable. We
assume that A : V — V is a strongly monotone, Lipschitz continuous operator, i.e.,

(a) 3M > 0 such that

(Auy — Aug,ug —ug)y > Mlug — uz||%/ Yuy,us € V;
(b) 3L4 > 0 such that

HAul — AUQHV < LA||U1 — ’ILQHV Yuy,ug € V.

(2.1)

The nonlinear operator B : V' — V is Lipschitz continuous, i.e.,
(2.2) JLp > 0 such that ||B(uy) — B(u2)|lv < Lp|lur —us|ly Vui,us € V.
The functional j : V x V — R satisfies

(a) Vg €V, j(g,-) is convex and lower semicontinuous on V;
(b) 3m > 0 such that
j(917v2) - j(ghvl) +j(927vl) - j(QQ,UQ)
<mllgi — g2llv [lv1 —vallv  Vg1,92,v1,02 € V.

(2.3)

Finally, we assume that

(2.4) fec(o,TV)
and
(2.5) ug € V.

The main result of this section is the following.

THEOREM 2.1. Let (2.1)~(2.5) hold. Then, if M > m, there exists a unique
solution u € C1([0,T); V) to the problem (1.1)—(1.2).

The proof of Theorem 2.1 is based on fixed point arguments similar to those used
in [18] and [21]. It will be established in several steps. We assume in what follows that
(2.1)-(2.5) hold. To simplify the notation, sometimes we will not indicate explicitly
the dependence of various functions on the time variable ¢.

In the first step let n € C'([0,7]; V) and g € C([0,T]; V) be given and we consider
the following variational inequality of finding v, : [0,T] — V/, such that for ¢ € [0, 77,

(26) (A’Ung(t)71) - Uﬂg(t))v + (’7@)»” - Ung(t))v +j(g(t),v) — j(g(t), U”]Q(t))
> (f(t),v —vpg(t))v YveV.

LEMMA 2.2.  There exists a unique solution v,y € C([0,T];V) to the prob-
lem (2.6).

Proof. 1t follows from classical results for elliptic variational inequalities (see, e.g.,
[2]) that there exists a unique element v,,(t) € V that solves (2.6) for each ¢ € [0,T].
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Let us show that v,, : [0,7] — V is continuous. Let ¢1,t2 € [0,T]. For the sake of
simplicity in writing we denote vy, (t;) = v;, n(t;) = mi, g(t;) = g; for ¢ = 1,2. Using
(2.6) we easily derive the relation

(Avy — Avg,v1 —v2)v < (f1 — fo,v1 —v2)v + (M1 — M2, 02 — V1) y
+35(g1,v2) — (g1, v1) + j(g2,v1) — j(g2,v2)-

Then we use the conditions (2.1)(a) and (2.3)(b) to obtain
(2.7) Mllvy = volly < [lfy = follv + lm = n2llv +mllgr — gallv-

Therefore, v,y : [0,7] — V is a continuous function. 0
For each n € C([0,T];V), we now consider the operator A, : C([0,T];V) —
C([0,T]; V) defined by

(2.8) Apg=wvyy YgeC(0,T]V).

We have the following result.

LEMMA 2.3. Let M > m. Then, the operator A, has a unique fized point g, €
c([0,T); V).

Proof. Let g1,g2 € C([0,T];V), n € C([0,T];V), and let v;, i = 1,2, denote the
solution of (2.6) for g = g,, i.e., v; = v,,,. From the definition (2.8) we have

(2.9) [Ang1 = Apgallv = |lvr — v2lv-
An argument similar to that in the proof of Lemma 2.2 shows
(2.10) M |lvy = va2llv < mlgr — gallv.

Thus if M > m, then the operator A, is a contraction on the Banach space C([0,77; V).
The result of the lemma follows from the Banach’s fixed point theorem. 0

In what follows we suppose that M > m and let n € C([0,T];V). We denote
by g, the fixed point given in Lemma 2.3 and let v, € C([0,T];V) be the function
defined by

(2.11) Uy = Upg, -
We have A, g, = g, and from (2.8) and (2.11),
(2.12) Uy = G-

Therefore, taking g = g, in (2.6) and using (2.11) and (2.12), we see that v,(t) € V
satisfies

(2.13)  (Auy(t),v — vy (t))v + (n(t),v — vy (t))v + j(vy(t),v) — j(vy(t), vy(t))
> (f(t),v—wy(t)y VveV, tel0,T)].

We now denote by u,, € C*([0,T]; V) the function given by

(2.14) uy(t) = /0 vy(s)ds+wug, te[0,T]
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and define the operator A : C([0,T]; V) — C([0,T]; V) by
(2.15) An = Bu, VYneC(0,T;V).

We have the next result.

LEMMA 2.4. Let M > m. Then the operator A has a unique fixed point n* €
([0, 7] V).

Proof. For the proof of this lemma, we will use

* — —Bt
||UHC([0,T};V) tnfg‘);]@ [v(®)]lv

with 8 > L /(M —m) as the norm in the space C([0, T]; V). This norm is equivalent
to the standard norm [|v||c(jo,77:v)- Let n1,m2 € C([0,T]; V) and let v; = vy, u; = uy,
for i = 1,2. Using (2.13) and the estimates in the proof of Lemma 2.2 (see (2.7)) we
deduce that

M lvy —vally < |lm = m2llv +m [lvr — valv,

which implies

1
2.16 — < — .
(2.16) lvr = v2llv < 37— llm = n2llv

Now using (2.15), (2.2), and (2.14) we obtain
¢
[Am () = Ana(t)[|v < LB/ [v1(s) —v2(s)|lv ds Vi€ [0,T]
0
and recalling (2.16) it follows that

[An1(t) — Ana(t)]|v <

()l ds Vte[0,T].

