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A B S T R A C T

In this paper, the 𝛼‖⋅‖𝓁1
−𝛽‖⋅‖𝓁2

sparsity regularization with parameters 𝛼 ≥ 𝛽 ≥ 0 is studied for
nonlinear ill-posed inverse problems. The well-posedness of the regularization is investigated.
Compared to the case where 𝛼 > 𝛽 ≥ 0, the results for the case 𝛼 = 𝛽 > 0 are weaker due
to the lack of coercivity and Radon-Riesz property of the regularization term. Under certain
conditions on the nonlinearity of 𝐹 , sparsity is shown for every minimizer of the 𝛼‖⋅‖𝓁1

−𝛽‖⋅‖𝓁2

regularized inverse problem. Moreover, for the case 𝛼 > 𝛽 ≥ 0, convergence rates 𝑂(𝛿
1
2 ) and

𝑂(𝛿) are proved for the regularized solution toward a sparse exact solution, under different yet
commonly adopted conditions on the nonlinearity of 𝐹 . The iterative soft thresholding algorithm
is shown to be useful to solve the 𝛼‖ ⋅ ‖𝓁1

− 𝛽‖ ⋅ ‖𝓁2
regularized problem for nonlinear ill-posed

equations. Numerical results illustrate the efficiency of the proposed method.

1. Introduction

Investigation of the non-convex 𝛼‖ ⋅ ‖𝓁1 − 𝛽‖ ⋅ ‖𝓁2 (𝛼 ≥ 𝛽 ≥ 0) regularization has attracted attention in the field of sparse recovery
in the recent years, see [1–5] and references therein. As an alternative to the 𝓁𝑝-norm with 0 ≤ 𝑝 < 1, the advantages of using the
functional 𝛼‖ ⋅ ‖𝓁1 − 𝛽‖ ⋅ ‖𝓁2 (𝛼 ≥ 𝛽 ≥ 0) lie in the fact that it is a good approximation of the 𝓁0-norm and it has a simpler structure
than the 𝓁0-norm from the perspective of computation. It is known to be difficult to determine the optimal exponent 𝑝 for the 𝓁𝑝
(0 ≤ 𝑝 < 1) regularization [6]. For the 𝛼‖ ⋅ ‖𝓁1 − 𝛽‖ ⋅ ‖𝓁2 regularization, it can be shown that 𝜂 = 𝛽∕𝛼 plays a role similar to that of 𝑝
in the 𝓁𝑝 regularization, see [1, Fig. 1] for details. In this paper, we investigate the potential of the 𝛼‖ ⋅ ‖𝓁1 − 𝛽‖ ⋅ ‖𝓁2 regularization
method for solving nonlinear ill-posed operator equations with sparse solutions. In addition, we analyze the well-posedness of the
regularization for the particular case 𝛼 = 𝛽.

We are interested in solving an ill-posed operator equation of the form

𝐹 (𝑥) = 𝑦, (1.1)

where 𝑥 is sparse, 𝐹 ∶ 𝓁2 → 𝑌 is a weakly sequentially closed nonlinear operator mapping between the 𝓁2 space and a Hilbert
space 𝑌 with norms ‖ ⋅ ‖𝓁2 and ‖ ⋅ ‖𝑌 , respectively. Throughout this paper, we let ⟨⋅, ⋅⟩ denote the inner product in the 𝓁2 space
and 𝑒𝑖 = (0,… , 0, 1

⏟⏞⏞⏟⏞⏞⏟
𝑖

, 0,…), 𝑖 ≥ 1. The exact data 𝑦† and the observed data 𝑦𝛿 satisfy ‖𝑦𝛿 − 𝑦†‖𝑌 ≤ 𝛿 with a noise level 𝛿 > 0. The

most commonly adopted technique to solve the problem (1.1) is sparsity regularization, see the monographs [7,8] and the special
issues [9–12] for many developments on regularizing properties and minimization schemes.
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1.1. Related works

The first theoretical analysis on sparsity regularization for ill-posed inverse problems dates back to 2004. In the seminal
aper [13], Daubechies et al. proposed an 𝓁𝑝 (1 ≤ 𝑝 ≤ 2) sparsity regularization for linear ill-posed problems and established the

convergence of an iterative soft thresholding algorithm. Inspired by [13], many investigations focused on the regularizing properties
and iteration schemes for linear ill-posed inverse problems, see [7–9]. Subsequently, the schemes and their analysis were quickly
extended to nonlinear ill-posed inverse problems. Much effort has been devoted to investigating the regularization properties as well
as the minimization of the sparsity regularization for nonlinear ill-posed inverse problems, see [11,14–19] and the references therein.
We emphasize that in the above cited references only the convex case 𝑝 ≥ 1 is investigated. For the non-convex case 0 ≤ 𝑝 < 1, special
conditions and techniques are needed to analyze the well-posedness and convergence rate. In [20], a sub-linear 𝓁𝑝 regularization
is proposed and convergence is proved in the sense of the weak∗ topology on 𝓁1. A multi-parameter Tikhonov regularization with
𝓁0 constraint is presented in [21,22], where results on regularizing properties and convergence rates are obtained. In [23], with
the use of a superposition operator 𝑝,𝑞 , the sparsity regularization with 0 ≤ 𝑝 < 1 can be studied within a more classical convex
formulation with 1 ≤ 𝑞 ≤ 2. Then the well-known results on regularizing properties of convex sparsity regularization can be utilized
to analyze the original non-convex sparsity regularization.

Concerning the minimization of the 𝓁𝑝 sparsity regularization with 0 ≤ 𝑝 < 1, several numerical algorithms were developed
for linear ill-posed inverse problems, e.g. alternating direction method of multipliers (ADMM) [24], iteratively reweighted least
squares (IRLS) [25], primal–dual active set method [26] and iterative hard thresholding [27]. Unfortunately, these algorithms cannot
be extended to nonlinear ill-posed equations directly. Sparsity regularization with non-convex regularized terms for nonlinear ill-
posed inverse problems is far from being investigated systematically. Though there is a great potential in the non-convex sparsity
regularization for nonlinear ill-posed inverse problems, to the best of our knowledge, only two papers are available in the literature.
In [28], the non-convex Tikhonov functional is transformed to a more viable one. Then a surrogate functional approach is applied to
the new convex functional straightforwardly. In [29], an iterative algorithm is developed and analyzed, which aims at minimizing
non-smooth and non-convex functionals, covering the important special case of Tikhonov functionals for non-linear operators and
non-convex penalty terms.

1.2. Contribution and organization

In this paper, we solve the nonlinear ill-posed inverse problem (1.1) by the following regularization method:

min
𝑥∈𝓁2

 𝛿
𝛼,𝛽 (𝑥), (1.2)

ith

 𝛿
𝛼,𝛽 (𝑥) =

1
𝑞
‖𝐹 (𝑥) − 𝑦𝛿‖𝑞𝑌 +𝛼,𝛽 (𝑥),

where 𝑞 ≥ 1 and

𝛼,𝛽 (𝑥) ∶= 𝛼‖𝑥‖𝓁1 − 𝛽‖𝑥‖𝓁2 , 𝛼 ≥ 𝛽 ≥ 0. (1.3)

For 𝛼 > 0, denoting 𝜂 = 𝛽∕𝛼, we can equivalently express the functional in (1.3) as

𝛼,𝛽 (𝑥) = 𝛼𝜂(𝑥),

where 𝜂(𝑥) ∶= ‖𝑥‖𝓁1 − 𝜂‖𝑥‖𝓁2 , 1 ≥ 𝜂 ≥ 0. We will investigate the well-posedness of the problem (1.2). For the case 𝛼 > 𝛽 ≥ 0, we
show the existence, stability as well as convergence of regularized solutions under the assumption that the nonlinear operator 𝐹
is weakly sequentially closed. The numerical results reported in [1] show that we can obtain satisfactory results even when 𝛼 = 𝛽.
Actually, 𝛼,𝛽 behaves more and more like a constant multiple of the 𝓁0-norm as 𝛽∕𝛼 → 1. So in this paper, we also analyze properties
of 𝛼,𝛽 when 𝛼 = 𝛽, even though the well-posedness results of the regularization are weaker than that in the case 𝛼 > 𝛽 ≥ 0. For the
ase 𝛼 > 𝛽 ≥ 0, we identify the convergence rate under an appropriate source condition. As is standard in analyzing convergence
ates, we need to impose restrictions on the nonlinearity of the operator 𝐹 . Typically, the restrictions are utilized to bound the
rucial term ⟨𝐹 ′(𝑥†)(𝑥 − 𝑥†), 𝜔𝑖⟩ in deriving convergence rate results. Under two commonly adopted conditions on the nonlinearity
f 𝐹 , we get convergence rates 𝑂(𝛿

1
2 ) and 𝑂(𝛿) of the regularized solution in the 𝓁2-norm, respectively.