We then have

e A (t) = Ama() v < /e‘“e *llm(s) = n2(s)llv ds

0

I N

/0 ds |lm — oy

LB *
T ||771 n2lle o, msv)»

IA

and so

. Lp 1 x
1Am = Anzlleqo vy < 37— 3 Im = m2lleqo,m5v)-

Since § > Lp/(M — m), the operator A is a contraction on the space C([0,T];V)
when the equivalent norm | - [[% o 71,y 1s used. By the Banach fixed point theorem,

A has a unique fixed point n* € C([0,T]; V). |
We now have all the ingredients to prove Theorem 2.1.
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Proof of Theorem 2.1. Emistence. Let n* € C([0,T];V) be the fixed point of
A and let u,- € C'([0,7]; V) be the function given by (2.14) for n = n*. We have
U+ = vy+ and using (2.13) for n = n* it follows that for any ¢t € [0, 77,

(2.17) (At (t), v = = () v + (07 (), v = = () v + (1= (1), 0)
— (tge (£), e (8) = (F(£),0 — t1e (£))y Vv €V

The inequality (1.1) now follows from (2.17) and (2.15) since n* = An* = Bu,~ and
(1.2) results from (2.14). We conclude that w,~ is a solution of (1.1), (1.2).

Uniqueness. To prove the uniqueness of the solution let u,- be the solution of
(1.1), (1.2) obtained above and let u be another solution such that v € C*([0,T]; V).
We denote by n € C([0,7]; V) the function given by

(2.18) n = Bu
and let
(2.19) U=w.

Using (1.1) we obtain that w is a solution of the variational inequality (2.13) and since
this problem has a unique solution v, € C([0,T]; V) (see, e.g., (2.16)) we conclude
that

(2.20) W = Uy.
Moreover, it follows from (2.19), (1.2), (2.20), and (2.14) that
(2.21) U= Uy.

Now using (2.15), (2.18), and (2.21) we obtain that An = n and by the uniqueness of
the fixed point of A we have

(2.22) n=n"

The uniqueness of the solution is a consequence of (2.21) and (2.22). The proof
of Theorem 2.1 is now complete. 1]

In what follows, ¢ will represent a positive constant whose value may change from
place to place.

COROLLARY 2.5. Under the conditions stated in Theorem 2.1, if f € WLP(0,T;V)
for some p € [1,00|, then uw € W1P(0,T;V) and

il wreo,rvy < (| fllwieorvy + lullero,r;vy)-

Proof. For any t1,t2 € [0,T], we apply the inequality (2.7) to the inequality (1.1)
to obtain

M [a(tr) = alto)llv < |[f(t1) = f(t2)llv + [|Bults) = Bu(ta)llv +m[[i(t:) — at2)]lv-
By the assumptions M > m and (2.2), we find that
[a(ty) — a(t2)llv < c(|[f(t2) = f(E2)llv + l[u(tr) — u(t2)llv),

from which the result of the corollary follows. 0
In the next three sections, we will assume all the conditions stated in Theorem 2.1
are satisfied.
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3. Semidiscrete approximation. In this section we consider an approxima-
tion of the problem (1.1)—(1.2) by discretizing only the space V. Let V* C V be a
finite-dimensional space which, for example, can be constructed by the finite element
method. Then a semidiscrete scheme can be formed as in the following problem.

PrOBLEM P". Find u" : [0,T] — V" such that for ¢ € [0, 7],

(3.1) (Al (t), 0" — i (t))y + (Bul(t),0" — @ (t))v + j(a"(t),0")
—j(@r @), a () = (f(t), 0" =i (t)y VYo" eV

and

(3.2) ul(0) = uh.

Here, ug € V" is an appropriate approximation of uq.

Using the arguments presented in the previous section, we see that under the con-
ditions stated in Theorem 2.1, Problem P" has a unique solution u" € C*([0,T]; V").
Our main purpose here is to derive an estimate for the error u — u”.

To simplify the writing, we introduce the velocity variable

(3.3) w(t) = a(t).

Then by using the initial value condition (1.2), we have the relation

t

(3.4) u(t) = / w(s) ds + ug.
0

Similarly, we introduce the discrete velocity variable

(3.5) wh(t) = a"(t).

With the initial value condition (3.2), we have

(3.6) ul(t) = /o w"(s) ds + uf.
Now the variational inequalities (1.1) and (3.1) can be rewritten as
B.7)  (Aw(®),v —w(t))v + (Bu(t),v —w(t))v + j(w(t),v) = j(w(t), w(t))
> (f{t),v—w(t))vy  YveV,
and
(3-8) (Aw" (1), 0" —w"()y + (Bu(t),v" — w" )y + j(w"(t),v")
—j@" (), w" (1) > (f(t),v" —w"())y Yo" eV

We take v = w”(¢) in (3.7) and add the inequality to (3.8) with v" = v"(¢) € V.
After some manipulations, we have

(Aw(t) — Aw"(t), w(t) — w" (t)v

< (Aw"(t),v ( ) (t))v + (Bu(t), w"(t) — w(t))v
( "), 0" () = w" (O)v + (f(2), w(t) — v"(t)v
(t), "t )) j(w t) ( j(wh(t) () = j(w" (1), " (2))
)
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where
(3.9) Rt 0" (t), w(t)) = (Aw(t), o" (t) — w(t))v + (Bu(t), 0" (t) — w(t))y
+j(w(t),o" (1) = j(w(t), w(t)) — (F(£),v" (1) — w(t))v
represents a residual quantity. Using the assumptions (2.1), (2.2), and (2.3), we have
M Jw(t) = w* @)} < Lallw(t) —w"@)|lv [w() = o" @)l + R 0" (2), w(t)]
+ (Lpllut) =" (@) llv +m uwt) —w"O)]v) [w" (@) =" O]y
< Lalw(t) = w*@)llv Jw(t) =" ®)lv + [R(t 0" (1), w(t))]
+ (Lpllu(t) —u"@)lv +m w(t) —w"(®)]v)
(lw(t) =" Ollv + w(t) =" O)]lv).
Thus, under the assumption M > m, we have the inequality
(3.10) lw(t) = w" O < e (lw(t) =" @I + ut) — " @Ol
+ [R50 (1), w(?))]).
By (3.4) and (3.6), we have

and so

(3.11) Ju(t) — (o |w<c(/uw nww+Wm—%h)

Then the inequality (3.10) can be rewritten as

lw(t) = w" O} < ¢ (Iw(t) — " @I +/0 lw(s) = w"(s)| ds

o = W1 + IR (o0, ().
Applying the Gronwall inequality, we have
(3.12) lw = w{loqo.ryv)

h b 1/2
chemmthQ|”Hamny>Fth() OMCNNQ

+c|luo — ul|lv.
Summarizing, with (3.11) and (3.12), we have proved the following result.

THEOREM 3.1. Assume the conditions (2.1)—(2.5) and M > m. Then for the
error of the spatially semidiscrete solution of (3.1)—(3.2), we have the estimate

(3.13) lu—u"{lcr(o,mv)

. 1/2
< i = o + 1RG0 OO

inf
vheC([0,T]);VH)
+elluo —ugllv,
where R(+;v"(-),7(-)) is defined in (3.9).
The inequality (3.11) is the basis for a convergence analysis (see section 5) and for
error estimates, as is shown in section 6 in the context of a frictional contact problem.
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4. Fully discrete approximation. In this section we consider a fully discrete
approximation of the problem (1.1)—(1.2). In addition to the finite dimensional space
V" introduced in the last section, we need a partition of the time interval [0,7] :
0=ty <t < - <ty =T. We denote the time step-size k, = t, — t,_1 for
n=1,..., N. We allow nonuniform partition of the time interval, and let ¥ = max,, k,,
be the maximal step-size. For a continuous function w(t), we use the notation w,, =
w(ty,). For a sequence {w,}N_,, we denote Aw,, = w, —w,_1 for the difference, and
dw, = Aw, [k, the corresponding divided difference. No summation is implied over
the repeated index n.

The fully discrete approximation method we will analyze is the following.

PROBLEM P"*. Find {u*}_ C V" such that forn=1,..., N,

(4.1) (Aéuzk,v - 5uzk)v + (Bun_l, o — 6uflk)v —|—j(6un U ) - j(5uzk, 5uﬁk)
> (fn, 0" = 6ul*)y, Vol e VI

and

(4.2) ulk =l

Here, ug € V" is an appropriate approximation of u.
To again simplify the notation, we introduce the discrete velocity

(4.3) wh® = sul* n=1,... N.

n

Then using the initial value condition (4.2), we have the relation
(4.4) ul® = ijhkkj +uf.

We can rewrite (4.1) in the form
Wk ph gk ot hk 0 bk h hk , hk
(45) (Awn U )V+(Bun 1,V — Wy )V+](wn )_.]( Wy, Wy )
> (fn, 0" — wzk)v Vol e VI
By a discrete analogue of Lemma 2.3, we see that glven u k| € V" the inequal-
ity (4.5) has a unique solution w!* € V*. Note that ul* = ul is given and we have
the relation (4.4) between {uzk}n=1 and {wF}N_ A mathematical induction argu-
ment yields the existence and uniqueness of a solution of the problem P"*. Our main
objective of the section is to derive an error estimate for the fully discrete solution.
Take v = wi* in (3.7) at t = t,,
(4.6) (Awy, W™ — 1w,y + (Bty, w'™ —w,) + j(wn, w™*) — j(w,, w,)
Z (fn; w::k - wn)V-

We now add (4.5) with v" = v € V" and (4.6) to obtain an error relation

(Aw,, — Aw'* w,, — wh*)y
< (Awp®, Z—wn)v+(3un pvﬁ —wpF)y
+ (Bum - wn) - (fm Uy — Wy v
+.7( Wy, ,, n) J( )+J(wnv hk)_j(wmwn)
= (Aw* — Aw,, v — wn)v + (BuM* | — Buy,,v" — w')y + R, (v, wy,)

+]( 2k7 Z)_](wm n)+j(wn7w}Lk) J(wﬁk,wzk%
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where
(4.7) R, (v wy) = (Aw,, v — wy)y + (Bup, vl — w,)y
+J'(wnvvg) — J(wn,wn) — (fmvfi — wp)v.
By the assumptions (2.1), (2.2), and (2.3), we have
M |Jwy, = wi* [ < Lallwn = wiF[lv wn = villv + Lallupty = unllv v} = wpi®|lv
+ | R (v, wn) | 4+ m [fwn, = wi® ||y [Jog = wi v

Here || — w!* ||y, will be bounded as follows:

oy = wp¥lv < oy = wallv + llwa — wiF[lv.

Since M > m, we get the relation

nwn—wdfn%fzc{nvs—~wnﬁ,+nu2k1—-unﬁ,+|Rnu£,wnn},
or

(4.8) nwn—-uﬁkm/<:c{nvz-—umnv-+LRnaﬁ,um>P/2+—nuzkl—-unv}.