For the minimization problem (1.2), we propose an iterative soft thresholding algorithm [13,30] based on the generalized
conditional gradient method (GCGM). In [31,32], GCGM is applied to solve the minimization problem for sparsity regularization
with the convex regularization term ∑

𝑛 𝑤𝑛|⟨𝑢, 𝜙𝑛⟩|
𝑝 with 𝑝 ≥ 1, where {𝑤𝑛 > 0} are the weights, and {𝜙𝑛} is an orthonormal basis

of a Hilbert space. In this paper, it is shown that this method can be applied to the non-convex 𝛼𝓁1 − 𝛽𝓁2 sparsity regularization for
nonlinear inverse problems. For the case 𝑞 = 2, we rewrite the functional  𝛿

𝛼,𝛽 in (1.2) as

 𝛿
𝛼,𝛽 (𝑥) = 𝐺(𝑥) +𝛷(𝑥),

here 𝐺(𝑥) = (1∕2) ‖𝐹 (𝑥)−𝑦𝛿‖2𝑌 −𝛩(𝑥), 𝛷(𝑥) = 𝛩(𝑥)+𝛼‖𝑥‖𝓁1−𝛽‖𝑥‖𝓁2 and 𝛩(𝑥) = (𝜆∕2) ‖𝑥‖2𝓁2+𝛽‖𝑥‖𝓁2 . Here 𝜆 > 0 is a parameter whose
effect on the performance of the proposed algorithm is shown in Table 1 of Section 5. We show that if the nonlinear operator 𝐹 is
2

continuously Fréchet differentiable and 𝐹 is bounded on bounded sets, then the iterative soft thresholding algorithm is convergent.
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The rest of the paper is organized as follows. In Section 2, we analyze the well-posedness of the 𝛼‖ ⋅ ‖𝓁1 − 𝛽‖ ⋅ ‖𝓁2 (𝛼 ≥ 𝛽 ≥ 0)
egularization. In Section 3, we derive the convergence rates in the 𝓁2-norm under an appropriate source condition and two
ommonly adopted conditions on the nonlinearity of 𝐹 . In Section 4, we present an iterative soft thresholding algorithm based
n GCGM and discuss its convergence. Finally, some numerical experiments are presented in Section 5.

. Well-posedness of regularization problem

In this section we analyze the well-posedness of the regularization method, i.e., existence, stability as well as convergence of
egularized solutions. For the case 𝛼 = 𝛽, 𝛼,𝛽 does not have coercivity nor Radon-Riesz property, and the well-posedness result of
he regularization is weaker than that in the case 𝛼 > 𝛽.

Let us denote a general minimizer of the functional  𝛿
𝛼,𝛽 by 𝑥𝛿𝛼,𝛽 , i.e.

𝑥𝛿𝛼,𝛽 ∈ argmin
𝑥
 𝛿
𝛼,𝛽 (𝑥),  𝛿

𝛼,𝛽 (𝑥) =
1
𝑞 ‖𝐹 (𝑥) − 𝑦𝛿‖𝑞𝑌 +𝛼,𝛽 (𝑥). (2.1)

Definition 2.1. An element 𝑥† ∈ 𝓁2 is called an 𝜂-minimum solution to the problem (1.1) if

𝑥† ∈ argmin
{

𝜂(𝑥) ∣ 𝑥 ∈ 𝓁2, 𝐹 (𝑥) = 𝑦
}

.

Definition 2.2. 𝑥 ∈ 𝓁2 is called sparse if supp(𝑥) ∶= {𝑖 ∈ N ∣ 𝑥𝑖 ≠ 0} is finite, where 𝑥𝑖 is the 𝑖th component of 𝑥.

To characterize the sparsity, as in [13], we define the index set

𝐼(𝑥†) = {𝑖 ∈ N ∣ 𝑥†𝑖 ≠ 0}, (2.2)

where 𝑥†𝑖 is the 𝑖th component of 𝑥†. Next, we present a result on the non-negativity of 𝛼,𝛽 .

Lemma 2.3. If 𝛼 ≥ 𝛽 ≥ 0, then 𝛼,𝛽 (𝑥) ≥ 0 for any 𝑥 ∈ 𝓁2.

roof. By the definition of 𝛼,𝛽 , we have 𝛼,𝛽 (𝑥) = (𝛼 − 𝛽)‖𝑥‖𝓁1 + 𝛽(‖𝑥‖𝓁1 − ‖𝑥‖𝓁2 ). Since ‖𝑥‖𝓁2 ≤ ‖𝑥‖𝓁1 and 0 ≤ 𝛽 ≤ 𝛼, this implies
𝛼,𝛽 (𝑥) ≥ 0. ■

2.1. The case 𝛼 > 𝛽 ≥ 0

We first recall some properties of 𝛼,𝛽 (𝛼 > 𝛽 ≥ 0) which are crucial tools in analyzing the well-posedness of the regularization,
cf. [1] for the proofs.

Lemma 2.4. The functional 𝛼,𝛽 (𝛼 > 𝛽 ≥ 0) has the following properties:
(i) (Coercivity) For 𝑥 ∈ 𝓁2, ‖𝑥‖𝓁2 → ∞ implies 𝛼,𝛽 (𝑥) → ∞.
(ii) (Weak lower semi-continuity) If 𝑥𝑛 ⇀ 𝑥 in 𝓁2 and {𝛼,𝛽 (𝑥𝑛)} is bounded, then

lim inf
𝑛

𝛼,𝛽 (𝑥𝑛) ≥ 𝛼,𝛽 (𝑥).

(iii) (Radon-Riesz property) If 𝑥𝑛 ⇀ 𝑥 in 𝓁2 and 𝛼,𝛽 (𝑥𝑛) → 𝛼,𝛽 (𝑥), then ‖𝑥𝑛 − 𝑥‖𝓁2 → 0.

Lemma 2.5. Assume the sequence {‖𝑦𝑛‖𝑌 } is bounded in 𝑌 . For a given 𝑀 > 0, let 𝑥𝑛 ∈ 𝓁2, 𝑛 = 1, 2,… and
1
𝑞
‖𝐹 (𝑥𝑛) − 𝑦𝑛‖

𝑞
𝑌 +𝛼,𝛽 (𝑥𝑛) ≤ 𝑀. (2.3)

hen there exist an element 𝑥 ∈ 𝓁2 and a subsequence {𝑥𝑛𝑘} of {𝑥𝑛} such that 𝑥𝑛𝑘 ⇀ 𝑥 and 𝐹 (𝑥𝑛𝑘 ) ⇀ 𝐹 (𝑥).

Proof. By (2.3), {𝛼,𝛽 (𝑥𝑛)} is bounded. It follows from the coercivity of 𝛼,𝛽 (𝑥) that {‖𝑥𝑛‖𝓁2} is bounded. Meanwhile, since {‖𝑦𝑛‖𝑌 }
is bounded, {‖𝐹 (𝑥𝑛)‖𝑌 } is bounded. Hence, there exists a subsequence {𝑥𝑛𝑘} of {𝑥𝑛}, 𝑥 ∈ 𝓁2 and 𝑦 ∈ 𝑌 such that

𝑥𝑛𝑘 ⇀ 𝑥 in 𝓁2, 𝐹 (𝑥𝑛𝑘 ) ⇀ 𝑦 in 𝑌 .

Since 𝐹 is weakly sequentially closed, 𝐹 (𝑥) = 𝑦. This proves the lemma. ■

We have the existence, stability as well as convergence of the regularized solution given in the next three results, similar to
Theorems 2.11, 2.12 and 2.13 in [1]. Their proofs are based on the properties stated in Lemmas 2.4 and 2.5.

Theorem 2.6 (Existence). For any 𝑦𝛿 ∈ 𝑌 , there exists at least one minimizer to  𝛿
𝛼,𝛽 in 𝓁2.

Theorem 2.7 (Stability). Let 𝛼𝑛 > 𝛽𝑛 ≥ 0, 𝛼𝑛 → 𝛼 (𝛼 > 0), 𝛽𝑛 → 𝛽 as 𝑛 → ∞. Let the sequence {𝑦𝑛} ⊂ 𝑌 be convergent to 𝑦𝛿 ∈ 𝑌 , and let
𝑥𝑛 be a minimizer to  𝛿𝑛

𝛼𝑛 ,𝛽𝑛
. Then the sequence {𝑥𝑛} contains a subsequence {𝑥𝑛𝑘} converging to a minimizer of  𝛿

𝛼,𝛽 . Furthermore, if  𝛿
𝛼,𝛽

𝛿 𝛿
3

has a unique minimizer 𝑥𝛼,𝛽 , then lim𝑘→∞ ‖𝑥𝑛𝑘 − 𝑥𝛼,𝛽‖𝓁2 = 0.
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Theorem 2.8 (Convergence). Let 𝛼𝑛 ∶= 𝛼(𝛿𝑛), 𝛽𝑛 ∶= 𝛽(𝛿𝑛), 𝛼𝑛 > 𝛽𝑛 ≥ 0 satisfy

lim
𝑛→∞

𝛼𝑛 = 0, lim
𝑛→∞

𝛽𝑛 = 0 𝑎𝑛𝑑 lim
𝑛→∞

𝛿𝑞𝑛
𝛼𝑛

= 0.