Let us bound the term ||u* | — u,||y,. We have

n-l tn
ul® —u, = Zw?kk‘j +ul — / w(s)ds — ug
j=1 0
n—1
= (w;’k —w;) kj + ul — ug
j=1
n—1 tj tn
+ Z (wjkj —/ w(s) ds) —/ w(s) ds.
j=1 tj—1 tn—1
Now
n—1 t; n—l .,
H Z <wjk:j —/ w(s) ds) = Z/ (wj —w(s))ds
j=1 tj—1 14 j=1 tj—1 Vv
n—1 t;
<Y [ - wlvas
j=17ti—1
and also
tn tn
| [ wras| < [ ol ds < klwllegon,
tn—1 \% tn—1
Hence,
n—1
(4.9) [ulh = unlly <Yl = wjllvk; + l[ug — uollv + In(w),
j=1
where

N tj
(4.10) Tew) =30 [y = w(s) v

Therefore, from (4.8), we have
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(411) o, — ¥y < C{Hvﬁ — wallv + R (v, wa) |12 + llug — uollv

n—1
+k ull e oy + Tn(w) + > [lwh — wj||vkj}~
j=1
To proceed further, we need the following result.
LEMMA 4.1. Assume {g,}N_; and {e,}N_, are two sequences of nonnegative
numbers satisfying

n—1
en <cgn+c Z kje;.
j=1
Then
n—1
(4.12) en§c<gn+2kjgj), n=1,...,N.
j=1
Therefore,
. <
(4.13) |nax, en < ¢ max gn

Proof. Denote

E, =Y kjej, 1<n<N,

j=1
and Ey = 0. Then, from the given condition,
(4.14) éen<cgnt+cE, 1, n=1,... N.
Now
E,—FE,_1=kpe, < ckngn +cknE,_1,
which implies
(4.15) E,— (1+cky) En_1 <ckngn.

We introduce a sequence of numbers {z,}Y_; by 29 = 1 and

zn:H(l—I—ckj), 1<n<N.

j=1
Using the inequalities
1<1l+ckj<e® j=1,...,N,

we have the following bounds:

N
(4.16) 1< [ G +cki) e, j=1,...,N.
i=j+1
With the use of the sequence {z,}_,, the inequality (4.15) can be rewritten as
& o Enfl < Ckngn

Zn Zn—1 Zn

A simple induction argument shows
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n n

E, < cznij% =c Zn:kj H (1 +cki)gj,
=1

j=1 J i=j+1

which can be combined with (4.14) and (4.16) to yield (4.12). The inequality (4.13)
follows easily from (4.12). 0
Applying Lemma 4.1 to the inequality (4.11), we obtain the following estimate:

i, — wl < e ma { ol = wally + Ralol )2} + = ol

+ e (Ix(w) + k[Jullerjo,77,v))-

Similar to (4.9), we have

n—1
i = wnllv < D7 llwi® = wjllvy + lug = wollv + ek llullosqo,ryv) + Tu(w).
j=1

Therefore, we have proved the following result.
THEOREM 4.2. Assume the conditions (2.1)—(2.5) and M > m. Then for the
error of the fully discrete solution of (4.1)—(4.2), we have the estimate

(417)  max (llun — wh¥lly + i — Sul¥v)

. hoo B \(1/2 h
<c lénnangﬁlg\f/h {an - unHV + |Rn(vn,un)| / } +c ||U0 - UOHV
+ k(@) + k|ullcrqo,mv)),

where Ry, (vl w,) is defined by (4.7), Iy () = I.(w) is defined in (4.10).

When the data f is smoother, we can derive a more convenient error bound
from (4.17). For this purpose, we assume additionally f € W(0,7;V). Then by
Corollary 2.5, we have w € W11(0,T;V) and

||wHW1’1(O,T;V) < C(||f||W1~1(o,T;v) + ||UHCI([0,T];V))-
Recall that W1(0,7;V) c C([0,T]; V) and
lwlleqo,msvy < cllwllwraorvy-

By writing
2
w; —w(s) = / w(r)dr

we easily find the following bound for I (w) defined in (4.10):

Iy(w) < ck |l L o,rvy < ekl fllwirorvy-

Therefore, under the additional assumption f € W11(0,T;V), the estimate (4.17)
can be replaced by

_hk - ¢ hk
(418) - max (fun = ul |y + [ = 82 )

. h . h . 2 h
=¢ 1I§I}za§XNuﬁ}Iel\f/h {'Un — gl + | R (vr), ) } + ¢llug — uollv

+ek ([ fllwrrorvy + llullero,mvy)-
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5. Convergence under the basic solution regularity. The inequalities (3.13)
and (4.17) (or (4.18)) lead to order error estimates under additional solution regularity
assumptions. Since solution regularity results for the problem (1.1)-(1.2) are not
available, and since the solution does not likely enjoy high degree regularity, it is
important to know if the numerical solution converges to the exact solution without
any assumption on the solution regularity. In this section, we provide a convergence
analysis for the two schemes studied in the previous two sections under the basic
solution regularity u € C*([0,T]; V). For this purpose, we introduce two hypotheses.

HypOTHESIS Hy. There exists a dense subset Vo C V and a function a(h) > 0
with the property limp,_,04 a(h) = 0 such that

lv =P olly < ah) vy, Yo e .

Here P" : V — V" is a projection operator defined by

h o _oh
|lo—"P v||v—vhlgf/h||v vy, veV.

Since V is a Hilbert space and V" is finite-dimensional, the operator P" is well-defined
and is linear and nonexpansive:

||'Ph1}1 — PhUQHV < Hvl — UQHV VU1,1}2 eV

Thus for v € C([0,T); V), we have P"v € C([0,T]; V).

HyPOTHESIS Hy. For any bounded set B C V, the functional j(-,-) is uniformly
continuous with respect to its second argument in BxV, i.e., Ve > 0,36 =6(B) >0
such that

l7(g,v1) — j(g,v2)| <e Vg & BVYuv,vy €V with ||vg — va]ly < 6.

As preparation for convergence analysis, we first prove some lemmas.

LEMMA 5.1. If Vi is dense in V., then C([0,T]; Vo) is dense in C([0,T]; V).