Assume that 𝜂 = lim𝑛→∞ 𝜂𝑛 ∈ [0, 1) exists, where 𝜂𝑛 = 𝛽𝑛∕𝛼𝑛. Let 𝛿𝑛 → 0 as 𝑛 → +∞ and 𝑦𝛿𝑛 satisfy ‖𝑦 − 𝑦𝛿𝑛‖ ≤ 𝛿𝑛. Moreover, let

𝑥𝛿𝑛𝛼𝑛 ,𝛽𝑛 ∈ argmin
𝑥

 𝛿𝑛
𝛼𝑛 ,𝛽𝑛

(𝑥).

hen {𝑥𝛿𝑛𝛼𝑛 ,𝛽𝑛} has a subsequence, still denoted by {𝑥𝛿𝑛𝛼𝑛 ,𝛽𝑛}, converging to an 𝜂-minimizing solution 𝑥† in 𝓁2. Furthermore, if the
𝜂-minimizing solution 𝑥† is unique, then the entire sequence {𝑥𝛿𝑛𝛼𝑛 ,𝛽𝑛} converges to 𝑥† in 𝓁2.

2.2. The case 𝛼 = 𝛽 > 0

We turn to the case 𝛼 = 𝛽 > 0. The functional 𝛼,𝛽 remains to be weakly lower semi-continuous, see [1, Lemma 2.8, Remark 2.9]
for details. However, coercivity and Radon-Riesz property cannot be extended to the case 𝛼 = 𝛽, cf. Examples 2.9 and 2.11 below.

Example 2.9 (Non-coercivity). Let 𝑥 = 𝑡𝑒𝑖 for some 𝑖, where 𝑒𝑖 = (0,… , 0, 1
⏟⏞⏞⏟⏞⏞⏟

𝑖

, 0,…). Then, ‖𝑥‖𝓁2 → ∞ as 𝑡 → ∞. However, 𝛼,𝛼(𝑥) = 0

for each 𝑡. So 𝛼,𝛼 is not coercive.

Note that the standard proof of the well-posedness of Tikhonov regularization is invalid without the coercivity of the regular-
ization term. So to ensure the well-posedness of the problem (1.2) in the case 𝛼 = 𝛽, we provide a result next where an additional
restriction, i.e. coercivity is imposed on the nonlinear operator 𝐹 ; see [26,33] for some examples of the nonlinear (or linear) coercive
operator.

Lemma 2.10. Assume 𝐹 (𝑥) is coercive with respect to ‖𝑥‖𝓁2 , i.e. ‖𝑥‖𝓁2 → ∞ implies ‖𝐹 (𝑥)‖𝑌 → ∞. Then the functional  𝛿
𝛼,𝛼 is coercive.

Proof. By the definition of  𝛿
𝛼,𝛽 ,

 𝛿
𝛼,𝛼(𝑥) =

1
𝑞
‖𝐹 (𝑥) − 𝑦𝛿‖𝑞𝑌 + 𝛼‖𝑥‖𝓁1 − 𝛼‖𝑥‖𝓁2 ≥ 1

𝑞
|

|

|

‖𝐹 (𝑥)‖𝑌 − ‖𝑦𝛿‖𝑌
|

|

|

𝑞
.

ince 𝐹 is coercive, it is obvious that  𝛿
𝛼,𝛼(𝑥) → ∞ as ‖𝑥‖𝓁2 → ∞. ■

Note that if 𝐹 = 𝐴 is linear, then its coercivity is equivalent to the existence of a positive constant 𝑐0 > 0 such that

‖𝐴𝑥‖𝑌 ≥ 𝑐0‖𝑥‖𝓁2 ∀ 𝑥 ∈ 𝓁2.

So when 𝐹 is linear and coercive, the problem (1.1) is well-posed and there would be no need to solve it with regularization.
Based on Lemma 2.10, we can demonstrate the existence of the regularized solution; the proof is similar to that in Theorem 2.11

in [1].
Next we give an example to show that 𝑥𝑛 does not necessarily converge strongly to 𝑥 even if 𝑥𝑛 ⇀ 𝑥 in 𝓁2 and 𝛼,𝛼(𝑥𝑛) → 𝛼,𝛼(𝑥).

Thus 𝛼,𝛼 fails to satisfy the Radon-Riesz property.

Example 2.11 (Non-Radon-Riesz Property). Let 𝑥𝑛 = (0,… , 0, 1
⏟⏞⏞⏟⏞⏞⏟

𝑛

, 0,…) and 𝑥 = 0. Then 𝑥𝑛 ⇀ 𝑥 in 𝓁2. We have

𝛼,𝛼(𝑥𝑛) = 𝛼(‖𝑥𝑛‖𝓁1 − ‖𝑥𝑛‖𝓁2 ) = 0 𝑎𝑛𝑑 𝛼,𝛼(𝑥) = 0.

So 𝛼,𝛼(𝑥𝑛) → 𝛼,𝛼(𝑥). However, ‖𝑥𝑛 − 𝑥‖𝓁2 = 1, which implies that 𝑥𝑛 does not converge strongly to 𝑥.

Since 𝛼,𝛼 fails to satisfy the Radon-Riesz property, we do not have stability and convergence properties similar to the ones
stated in Theorems 2.7 and 2.8. Nevertheless, under the additional assumption of the coercivity of 𝐹 , with the help of Lemma 2.10,
stability and convergence properties can be proved, similar to that of Theorems 2.12 and 2.13 in [1].

2.3. Sparsity

Next we turn to a discussion of the sparsity of the regularized solution. When 𝑞 = 2, under a restriction on the nonlinearity of
𝐹 , it can be shown that every minimizer of  𝛿

𝛼,𝛽 is sparse whenever 𝛼 > 𝛽 or 𝛼 = 𝛽.

Assumption 2.12. Assume that 𝐹 ∶ 𝓁2 → 𝑌 is Fréchet-differentiable and there exists 𝛾 > 0 such that

‖𝐹 ′(𝑦) − 𝐹 ′(𝑥)‖𝐿(𝓁2 ,𝑌 ) ≤ 𝛾‖𝑦 − 𝑥‖𝓁2 (2.4)

for any 𝑦 ∈ 𝐵 (𝑥), where 𝑥 is a minimizer of  𝛿 and 𝐵 (𝑥) ∶= {𝑦 ∣ ‖𝑦 − 𝑥‖ ≤ 𝛿}, 𝛿 ≥ ‖𝑥‖ .
4

𝛿 𝛼,𝛽 𝛿 𝓁2 ∞
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Remark 2.13. By [11, p. 14], (2.4) implies

‖𝐹 (𝑦) − 𝐹 (𝑥) − 𝐹 ′(𝑥)(𝑦 − 𝑥)‖𝑌 ≤ 𝛾
2
‖𝑦 − 𝑥‖2𝓁2 (2.5)

or any 𝑦 ∈ 𝐵𝛿(𝑥), 𝛿 ≥ ‖𝑥‖∞.

roposition 2.14 (Sparsity). Let 𝑥 be a minimizer of  𝛿
𝛼,𝛽 for 𝛼 ≥ 𝛽 ≥ 0 and 𝑞 = 2. If Assumption 2.12 holds, then 𝑥 is sparse.

roof. For 𝑖 ∈ N, consider 𝑥̄ ∶= 𝑥 − 𝑥𝑖𝑒𝑖, where 𝑥𝑖 is the 𝑖th component of 𝑥. It is clear that 𝑥̄ ∈ 𝐵𝛿(𝑥). By the definition of 𝑥,
1
2
‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌 +𝛼,𝛽 (𝑥) ≤

1
2
‖𝐹 (𝑥̄) − 𝑦𝛿‖2𝑌 +𝛼,𝛽 (𝑥̄). (2.6)

f 𝑥 = 0, then 𝑥 is sparse. Suppose 𝑥 ≠ 0. By (2.6), we see that

𝛼|𝑥𝑖| − 𝛽
|𝑥𝑖|

2

‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2
= 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥̄)