Proof. Let v € C([0,T]; V). Then v(t) is a uniformly continuous function. Thus,
for any € > 0, we can find an integer n > 0 such that

€ 1
t) — < - if [t—s| < —.
lo(®) —v(s)llv < 5 if lt—s| <~

Denote t; = jT/n, 0 < j <n. For any j, we choose z; € V} satisfying
€

7

Then we define a function z : [0,7] — V; by the formula

llzj —v(t;)llv <

) =n(t;—t)z_1+n(t—tj1)z, ti1<t<t; 1<j<n.
Obviously, z € C([0,T]; Vo). For t € [t;_1,t;], we have
2(t) —v(t) = n(t; —t) (zj—1 —v(t)) + n(t —t;-1) (z — v(D)).
Thus
12(t) —v(@®)llv <n(t; —1) (lzi-1 = vj-1llv + lvj-r —o(@)llv)

+nt—ti-1) (lz; —villv + lv; —v(@®)lv)
< E.
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Therefore,

llz — U||C([0,T];V) <kg,

and C([0,T]; Vp) is dense in C([0,T]; V). d
LEMMA 5.2. Assume Hypothesis Hy holds. Then for any v € C([0,T];V), we
have the convergence

HU — PhU”C([O,T];V) — 0 as h — 0.
Proof. For any € > 0, using Lemma 5.1, we can find a z € C([0,T]; V) such that
€
Iz = vlloqoryvy < -
By Hypothesis Hy,
12(t) = P 2(®)]lv < alh) [|2(t)]v-
Therefore
Iz = P"zllco,rvy < a(h) ||zlleo.rve)-

Since a(h) — 0 as h — 0+, for sufficiently small h, we have

|z — PhZ”C([O,T];V) <

N ™

Then, by the properties of P", we have

v = P™llco.rvy = (v = 2) = P"(v = 2) + (2 = P"2) || c(o,135v)
< 2w = 2llcqovy + 112 = P 2llc o,y
<eg,

i.e., the result is true. 0

Concerning the convergence of the semidiscrete solution we have the following
result.

THEOREM 5.3. Assume the conditions (2.1)~(2.5), Hy, Hy and M > m. Then if

luo — ugllv — 0 as h—0,
the semidiscrete solution of the problem P" converges:
Hu - ’LL}L||CI([O7T];V) —0 ash—0.

Proof. Let us apply Theorem 3.1. We first bound the term R(-;v"(-),%(+)). From
the definition (3.9) and the properties of A, B, f and the solution u, we obtain

[R(t:0" (1), ()] < e[l (1) — a(®)llv + |i(a(t), v" (£)) — j(alt), )],

where the constant ¢ depends on La, Lp, ||f|lc(o,r;vy and |lullcr(o,r);vy. Taking
v = Phi e C([0,T]; V") in (3.13), we then have

L . . 5 L 1/2
lu— uller oy < e (i = PPalleqoryvy + i — Pral s )

L. . e . 1/2
+ 5 P — 5, @) gz + o — uf[lv)-
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By Lemma 5.2,
& — P"il|corpvy — 0 ash— 0.
By Hypothesis Hy and Lemma 5.2,
13 (@, P i) — j (i, @) | co,r) — 0 as h — 0.

Therefore, |lu —u"|c1 (o)) — 0 as b — 0. O

Now we consider the convergence of the fully discrete solution. We need one more
lemma.

LEMMA 5.4. The quantity I (w) defined in (4.10) converges to zero as k — 0.

Proof. Since w € C([0,T];V), t — w(t) is uniformly continuous on [0,7]. Thus
for any € > 0, there exists a kg > 0 such that if k < kg, we have

lw®) —w(s)lv < = Vst €[0,T], [t =3 < k.

Then, by the definition (4.10), we have

N t;
Ik(w)SZ/ %dSZE.

j=17ti-1

Hence, I(w) — 0 as k — 0. 0
THEOREM 5.5. Assume the conditions (2.1)—(2.5), Hy, Ha, and M > m. Then if

luo — ultly — 0 as h—0,
the fully discrete solution of the problem P™ converges:

max (fun = uitllv + |l = 6uptllv) — 0 as bk — 0.

Proof. We take v} = Ph4,, in (4.17). Then the convergence result follows from
Lemma 5.4 together with an argument similar to the proof of Theorem 5.3. a

6. Applications in frictional contact problems for viscoelastic materi-
als. In this section we apply the abstract results of sections 2-5 in the study of a
frictional contact problem for viscoelastic materials.

6.1. The contact problem. The physical setting is as follows. A viscoelastic
body occupies an open, bounded, connected set Q@ C R d = 2 or 3. The boundary
I' = 99 is assumed to be Lipschitz continuous and has the decomposition I' = U?_,T;
with mutually disjoint, relatively open sets I'y, I's, and I's, with Lipschitz relative
boundaries if d = 3. We assume meas (I'y) > 0. We are interested in the evolution
process of the mechanical state of the body in the time interval [0,7] with T° > 0.
The body is clamped on I'y x (0,7) and so the displacement field vanishes there.
Surface tractions of density fo act on I's x (0,7) and volume forces of density f
act in ©Q x (0,T). We assume that the forces and tractions change slowly in time so
that the acceleration of the system is negligible. Moreover, the body is in frictional
contact with a rigid foundation on I's x (0,7"). The constitutive law and the contact
conditions on the contact surface are assumed as in [20] and will be discussed below.
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Under these conditions, the classical formulation of the mechanical problem of
frictional contact of the viscoelastic body is the following: Find a displacement w :
Q x [0,T] — R? and a stress field o : Q x [0,7] — S? such that

(6.1) o = Ae(i) + Be(u) in Q x (0,T),
(6.2) Divo + f, =0 inQx (0,T),
(6.3) u=0 onTyx(0,7),

(6.4) ov=7Ff, onTyx(0,T),

—Oy :pu(au)7 |0'T| < p‘r(uu)
(6.5) lor| < pr(iy) =1, =0 on I'y x (0,7),
|U‘r‘:p7(ﬁu):>0'7':_)\il'77 /\ZO

(6.6) u(0) =uo in Q.