≤ 1
2
‖𝐹 (𝑥̄) − 𝑦𝛿‖2𝑌 − 1

2
‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌

= 1
2
‖𝐹 (𝑥̄) − 𝐹 (𝑥)‖2𝑌 + ⟨𝐹 (𝑥) − 𝑦𝛿 , 𝐹 (𝑥̄) − 𝐹 (𝑥)⟩. (2.7)

rom Remark 2.13, we see that

𝐹 (𝑥̄) = 𝐹 (𝑥) + 𝐹 ′(𝑥)(𝑥̄ − 𝑥) + 𝑟𝛿𝛼 (2.8)

ith

‖𝑟𝛿𝛼‖𝑌 ≤ 𝛾
2
‖𝑥̄ − 𝑥‖2𝓁2 . (2.9)

combination of (2.8) and (2.9) implies that

‖𝐹 (𝑥̄) − 𝐹 (𝑥)‖2𝑌 = ‖𝐹 ′(𝑥)(𝑥̄ − 𝑥)‖2𝑌 + ‖𝑟𝛿𝛼‖
2
𝑌 + 2⟨𝐹 ′(𝑥)(𝑥̄ − 𝑥), 𝑟𝛿𝛼⟩

≤ ‖𝐹 ′(𝑥)‖2𝐿(𝓁2 ,𝑌 )‖𝑥̄ − 𝑥‖2𝓁2 +
𝛾2

4
‖𝑥̄ − 𝑥‖4𝓁2 + 𝛾‖𝐹 ′(𝑥)‖𝐿(𝓁2 ,𝑌 )‖𝑥̄ − 𝑥‖3𝓁2

= |𝑥𝑖|
2
‖𝐹 ′(𝑥)‖2𝐿(𝓁2 ,𝑌 ) +

𝛾2

4
|𝑥𝑖|

4 + 𝛾|𝑥𝑖|
3
‖𝐹 ′(𝑥)‖𝐿(𝓁2 ,𝑌 ). (2.10)

oreover,

⟨𝐹 (𝑥) − 𝑦𝛿 , 𝐹 (𝑥̄) − 𝐹 (𝑥)⟩ = ⟨𝐹 (𝑥) − 𝑦𝛿 , 𝐹 ′(𝑥)(𝑥̄ − 𝑥) + 𝑟𝛿𝛼⟩

≤ −𝑥𝑖⟨𝐹 ′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿), 𝑒𝑖⟩ +
𝛾
2
|𝑥𝑖|

2
‖𝐹 (𝑥) − 𝑦𝛿‖𝑌 . (2.11)

combination of (2.7), (2.10) and (2.11) implies that

𝛼|𝑥𝑖| − 𝛽
|𝑥𝑖|

2

‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2
≤ 1

2
|𝑥𝑖|

2
‖𝐹 ′(𝑥)‖2𝐿(𝓁2 ,𝑌 ) +

𝛾2

8
|𝑥𝑖|

4 + 1
2
𝛾|𝑥𝑖|

3
‖𝐹 ′(𝑥)‖𝐿(𝓁2 ,𝑌 )

− 𝑥𝑖⟨𝐹
′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿), 𝑒𝑖⟩ +

𝛾
2
|𝑥𝑖|

2
‖𝐹 (𝑥) − 𝑦𝛿‖𝑌 (2.12)

or every 𝑖 ∈ N. Define ‖𝑥‖0 ∶=
∑

𝑖∈N sgn(|𝑥𝑖|), where sgn is the sign function. Now if ‖𝑥‖0 = 1, then 𝑥 is sparse. Otherwise, ‖𝑥‖0 ≥ 2
nd then |𝑥𝑖|

‖𝑥‖𝓁2+‖𝑥̄‖𝓁2
< 1. Thus, there exists a constant 𝑐 > 0 such that

𝑐 + 𝜂|𝑥𝑖|
‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2

≤ 1, i.e. 𝑐
‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2

≤ 1 −
𝜂|𝑥𝑖|

‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2
. (2.13)

ultiplying (2.13) by 𝛼|𝑥𝑖|, we have

𝛼𝑐
|𝑥𝑖|

‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2
≤ 𝛼|𝑥𝑖| − 𝛽

|𝑥𝑖|
2

‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2
. (2.14)

enote

𝐾𝑖 ∶=
(‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2 )

(

1
2𝑥𝑖‖𝐹

′(𝑥)‖2𝐿(𝓁2 ,𝑌 ) +
𝛾2

8 𝑥
3
𝑖 +

1
2 𝛾𝑥𝑖|𝑥𝑖|‖𝐹

′(𝑥)‖𝐿(𝓁2 ,𝑌 )
)

𝑐𝛼

+
(‖𝑥‖𝓁2 + ‖𝑥̄‖𝓁2 )

(

−⟨𝐹 ′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿), 𝑒𝑖⟩ +
𝛾
2𝑥𝑖‖𝐹 (𝑥) − 𝑦𝛿‖𝑌

)

𝑐𝛼
.

hen a combination of (2.12) and (2.14) implies that

𝐾 𝑥 ≥ |𝑥 |, 𝑖 ∈ N.
5

𝑖 𝑖 𝑖



Journal of Computational and Applied Mathematics 450 (2024) 115987L. Ding and W. Han

f

w
i
a
b
n

R

f

L

s

L

Since 𝑥 is a minimizer of  𝛿
𝛼,𝛽 , ‖𝐹 (𝑥) − 𝑦𝛿‖𝑌 is finite. In addition, since 𝐹 is Fréchet-differentiable, ‖𝐹 ′(𝑥)‖𝐿(𝓁2 ,𝑌 ) is also finite. Since

𝑥, 𝑥̄ ∈ 𝓁2, 𝐹 ′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿) ∈ 𝓁2, we have 𝐾𝑖 → 0 as 𝑖 → ∞, and this implies that 𝛬 ∶= {𝑖 ∈ N ∣ |𝐾𝑖| ≥ 1} is finite. It is obvious that
𝑥𝑖 = 0 whenever 𝑖 ∉ 𝛬. This proves the proposition. ■

Note that the above result holds only for the case 𝑞 = 2. It is not clear whether each minimizer of  𝛿
𝛼,𝛽 is sparse when 𝑞 ≠ 2.

3. Convergence rate of the regularized solutions

We consider the convergence rate for the case 𝛼 > 𝛽 ≥ 0 in this section. For this purpose, we need to impose a restriction on the
smoothness of 𝑥†. Meanwhile, we impose two commonly adopted conditions on the nonlinearity of 𝐹 , and derive two corresponding
inequalities. Then we get convergence rates 𝑂(𝛿

1
2 ) and 𝑂(𝛿) in the 𝓁2-norm based on the two inequalities, respectively.

3.1. Convergence rate 𝑂(𝛿
1
2 )

Assumption 3.1. Let 𝑥† ≠ 0 be an 𝜂-minimizing solution of the problem (1.1) that is sparse. Assume that
(i) 𝐹 is continuously Fréchet differentiable. For every 𝑖 ∈ 𝐼(𝑥†), there exists 𝜔𝑖 ∈ 𝑌 such that

𝑒𝑖 = 𝐹 ′(𝑥†)∗𝜔𝑖, (3.1)

where 𝐼(𝑥†) is defined in (2.2).
(ii) There exist 𝛾 > 0, 𝜌 > 0, 𝜂(𝑥†) < 𝜌 such that

‖𝐹 ′(𝑥) − 𝐹 ′(𝑥†)‖𝐿(𝓁2 ,𝑌 ) ≤ 𝛾‖𝑥 − 𝑥†‖𝓁2 (3.2)

or all 𝑥 ∈ 𝓁2 satisfying 𝜂(𝑥) ≤ 𝜌.

Assumption 3.1(i) and other analogous conditions were introduced in [20,34]. Actually, Assumption 3.1(i) is a source condition
hich imposes the smoothness on the solution 𝑥†. Assumption 3.1 (ii) is a restriction on 𝐹 which has two-fold meaning. One is to

mpose nonlinearity condition on 𝐹 . Another more crucial effect is to estimate the term ⟨𝐹 ′(𝑥†)(𝑥 − 𝑥†), 𝜔𝑖⟩, where 𝜔𝑖 are the same
s that in (3.1). Many authors pointed out that the restrictions on the nonlinearity of 𝐹 coupled with source conditions prove to
e a powerful tool to obtain convergence rates in regularization [35–37]. There are several ways to choose the restrictions on the
onlinearity of 𝐹 . A commonly adopted restriction is (3.2), i.e. 𝐹 ′ is Lipschitz continuous [11,38].

emark 3.2. Note that for all 𝑥 ∈ 𝓁2 satisfying 𝜂(𝑥) ≤ 𝜌, (3.2) implies

‖𝐹 (𝑥) − 𝐹 (𝑥†) − 𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ 𝛾
2
‖𝑥 − 𝑥†‖2𝓁2 (3.3)

from a Taylor approximation of 𝐹 . Thus, with the triangle inequality, we obtain

‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ 𝛾
2
‖𝑥 − 𝑥†‖2𝓁2 + ‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 (3.4)

or all 𝑥 ∈ 𝓁2 satisfying 𝜂(𝑥) ≤ 𝜌, which can be used to give an upper bound of the term ⟨𝐹 ′(𝑥†)(𝑥 − 𝑥†), 𝜔𝑖⟩.

emma 3.3. If Assumption 3.1 holds, then there exists 𝜔† ∈ 𝑌 such that 𝑥† = 𝐹 ′(𝑥†)∗𝜔†.