Here S represents the space of second order symmetric tensors on R?. The rela-
tion (6.1) is the viscoelastic constitutive law in which A and B are given nonlinear
operators, called the viscosity operator and elasticity operator, respectively. As usual,
€(u) is the infinitesimal strain tensor. Relation (6.2) represents the equilibrium equa-
tion, (6.3) and (6.4) are the displacement-traction boundary conditions in which v
represents the unit outward normal vector to I'. The function ug in (6.6) denotes the
initial displacement.

We make some comments on the contact condition (6.5). Here o, denotes the
normal stress, o, represents the tangential traction, uw, and w, are the normal and
tangential components of the displacement, respectively. Properties of the functions
p, and p, will be listed below. In [19] the following form of the function p, is employed:

(6.7) pu(r) = Bry +po

in order to model setting when the foundation is covered with a thin lubricant layer,
say oil. Here (3 is the damping resistance coefficient, assumed positive, r, = max{0,r}
and pg is the oil pressure, which is given and nonnegative. In this case the lubricant
layer presents resistance, or damping, only when the surface moves towards the foun-
dation, but does nothing when it recedes. Another choice of p, is

(6.8) pu(r) =S,

where S is a given positive function. This type of contact conditions in which the
normal stress is prescribed arises in the study of some mechanisms and was considered
by a number of authors (see, e.g., [7, 15]).

The conditions (6.5) represent an appropriate version of Coulomb’s law of fric-
tion. They state that the tangential shear stress cannot exceed the maximal frictional
resistance p,. When the strict inequality holds the surface adheres to the foundation
and is in the so-called stick state; and when the equality holds then there is relative
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sliding between the surface and the foundation; this is the so-called slip state. Taking
in (6.5)

(6.9) Pr = Upy

with p > 0, we obtain the classical Coulomb’s law of friction (see, e.g., [7, 12]). We
also remark that a modified version of Coulomb’s law of friction has been recently
derived in [22, 23], and it is in the form

(6.10) pr = ppu (1 = 0py )+,

where 6 is a small positive material constant related to the wear and penetration
hardness of the surface, and p is the coefficient of friction, assumed positive. This
change in Coulomb’s law means that when the magnitude |o,| of the normal stress
exceeds 1/6 the surface disintegrates and offers no resistance to the motion.

We denote in what follows by “-” and | - | the inner product and the Euclidean
norm on the spaces R? and S? and we introduce the spaces

V={v=(v) e (H Q) :v=00nT,},
Q= {r = (ry) € (L) mij =755, 1 <, j <},
Q1= {1 €Q:Divr € (L*(Q))?}.

These are real Hilbert spaces with their canonical inner products. Since meas (I'1) > 0,
Korn’s inequality holds:

(6.11) vl ) < exlle@)llq YveV.

Here cx > 0 is a constant depending only on © and I'; and € : H*(Q)? — Q is the
deformation operator. A proof of Korn’s inequality can be found in, for instance,
[14, p. 79].

Over the space V, we use the inner product

(6.12) (u,v)y = (e(u),e(v))g Vu,veV.

It follows from (6.11) that ||| g1 (q)a and [|-||v are equivalent norms on V' and therefore
(VI - llv) is a real Hilbert space.

Finally, Vv € V' we denote by v, and v, the normal and tangential components
of v on I' given by

vV, =V-V, Up=70V—0U,U.

In the study of the mechanical problem (6.1)—(6.6) we assume that the viscosity
operator A and the elasticity operator B satisfy

(a) A: QxS — S,
(b) There exists L4 > 0 such that
|A(x,e1) — A(x,€2)| < Laler —e2| Ver, e €89,
almost everywhere (a.e.) & € Q.
(6.13) (c) There exists M > 0 such that
(A(z,e1) — A(x,€2)) - (61 —€2) > M |e; —€2|> Ve, e €S9,
a.e. x € (.
(d) For any € € S?, &+ A(zx, ) is Lebesgue measurable on Q.
(e) The mapping = — A(x,0) € Q.
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(a) B: Q xS% — 8.
(b) There exists an Lp > 0 such that
(6.14) |B(z,e1) — B(x,e2)| < Lpler —ea] Ve, &2 €S?ae. in Q.
(c) For any € € S, & +— B(x,€) is measurable.
(d) The mapping = — B(z,0) € Q.

The contact functions p, (r = v, 7) satisfy

(a) pr: T3 xR — R,.
(b) There exists an L, > 0 such that
(6.15) |pr (2, u1) — pr(x,u2)| < Ly Jug —ua| Yug,us € R ae. in Q.
(c) For any u € R,  — p,(x,u) is measurable.
(d) The mapping x +— p,.(x,0) € L?(T3).

We observe that the assumptions (6.15) on the functions p, and p, are pretty
general. The only severe restriction comes from the condition (b), which, roughly
speaking, requires the functions to grow at most linearly. Certainly the functions
defined in (6.7) and (6.8) satisfy the condition (6.15)(b). We also observe that if
the functions p, and p, are related by (6.9) or (6.10) and p, satisfies the condition
(6.15)(b), then p, also satisfies the condition (6.15)(b) with L, = pu L,.

We also assume that the forces and tractions satisfy

(6.16) fo € C(0,T); (L*()%), £ € C([0,T): (L*(T2))?),
and finally
(6.17) ug € V.

Next we denote by f(¢) the element of V' given by
(618) W0l = [ fo0)-vdnt [ £300) wda
Q s

Vv eV and t € [0,T], and we note that conditions (6.16) imply
(6.19) fecC(o0,1];V).