This result is verified easily by setting 𝜔† =
∑

𝑖∈𝐼(𝑥†) 𝑥
†
𝑖𝜔𝑖.

Next we derive an inequality needed in the proof of the convergence rate. By Lemma 2.4(i), for any 𝑀 > 0, there exists 𝑀1 > 0
uch that 𝛼,𝛽 (𝑥) ≤ 𝑀 for 𝑥 ∈ 𝓁2 implies ‖𝑥‖𝓁2 ≤ 𝑀1. We further denote

𝑐1 = 𝑀1 + ‖𝑥†‖𝓁2 , (3.5)

𝑐2 =

(

1 +
𝑐1

‖𝑥†‖𝓁2

)

|𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 +
2‖𝜔†

‖𝑌

‖𝑥†‖𝓁2
, (3.6)

𝑐3 =
2‖𝜔†

‖𝑌

‖𝑥†‖𝓁2
. (3.7)

emma 3.4. Let 𝑀 > 0 be given and define 𝑐1, 𝑐2 and 𝑐3 by (3.5)–(3.7). Under Assumption 3.1, if 𝛤 ∶= 𝛾𝑐1(𝑐2𝛼−𝑐3𝛽)
2(𝛼−𝛽) < 1, then

‖𝑥 − 𝑥†‖2𝓁2 ≤ 1
(1−𝛤 )

[

𝑐1
𝛼−𝛽 (𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†)) +

𝑐1
𝛼−𝛽 (𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌

]

for any 𝑥 ∈ 𝓁 with  (𝑥) ≤ 𝑀 satisfying  (𝑥) ≤ 𝜌.
6

2 𝛼,𝛽 𝜂
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Proof. By the definition of 𝛼,𝛽 in (1.3), it is clear that

𝛼,𝛽 (𝑥) = 𝛼‖𝑥‖𝓁1 − 𝛽‖𝑥‖𝓁2 = 𝛼(‖𝑥‖𝓁1 − ‖𝑥‖𝓁2 ) + (𝛼 − 𝛽)‖𝑥‖𝓁2
= 𝛼(𝑥) + (𝛼 − 𝛽)‖𝑥‖𝓁2 ,

where (𝑥) ∶= ‖𝑥‖𝓁1 − ‖𝑥‖𝓁2 . We see that

𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) = 𝛼[(𝑥) −(𝑥†)] + (𝛼 − 𝛽)(‖𝑥‖𝓁2 − ‖𝑥†‖𝓁2 )

= 𝛼[(𝑥) −(𝑥†)] + (𝛼 − 𝛽)
‖𝑥‖2𝓁2 − ‖𝑥†‖2𝓁2
‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2

= 𝛼[(𝑥) −(𝑥†)] + (𝛼 − 𝛽)
‖𝑥 − 𝑥†‖2𝓁2 + 2⟨𝑥†, 𝑥 − 𝑥†⟩

‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2
. (3.8)

rom the definition of (𝑥), we have

(𝑥) −(𝑥†) = ‖𝑥‖𝓁1 − ‖𝑥‖𝓁2 − ‖𝑥†‖𝓁1 + ‖𝑥†‖𝓁2 .

ith the definition of index set 𝐼(𝑥†) in (2.2), we obtain that

‖𝑥‖𝓁1 =
∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖| +
∑

𝑖∉𝐼(𝑥†)

|𝑥𝑖|,

−‖𝑥‖𝓁2 ≥ −
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

−
⎛

⎜

⎜

⎝

∑

𝑖∉𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

≥ −
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

−
∑

𝑖∉𝐼(𝑥†)

|𝑥𝑖|.

hen,

(𝑥) −(𝑥†) ≥
∑

𝑖∈𝐼(𝑥†)

(

|𝑥𝑖| − |𝑥†𝑖 |
)

−

⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

−
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥†𝑖 |
2
⎞

⎟

⎟

⎠

1
2 ⎤
⎥

⎥

⎥

⎦

,

which is rewritten as

(𝑥) −(𝑥†) ≥
∑

𝑖∈𝐼(𝑥†)
(|𝑥𝑖| − |𝑥†𝑖 |) −

∑

𝑖∈𝐼(𝑥†)(|𝑥𝑖|+|𝑥
†
𝑖 |)(|𝑥𝑖|−|𝑥

†
𝑖 |)

(

∑

𝑖∈𝐼(𝑥†) |𝑥𝑖|
2
)
1
2 +

(

∑

𝑖∈𝐼(𝑥†) |𝑥
†
𝑖 |
2
)

1
2
. (3.9)

By the definition of 𝑀1, we have

⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

+
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥†𝑖 |
2
⎞

⎟

⎟

⎠

1
2

≤ 𝑀1 + ‖𝑥†‖𝓁2 .

hus,

|𝑥𝑖| + |𝑥†𝑖 | ≤ 𝑀1 + ‖𝑥†‖𝓁2 , ∀𝑖 ∈ 𝐼(𝑥†). (3.10)

Meanwhile, we have

0 < ‖𝑥†‖𝓁2 ≤
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖|
2
⎞

⎟

⎟

⎠

1
2

+
⎛

⎜

⎜

⎝

∑

𝑖∈𝐼(𝑥†)

|𝑥†𝑖 |
2
⎞

⎟

⎟

⎠

1
2

. (3.11)

combination of (3.9), (3.10) and (3.11) implies that

(𝑥) −(𝑥†) ≥ −
∑

𝑖∈𝐼(𝑥†)
|𝑥𝑖 − 𝑥†𝑖 | −

𝑀1+‖𝑥†‖𝓁2
‖𝑥†‖𝓁2

∑

𝑖∈𝐼(𝑥†) |𝑥𝑖 − 𝑥†𝑖 |,

.e.

(𝑥) −(𝑥†) ≥ −

(

2 +
𝑀1

‖𝑥†‖𝓁2

)

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖 − 𝑥†𝑖 |. (3.12)

combination of (3.8) and (3.12) implies that

(𝛼 − 𝛽)
‖𝑥 − 𝑥†‖2𝓁2

‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2
≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) + 𝛼

(

2 +
𝑀1

‖𝑥†‖𝓁2

)

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖 − 𝑥†𝑖 |

− 2(𝛼 − 𝛽)
⟨𝑥†, 𝑥 − 𝑥†⟩

†
. (3.13)
7
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Since ‖𝑥‖𝓁2 ≤ 𝑀1, by (3.13), we see that

𝛼 − 𝛽
𝑀1 + ‖𝑥†‖𝓁2

‖𝑥 − 𝑥†‖2𝓁2 ≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) + 𝛼

(

2 +
𝑀1

‖𝑥†‖𝓁2

)

∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖 − 𝑥†𝑖 |

− 2(𝛼 − 𝛽)
⟨𝑥†, 𝑥 − 𝑥†⟩

‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2
. (3.14)

y Assumption 3.1 (i), we have

|𝑥𝑖 − 𝑥†𝑖 | = |⟨𝑒𝑖, 𝑥 − 𝑥†⟩| = |⟨𝜔𝑖, 𝐹
′(𝑥†)(𝑥 − 𝑥†)⟩| ≤ max

𝑖∈𝐼(𝑥†)
‖𝜔𝑖‖𝑌 ‖𝐹

′(𝑥†)(𝑥 − 𝑥†)‖𝑌 .

ence,
∑

𝑖∈𝐼(𝑥†)
|𝑥𝑖 − 𝑥†𝑖 | ≤ |𝐼(𝑥†)|max𝑖∈𝐼(𝑥†) ‖𝜔𝑖‖𝑌 ‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 , (3.15)

here |𝐼(𝑥†)| denotes the cardinality of the index set 𝐼(𝑥†). On the other hand, by Lemma 3.3, we see that

|⟨𝑥†, 𝑥 − 𝑥†⟩|
‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2

=
|⟨𝜔†, 𝐹 ′(𝑥†)(𝑥 − 𝑥†)⟩|

‖𝑥‖𝓁2 + ‖𝑥†‖𝓁2
≤

‖𝜔†
‖𝑌 ‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌

‖𝑥†‖𝓁2
. (3.16)

combination of (3.14), (3.15) (3.4) and (3.16) implies that
𝛼 − 𝛽

𝑀1 + ‖𝑥†‖𝓁2
‖𝑥 − 𝑥†‖2𝓁2

≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†)

+

(

𝛼

(

2 +
𝑀1

‖𝑥†‖𝓁2

)

|𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 + 2(𝛼 − 𝛽)
‖𝜔†

‖𝑌

‖𝑥†‖𝓁2

)

(‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 +
𝛾
2
‖𝑥 − 𝑥†‖2),

.e.

‖𝑥 − 𝑥†‖2𝓁2 ≤ 1
(

1 − 𝛾𝑐1(𝑐2𝛼−𝑐3𝛽)
2(𝛼−𝛽)

)

[

𝑐1
𝛼 − 𝛽

(𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†)) +
𝑐1

𝛼 − 𝛽
(𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌

]

,

here 𝑐1, 𝑐2 and 𝑐3 are defined by (3.5)–(3.7). ■

heorem 3.5. Suppose Assumption 3.1 holds. Let 𝑥𝛿𝛼,𝛽 be defined by (2.1), and let the constants 𝑐1 > 0, 𝑐2 > 𝑐3 > 0 be as in Lemma 3.4.
ssume 𝛤 ∶= 𝛾𝑐1(𝑐2𝛼−𝑐3𝛽)

2(𝛼−𝛽) < 1.
1. If 𝑞 = 1 and 𝑐2𝛼 − 𝑐3𝛽 < 1, then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 ≤
𝑐1[1 + (𝑐2𝛼 − 𝑐3𝛽)]𝛿

(𝛼 − 𝛽)(1 − 𝛤 )
, ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 ≤

[1 + (𝑐2𝛼 − 𝑐3𝛽)]𝛿
1 − (𝑐2𝛼 − 𝑐3𝛽)

. (3.17a)

2. If 𝑞 > 1, then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 ≤
𝑐1

(𝛼 − 𝛽)(1 − 𝛤 )

⎡

⎢

⎢

⎣

𝛿𝑞

𝑞
+ (𝑐2𝛼 − 𝑐3𝛽)𝛿 +

(𝑞 − 1)2
1

𝑞−1 (𝑐2𝛼 − 𝑐3𝛽)
𝑞

𝑞−1

𝑞

⎤

⎥

⎥

⎦

,

‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 ≤ 𝑞
⎡

⎢

⎢

⎣

𝛿𝑞

𝑞
+ (𝑐2𝛼 − 𝑐3𝛽)𝛿 +

(𝑞 − 1)2
1

𝑞−1 (𝑐2𝛼 − 𝑐3𝛽)
𝑞

𝑞−1

𝑞

⎤

⎥

⎥

⎦

. (3.17b)

Proof. By the definition of 𝑥𝛿𝛼,𝛽 , it is clear that
1
𝑞 ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 +(𝑥𝛿𝛼,𝛽 ) ≤

1
𝑞 ‖𝐹 (𝑥†) − 𝑦𝛿‖𝑞𝑌 +(𝑥†),

i.e.
𝛿𝑞

𝑞
≥ (𝑥𝛿𝛼,𝛽 ) −(𝑥†) + 1

𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 .

Then (𝑥𝛿𝛼,𝛽 ) is bounded. Applying Lemma 3.4, we see that

𝛿𝑞

𝑞
≥ (𝛼 − 𝛽)(1 − 𝛤 )

𝑐1
‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 − (𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝐹 (𝑥†)‖𝑌 + 1

𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌

≥ (𝛼 − 𝛽)(1 − 𝛤 )
𝑐1

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 − (𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌

− (𝑐2𝛼 − 𝑐3𝛽)𝛿 +
1
𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 . (3.18)

o if 𝑞 = 1 and 𝑐 𝛼 − 𝑐 𝛽 < 1, then (3.17a) holds.
8
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If 𝑞 > 1, we apply Young’s inequality 𝑎𝑏 ≤ 𝑎𝑞

𝑞 + 𝑏𝑞∗

𝑞∗ for 𝑎, 𝑏 ≥ 0 and 𝑞∗ > 1 defined by 1
𝑞 + 1

𝑞∗ = 1. We have

(𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 = 2
1
𝑞 (𝑐2𝛼 − 𝑐3𝛽)2

− 1
𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌

≤ 1
2𝑞

‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 +
(𝑞 − 1)2

1
𝑞−1

(

𝑐2𝛼 − 𝑐3𝛽
)

𝑞
𝑞−1

𝑞
. (3.19)

combination with (3.18) and (3.19) implies (3.17b). ■

Note that by the definition of 𝑥𝛿𝛼,𝛽 ,

1
𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 +(𝑥𝛿𝛼,𝛽 ) ≤

1
𝑞
‖𝐹 (0) − 𝑦𝛿‖𝑞𝑌 +(0) = 1

𝑞
‖𝐹 (0) − 𝑦𝛿‖𝑞𝑌 .

Hence, the upper bound of (𝑥𝛿𝛼,𝛽 ) depends on the noise level 𝛿.

Remark 3.6 (A-priori Estimation). Let 𝛽 = 𝜂𝛼 be a fixed constant. For the case 𝑞 > 1, if 𝛼 ∼ 𝛿𝑞−1, then ‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤ 𝑐𝛿
1
2 for some

onstant 𝑐 > 0. For the particular case 𝑞 = 1, if 𝛼 ∼ 𝛿1−𝜖 (0 < 𝜖 < 1), then ‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤ 𝑐𝛿
𝜖
2 for some constant 𝑐 > 0.

Note that due to the presence of the term 𝛾
2‖𝑥 − 𝑥†‖2𝓁2 in the estimation (3.4), we need an additional condition to obtain the

convergence rate, i.e. 𝛾 > 0 must be small enough such that 𝛤 < 1. This additional condition is similar to the condition 𝛾 ‖𝜔‖ < 1
in the classical quadratic regularization [38].

Theorem 3.7 (Discrepancy Principle). Keep the assumptions of Lemma 3.4 and let 𝑥𝛿𝛼,𝛽 be defined by (2.1). Assume there exist parameters
𝛼 and 𝛽 (𝛽 = 𝜂𝛼) which are determined by the discrepancy principle

𝛿 ≤ ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 ≤ 𝜏𝛿 (𝜏 ≥ 1).

Then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤

√

𝑐1(𝑐2 − 𝑐3𝜂)(𝜏 + 1)𝛿
(1 − 𝜂)(1 − 𝛤 )

.

Proof. By the definition of 𝑥𝛿𝛼,𝛽 , 𝛼 and 𝛽, we see that

1
𝑞
𝛿𝑞 +𝛼,𝛽 (𝑥𝛿𝛼,𝛽 ) ≤

1
𝑞
‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 +𝛼,𝛽 (𝑥𝛿𝛼,𝛽 ) ≤

1
𝑞
‖𝐹 (𝑥†) − 𝑦𝛿‖𝑞𝑌 +𝛼,𝛽 (𝑥†). (3.20)

Hence 𝛼,𝛽 (𝑥𝛿𝛼,𝛽 ) ≤ 𝛼,𝛽 (𝑥†). It follows from Lemma 3.4 that

0 ≥ 𝛼,𝛽 (𝑥𝛿𝛼,𝛽 ) −𝛼,𝛽 (𝑥†) ≥
(𝛼 − 𝛽)(1 − 𝛤 )

𝑐1
‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 − (𝑐2𝛼 − 𝑐3𝛽)‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝐹 (𝑥†)‖𝑌

≥ (𝛼 − 𝛽)(1 − 𝛤 )
𝑐1

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 − (𝑐2𝛼 − 𝑐3𝛽)(𝜏 + 1)𝛿. (3.21)

hen

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖2𝓁2 ≤
𝑐1(𝑐2𝛼 − 𝑐3𝛽)(𝜏 + 1)𝛿

(𝛼 − 𝛽)(1 − 𝛤 )
.

The theorem is proven with 𝛽 = 𝜂𝛼. ■

Note that a drawback of the discrepancy principle is that a regularization parameter with

𝛿 ≤ ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 ≤ 𝜏𝛿 (𝜏 ≥ 1)

might not exist for general nonlinear operators 𝐹 . Actually, for nonlinear operators, it is hard to ensure the existence of the
regularization parameter 𝛼 which determined by Morozov’s discrepancy principle. We need to impose some conditions on 𝐹 . In
this paper, we are mainly interested in the convergence rate under Morozov’s discrepancy principle. Existence of 𝛼 will be done in
forthcoming papers.