Let j: V x V — R be the functional
(6.20) jlv,w) = / pu(vy) wy da +/ pr(vy) |wr|da Yo, weV.
s s

With these notations, it follows from [20] that if {u, o} are sufficiently regular func-
tions satisfying (6.1)—(6.6), then u(t) € V and V¢ € [0, 7],

(6.21) (Ae(u(t)), e(v) —e(uu(t)))v + (Be(u(t)), e(v) — e(u(t)))v
+i(0(t), v) = j(u(t),w(t) = (F(t),v —u(t))y VveV.

Thus we obtain the following variational formulation of problem (6.1)—(6.6) in terms
of displacements.

PrROBLEM Py. Find a displacement w : Q x [0,T] — V which satisfies (6.21)
and (6.6).
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The well-posedness of the problem Py follows from an application of Theorem 2.1.

THEOREM 6.1. Assume that (6.13)—~(6.17) hold. Then there exists Lo > 0 which
depends only on Q, I'1, I's and A such that the problem Py has a unique solution if
L, + L, < Ly. Moreover, the solution satisfies u € C*([0,T]; V).

Proof. Let A:V — V and B : V — V be the operators defined by

(6.22) (Av,w)y = (Ae(v),e(w))q, (Bv,w)y = (Be(v),e(w))g

Vv, w € V. Using (6.13) and (6.14) it follows that A and B are Lipschitz continuous
operators. Using again (6.13) and (6.12) we deduce that A is a strongly monotone
operator on V:

(623) (A’U1 — A’UQ,’Ul — ’UQ)V > M||’U1 — ’UQH%/ Yvivg € V.

Moreover, from (6.15), (6.11), and (6.12) it follows that the function j defined by
(6.20) satisfies (2.3) and

(6.24) J(g1,v2) — j(g1,v1) + (g2, v1) — j(ga, v2)
<co(Ly + L) g1 — gollv [l —v2llv Vgy,92,v1,v2 €V,

where ¢y > 0 depends only on Q, T'; and I's. Applying Theorem 2.1, we conclude
that if

co(Ly+ L) <M

then the problem Py has a unique solution w € C([0,T];V), and we may take
LO = M/Co. 0

Now let w € C'([0,7];V) be the solution of the problem Py and let o be the
stress field given by (6.1). Using (6.21) and (6.16) it can be shown that Dive €
C([0,T); L*>(2)9) and therefore o € C([0,T];Q1). A pair of functions {u, o} which
satisfies (6.1), (6.6), and (6.21) is called a weak solution of the problem (6.1)—(6.6).
We conclude that the problem (6.1)—(6.6) has a unique weak solution provided L, + L.,
is sufficiently small, which represents a result already obtained in [20]. The critical
value Ly depends only on the viscosity operator and on the geometry of the problem
but does not depend on the elasticity operator, nor on the external forces, nor on the
initial displacement.

We end this section with some mechanical interpretation of the condition L, +
L, < Ly which guarantees the unique solvability of the problem Py. The verification of
this condition as well as its interpretation depends on the specific mechanical problem.
For example, consider the mechanical problem (6.1)—(6.6) in which the function p,
is given by (6.7) and the function p, is given by (6.9) or by (6.10). It follows that
assumption (6.15)(b) is satisfied with L, = 8 and L, = u8 and therefore the condition
L, + L, < Lo holds if 8 < Lo/(+ 1) which may be interpreted as a smallness
assumption on the damping resistance coefficient. We conclude that the corresponding
mechanical problem has a unique weak solution if the damping resistance coefficient
of the oil layer is small enough. Consider now the mechanical problem (6.1)—(6.6) in
the case when the function p, is given by (6.8) with S € L°°(T'3) and the function p,
is given by (6.9) or by (6.10). In this case the assumption (6.15)(b) is satisfied with
L, = L. = 0 and therefore the condition L, + L, < Lg trivially holds. We conclude
that the corresponding mechanical problem has a unique weak solution without any
supplementary restriction on the coefficients p and 6.
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6.2. Numerical approximations. Now we state some sample results on error
estimates for numerical approximations of the problem Pj.

We first briefly describe how to construct the finite dimensional space V" via the
finite element method. Details can be found in [3]. For simplicity, we assume  is a
polygon or polyhedron. We have I's = Ulefg,i with each piece I's ; represented by an
affine function. Let 7" be a regular finite element partition of €2 in such a way that
if a side of an element lies on the boundary, the side belongs entirely to one of the
subsets I'1, I's and T's. Let h be the maximal diameter of the elements. Let Vhcv
be the finite element space consisting of piecewise linear functions, corresponding to
the partition 7". If the solution w has higher regularity, we may use higher order
elements, and the error analysis presented below can be easily extended to such a
situation.

For convergence analysis under the basic solution regularity, we need to verify
Hypotheses Hy and Hy. The following density result is proved in [6].

PROPOSITION 6.2. Let Q C R?, d > 1, be an open, bounded, Lipschitz domain,
and let T'y C 0 be a relatively open set with a Lipschitz relative boundary. Then the
space {v € C*(Q) : v = 0 in a neighborhood of T'1} is dense in {v € H'(Q) : v =
0a.e. onTly}.

From this proposition, we see immediately that the space

Vo = {v € [C*(Q)]? : v = 0 in a neighborhood of T}

is dense in V.
Let II" : V' — V" be the piecewise linear interpolation operator. Then

lo = Ptolly < |lv — [l < chvllpzo) Yo € V.

Thus, Hypothesis H; is valid.

The functional j(g,v) defined in (6.20) is Lipschitz continuous with respect to v.
Then it follows from (6.15) that Hypothesis Hy is valid.

We first consider a spatially semidiscrete approximation of the problem Py.