3.2. Convergence rate 𝑂(𝛿)

In [39, p. 6], it is pointed out that for ill-posed problems, (3.3) does not carry enough information about the local behavior of
around 𝑥† to draw conclusions about convergence, since the left hand side of (3.3) can be much smaller than the right hand side

or certain pairs of points 𝑥 and 𝑥†. Therefore, several researchers adopted an alternative

‖𝐹 (𝑥) − 𝐹 (𝑥†) − 𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ 𝛾‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 , 0 < 𝛾 < 1
2

(3.22)

as the condition on the nonlinearity of 𝐹 ; see [38, pp. 278–279], [39, p. 6], [37, pp. 69–70].
9
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I

i

Assumption 3.8. Let 𝑥† ≠ 0 be an 𝜂-minimizing solution of the problem 𝐹 (𝑥) = 𝑦 that is sparse. We further assume that
(i) 𝐹 is Fréchet differentiable at 𝑥†. For each 𝑖 ∈ 𝐼(𝑥†), there exists an 𝜔𝑖 ∈ 𝑌 such that

𝑒𝑖 = 𝐹 ′(𝑥†)∗𝜔𝑖 (3.23)

holds, where 𝐼(𝑥†) is defined in (2.2).
(ii) There exist constants 0 < 𝛾 < 1

2 , 𝜌 > 0, 𝜂(𝑥†) < 𝜌 such that

‖𝐹 (𝑥) − 𝐹 (𝑥†) − 𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ 𝛾‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 (3.24)

for any 𝑥 ∈ 𝓁2 with 𝜂(𝑥) ≤ 𝜌.

Remark 3.9. Thanks to the triangle inequality, it follows from (3.24) that
1

1 + 𝛾
‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ ‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 ≤ 1

1 − 𝛾
‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 (3.25)

hich provides two-sided bounds on ‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 . The condition

‖𝐹 ′(𝑥†)(𝑥 − 𝑥†)‖𝑌 ≤ (1 + 𝛾)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌

has been adopted by several researchers. This assumption immediately leads to a bound of the critical inner product ⟨𝐹 ′(𝑥†)(𝑥 −
𝑥†), 𝜔𝑖⟩.

Next, we derive an inequality from the condition (3.24). The linear convergence rate 𝑂(𝛿) follows from the inequality directly.

Lemma 3.10. Let Assumption 3.8 hold and 𝛼,𝛽 (𝑥) ≤ 𝑀 for a given 𝑀 > 0. Then there exist constants 𝑐4 > 𝑐5 such that

(𝛼 − 𝛽)‖𝑥 − 𝑥†‖𝓁1 ≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) + (𝑐4𝛼 − 𝑐5𝛽)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 (3.26)

for any 𝑥 ∈ 𝓁2 satisfying 𝜂(𝑥) ≤ 𝜌.

Proof. By Lemma 2.4(i), for 𝑀 > 0, there exists 𝑀1 > 0 such that 𝛼,𝛽 (𝑥) ≤ 𝑀 for 𝑥 ∈ 𝓁2 implies ‖𝑥‖𝓁2 ≤ 𝑀1. Then, in analogy
with the proof in [1, Theorem 2.17], we have

(𝛼 − 𝛽)‖𝑥 − 𝑥†‖𝓁1 ≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) +
(

2𝛼 + 𝑀1
‖𝑥†‖𝓁2

𝛽
)

∑

𝑖∈𝐼(𝑥†)
|𝑥𝑖 − 𝑥†𝑖 |. (3.27)

n addition, by Assumption 3.8,

|𝑥𝑖 − 𝑥†𝑖 | = |⟨𝑒𝑖, 𝑥 − 𝑥†⟩| = |⟨𝜔𝑖, 𝐹
′(𝑥†)(𝑥 − 𝑥†)⟩| ≤ max

𝑖∈𝐼(𝑥†)
‖𝜔𝑖‖𝑌 ‖𝐹

′(𝑥†)(𝑥 − 𝑥†)‖𝑌 .

Hence,
∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖 − 𝑥†𝑖 | ≤ |𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 ‖𝐹
′(𝑥†)(𝑥 − 𝑥†)‖𝑌 .

Then, by (3.24), we have
∑

𝑖∈𝐼(𝑥†)

|𝑥𝑖 − 𝑥†𝑖 | ≤ |𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 (1 + 𝛾)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 . (3.28)

A combination of (3.27) and (3.28) implies that

(𝛼 − 𝛽)‖𝑥 − 𝑥†‖𝓁1 ≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†)

+

(

2𝛼 +
𝑀1

‖𝑥†‖𝓁2
𝛽

)

|𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 (1 + 𝛾)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 , (3.29)

.e.,

(𝛼 − 𝛽)‖𝑥 − 𝑥†‖𝓁1 ≤ 𝛼,𝛽 (𝑥) −𝛼,𝛽 (𝑥†) + (𝑐4𝛼 − 𝑐5𝛽)‖𝐹 (𝑥) − 𝐹 (𝑥†)‖𝑌 ,

where

𝑐4 = 2|𝐼(𝑥†)| max
𝑖∈𝐼(𝑥†)

‖𝜔𝑖‖𝑌 (1 + 𝛾), 𝑐5 = −
𝑀1

‖𝑥†‖𝓁2
|𝐼(𝑥†)| max

𝑖∈𝐼(𝑥†)
‖𝜔𝑖‖𝑌 (1 + 𝛾).

Obviously, 𝑐4 > 𝑐5 and 𝑐4𝛼 − 𝑐5𝛽 > 0. The proof is completed. ■

Note that the proof of Lemma 2.17 in [1] can be performed up to (2.32) in [1] and that (2.32) in [1] corresponds to this estimate
choosing 𝑚1 as the right-hand side of (3.10). With Lemma 3.10 at our disposal, we can obtain the following result, the proof is almost
10

same as that in [1, Theorem 2.18].
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a
o

𝐺
I

(

Theorem 3.11. Suppose Assumption 3.8 holds. Let 𝑥𝛿𝛼,𝛽 be defined by (2.1) and let the constants 𝑐4 > 𝑐5 be as in Lemma 3.10.
1. If 𝑞 = 1 and 1 − (𝑐4𝛼 − 𝑐5𝛽) > 0, then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁1 ≤
1 + (𝑐4𝛼 − 𝑐5𝛽)

(𝛼 − 𝛽)
𝛿, ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 ≤

1 + (𝑐4𝛼 − 𝑐5𝛽)
1 − (𝑐4𝛼 − 𝑐5𝛽)

𝛿. (3.30a)

2. If 𝑞 > 1, then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁1 ≤ 1
𝛼 − 𝛽

⎡

⎢

⎢

⎣

𝛿𝑞

𝑞
+ (𝑐4𝛼 − 𝑐5𝛽)𝛿 +

(𝑞 − 1)2
1

𝑞−1 (𝑐4𝛼 − 𝑐5𝛽)
𝑞

𝑞−1

𝑞

⎤

⎥

⎥

⎦

,

‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑞𝑌 ≤ 𝑞
⎡

⎢

⎢

⎣

𝛿𝑞

𝑞
+ (𝑐4𝛼 − 𝑐5𝛽)𝛿 +

(𝑞 − 1)2
1

𝑞−1 (𝑐4𝛼 − 𝑐5𝛽)
𝑞

𝑞−1

𝑞

⎤

⎥

⎥

⎦

. (3.30b)

Obviously, if 𝛼 ∼ 𝛿𝑞−1 with 𝑞 > 1, then ‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤ 𝑐𝛿 for some constant 𝑐 > 0. For the particular case 𝑞 = 1, if 𝛼 ∼ 𝛿1−𝜖

(0 < 𝜖 < 1), then ‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤ 𝑐𝛿𝜖 for some constant 𝑐 > 0, where 𝛽 = 𝜂𝛼.
Note that we cannot get the inequality (3.26) if the restriction (3.24) is replaced by (3.2). Also, the above results on the

convergence rate hold only for the case 𝛼 > 𝛽. When 𝛼 = 𝛽, Lemmas 3.4 and 3.10 are no longer meaningful. So the proofs of
the convergence rate are invalid if 𝛼 = 𝛽.

If the regularization parameter 𝛼 is determined by Morozov’s discrepancy principle, we can also obtain the convergence rate
𝑂(𝛿), cf. [1, Theorem 2.20] for a proof.

Theorem 3.12 (Discrepancy Principle). Keep the assumptions of Lemma 3.10 and let 𝑥𝛿𝛼,𝛽 be defined by (2.1). If there exist 𝛼 and 𝛽 (𝛽 = 𝜂𝛼)
such that

𝛿 ≤ ‖𝐹 (𝑥𝛿𝛼,𝛽 ) − 𝑦𝛿‖𝑌 ≤ 𝜏𝛿 (𝜏 ≥ 1),

then

‖𝑥𝛿𝛼,𝛽 − 𝑥†‖𝓁2 ≤
(𝑐4 − 𝑐5𝜂)(𝜏 + 1)𝛿

1 − 𝜂
.