ProBLEM P!. Find the displacement field u” : [0,7] — V", such that for
te 0,17,

(6.25) (Ae(i"(t)),e(v") — (" (t)))q + (Be(u"(t)),e(v") — e(i"(t)))q
+ i@ (), 0") — jat(t), a" (1) > (F(t), 0" — 4 (t)y Vo' eV
(6.26) u"(0) = uf),

where ug € V" is a suitable approximation of w.
From the discussions in section 3, the problem P! has a unique solution. By
Theorem 5.3, if we choose ul? such that ||ug—ul |y — 0, then we have the convergence

[l — uthl([&T];V) —0 ash—0.
For convergence order error estimates, we have the following estimate from (3.13):
(6.27) lu— Uh”cl([o,T];v)
< (1= ooy + 1R )

+ ¢ fluo — ugllv-

inf
vheC((0,T];Vh)
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Let us present some sample error estimates under additional solution smoothness
assumptions. Assume

(6.28) ov € C([0,T]; (L*(T)%),

then the following equalities hold for ¢ € [0, T7:

(6.29) Divo(t) + fo(t) =0 a.e. in ,
(6.30) o(t)y = fyo(t) a.e. onTy,
(6.31) —0,(t) = pu(u,(t)) ae. on ;.

Using assumptions (6.15)—(6.16), the proof of (6.29)-(6.31) follows from standard
arguments (see, e.g., [12]).
By the definition (3.9) and (6.29)—(6.31), we then have

R(t; 0" (1), 4(t) = (a(t),e(v" (1)) — e(@(t))q + j(a(t), v" (t)) — j(i(t), u(t))
— (f(),0"(t) — a(t)v

= [ (710 @0 = i) + (10 (10 0] = i 1) )
s

Since p.(i,) € C([0,T); L?(T'3)) from the regularity of u and the properties of p,, we
have
(6.32) [R(t; 0" (1), u(t))] < cllvr(t) — i (&)l 2 (rg))a-

Therefore, the estimate (6.27) in this case reduces to

[ — (|1 (o.172)

<c inf
vheC([0,T);VH)

(1= ooy + e = 021 s
+ cllug — uf|v.
Assume
(6.33) e C([0,T); HA(Q)%).
Then
Urlr,, € C([0,T); H3/*(T3,)%), 1<i<I.

We use IT1"1(t) to denote the piecewise Lagrange interpolant of 4 (t) (cf. [3]), and use
the same symbol II" for the interpolation on I's. Then we have the interpolation error
estimates for ¢ € [0,77,

(6.34) a(t) = Ta(t) v < chlla(t)]| o),
I
(6.35) e () — Wt (8) | 2 rgye < b2 S ar (O] e, -
=1

Assume the initial value satisfies

(6.36) uy € H?(Q)%.



Downloaded 01/13/15 to 128.255.45.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

EVOLUTIONARY VARIATIONAL INEQUALITIES 577

Then
(6.37) [wg — M ugllv < chluo| g2 (q)e-

Summarizing under the additional assumptions (6.28), (6.33), and (6.36), if we
take ul! = I1"uy, then using the estimates (6.27), (6.32), (6.34), (6.35), and (6.37),
we have the error estimate

(6.38) lu = w"llos porpv) < O(R*H).

If we further assume

(6.39) irlry., € C(0,T) (s )%, 1< i < 1,
then the estimate (6.35) can be replaced by

I
ier (8) = T4 (1) [ L2(ry)e < B Y lar () m2(ry ey

i=1
and we have the optimal order error estimate
(6.40) flu— Uh”cl([o,T];v) < O(h).

For fully discrete approximations, we need the partition of the time interval intro-
duced in section 4. Then a fully discrete approximation for the problem Pg is what
follows.

PrOBLEM PJ*. Find the displacement field u* = {u'*}N_ C V" such that for
n=1,...,N,

(6.41) (Ae(bup®),e(v") —e(bup®))q + (Be(upt,), e(v") — e(6up®))q
+ (6ul* vy — j(6ult sult) > (F(t),v" — sulF)y Vol e VI

n

(6.42) upk =l

where again uf € V" is a suitable approximation of ug.
From the discussions in section 4, the problem P2* has a unique solution. By
Theorem 5.5, if we choose ult such that ||ug—ul||y; — 0, then we have the convergence

hk : hk
1g%xN(||un —u "y + ||t — 6w, ||v) = 0 as h,k— 0.

For order error estimate, assuming f € WH1(0,T; V), we have the following estimate
from (4.17):

(6.43)  max (lwn — wl¥ [l + [litn — 5l

< f o hoo (12 ho_

< max ot Lol =l + 1 Raoh i) 2} 4l — ol
+ ek ([ fllwrao,mvy + llwllerqo,m:vy)-

The term R, (v", 1,) is defined in (4.7). Similar to (6.32), we have

‘Rn('UZ,'anH <c H('UZ)T - (ﬁn)TH(LQ(Fg))d'
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Then under the additional regularity conditions (6.33) and (6.36), we have the fol-
lowing error estimate for the fully discrete solution:

X _ ., hE O hk < 3/4 )
649 s (e — wlly o+ i — S0l < 007 4 8)

If we further assume (6.39), then we have the optimal order error estimate

(6.45) max (||u, — u*||y + @, — 6u"*|ly) < O(h + k).

1<n<N

We emphasize that the error estimates (6.38), (6.40), (6.44), and (6.45) are only

sample results under the stated regularity conditions. If the regularity conditions are
different, the error estimates need to be changed accordingly, but that follows easily
from (6.27) and (6.43). In particular when 4(t) € C(Q2), we should use Clément’s
interpolation operator (cf. [4]) or projection operator (cf. [16]) to replace the piecewise
Lagrange interpolation operator in the error estimations.
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