. Computational approach

In this section we introduce and analyze a solution algorithm for the problem (1.2) in the finite dimensional space R𝑛. We propose
n iterative soft thresholding algorithm based on the generalized conditional gradient method (GCGM). We prove the convergence
f the algorithm and show that GCGM can be applied to the 𝛼‖𝑥‖𝓁1 −𝛽‖𝑥‖𝓁2 (𝛼 ≥ 𝛽 ≥ 0) sparsity regularization for nonlinear inverse

problems.

4.1. Generalized conditional gradient method

In [31,32], GCGM was proposed to solve a minimization problem for a functional 𝐺 + 𝛷 on a Hilbert space 𝐻 , where
∶ 𝐻 → R is continuously Fréchet differentiable and 𝛷 ∶ 𝐻 → R ∪ {∞} is proper, convex, lower semi-continuous and coercive.

n addition, GCGM has been applied to solve the classical sparsity regularization by setting 𝐺(𝑥) = 1
2‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌 − 𝜆

2 ‖𝑥‖
2
𝓁2

and
𝛷(𝑥) = 𝜆

2 ‖𝑥‖
2
𝓁2

+ 𝛼
∑

𝑛 𝑤𝑛|⟨𝑥, 𝜙𝑛⟩|
𝑝 with 𝑝 ≥ 1, where {𝑤𝑛 > 0} are the weights, {𝜙𝑛} is an orthonormal basis of 𝐻 , and 𝐹 is a linear

or nonlinear) operator. GCGM from [32] is stated in the form of Algorithm 1.

Algorithm 1 Generalized conditional gradient method

1: Choose 𝑥0 ∈ 𝐻 such that 𝛷(𝑥0) < +∞, and set 𝑘 = 0.
2: Determine a solution 𝑧𝑘 by solving

min
𝑧∈𝐻

⟨𝐺′(𝑥𝑘), 𝑧⟩ +𝛷(𝑧).

3: Set a step size 𝑠𝑘 as a solution of

min
𝑠∈[0,1]

𝐺(𝑥𝑘 + 𝑠(𝑧𝑘 − 𝑥𝑘)) +𝛷(𝑥𝑘 + 𝑠(𝑧𝑘 − 𝑥𝑘)).

4: Put 𝑥𝑘+1 = 𝑥𝑘 + 𝑠𝑘(𝑧𝑘 − 𝑥𝑘), and 𝑘 ← 𝑘 + 1, return to Step 2.

We now consider applying GCGM to solve the problem (1.2) in the finite dimensional space R𝑛. In this section, we assume that
the nonlinear operator 𝐹 ∶ R𝑛 → R𝑚 is continuously Fréchet differentiable and is bounded on bounded sets. For simplicity, we only
11
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consider the case 𝑞 = 2 in (1.2). Since the term 𝛼‖𝑥‖𝓁1 − 𝛽‖𝑥‖𝓁2 is not convex, a property required by GCGM, we rewrite  𝛿
𝛼,𝛽 (𝑥) in

1.2) in the finite dimensional space R𝑛 as

 𝛿
𝛼,𝛽 (𝑥) = 𝐺(𝑥) +𝛷(𝑥), (4.1)

here

𝐺(𝑥) = 1
2
‖𝐹 (𝑥) − 𝑦𝛿‖2𝓁2 − 𝛩(𝑥), 𝛷(𝑥) = 𝛩(𝑥) + 𝛼‖𝑥‖𝓁1 − 𝛽‖𝑥‖𝓁2 ,

and 𝛩(𝑥) = 𝜆
2 ‖𝑥‖

2
𝓁2

+ 𝛽‖𝑥‖𝓁2 , 𝜆 > 0. Thus, the problem (1.2) can be expressed as

min
𝑥

 𝛿
𝛼,𝛽 (𝑥). (4.2)

t is clear that 𝛷(𝑥) = 𝛼‖𝑥‖𝓁1 +
𝜆
2 ‖𝑥‖

2
𝓁2

is proper, convex, lower semi-continuous and coercive in 𝓁2. Unfortunately, since 𝛩′(𝑥) =

𝜆𝑥 + 𝛽𝑥
‖𝑥‖𝓁2

, 𝐺(𝑥) = 1
2‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌 −

(

𝜆
2 ‖𝑥‖

2
𝓁2

+ 𝛽‖𝑥‖𝓁2
)

is not Fréchet differentiable at 𝑥 = 0. So 𝐺 fails to fulfill the smoothness
condition required by GCGM. We recall the definition of the soft-thresholding (ST) function

S𝛼∕𝜆(𝑥) =
∑

𝑖
𝑆𝛼∕𝜆(𝑥𝑖)𝑒𝑖, (4.3)

where 𝑆𝛼∕𝜆 ∶R → R is defined by

𝑆𝛼∕𝜆(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑡 − 𝛼
𝜆 if 𝑡 ≥ 𝛼

𝜆 ,
0 if |𝑡| < 𝛼

𝜆 ,
𝑡 + 𝛼

𝜆 if 𝑡 ≤ − 𝛼
𝜆 .

(4.4)

In this paper, we propose a numerical algorithm based on the idea that when an iterate is zero, the next iterate is computed
y solving the classical 𝓁1 sparsity regularization problem, and otherwise, the next iterate is obtained by solving the minimization
roblem (4.2) with GCGM. We call it ST-(𝛼𝓁1 − 𝛽𝓁2) algorithm which is summarized in Algorithm 2.

Algorithm 2 ST-(𝛼𝓁1 − 𝛽𝓁2) algorithm for problem (1.2) in the finite dimensional space R𝑛

Let 𝑥0 = 0 and choose a small number 𝜖 > 0 for stopping criterion.
Determine a solution 𝑥1 of the problem min 1

2‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌 + 𝛼‖𝑥‖𝓁1
If 𝑥1 = 0, then stop and take 0 as the solution;
otherwise, for 𝑘 ≥ 1 do the following until ‖𝑥𝑘+1 − 𝑥𝑘‖𝓁2 < 𝜖:

Determine a solution 𝑧𝑘 of the problem min𝑧∈𝐻 ⟨𝐺′(𝑥𝑘), 𝑧⟩ +𝛷(𝑧) by computing

𝑧𝑘 = S𝛼∕𝜆

((

𝛽
𝜆‖𝑥𝑘‖𝓁2

+ 1

)

𝑥𝑘 − 1
𝜆
𝐹 ′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿)

)

Set a step size 𝑠𝑘 as a solution of

min
𝑠∈[0,1]

𝐺(𝑥𝑘 + 𝑠(𝑧𝑘 − 𝑥𝑘)) +𝛷(𝑥𝑘 + 𝑠(𝑧𝑘 − 𝑥𝑘)).

𝑥𝑘+1 = 𝑥𝑘 + 𝑠𝑘(𝑧𝑘 − 𝑥𝑘)
𝑘 ← 𝑘 + 1

For convenience in presentation, in case 𝑥1 = 0, we formally let 𝑥𝑘 = 0 for 𝑘 ≥ 2. Next, we recall a result proved in [32].

Lemma 4.1. Let 𝐺 ∶ 𝓁2 → R denote a Gâteaux-differentiable functional and let 𝛷 ∶ 𝓁2 → R be proper, convex, lower semi-continuous and
coercive. Then, the first order necessary condition for optimality in (4.2) is

𝑥 ∈ 𝓁2 ∶ ⟨𝐺′(𝑥), 𝑦 − 𝑥⟩ ≥ 𝛷(𝑥) −𝛷(𝑦) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 ∈ 𝓁2. (4.5)

his condition is equivalent to

⟨𝐺′(𝑥), 𝑥⟩ +𝛷(𝑥) = min
𝑦∈𝓁2

(⟨𝐺′(𝑥), 𝑦⟩ +𝛷(𝑦)). (4.6)

In the following, we show that  𝛿
𝛼,𝛽 (𝑥

𝑘) decreases with respect to 𝑘, where {𝑥𝑘} is generated by Algorithm 2.

Lemma 4.2. Denote by {𝑥𝑘} the sequence generated by Algorithm 2. Suppose 𝑥𝑘 does not fulfill the first order optimality condition (4.5).
Then  𝛿

𝛼,𝛽 (𝑥
𝑘+1) ≤  𝛿

𝛼,𝛽 (𝑥
𝑘).

Proof. If 𝑥𝑘 = 0, by Algorithm 2, we have

 𝛿 (𝑥𝑘+1) = 𝐺(𝑥𝑘+1) +𝛷(𝑥𝑘+1) = 1
‖𝐹 (𝑥𝑘+1) − 𝑦𝛿‖2 + 𝛼‖𝑥𝑘+1‖ − 𝛽‖𝑥𝑘+1‖
12
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B

C

T

T
p
p

≤ 1
2
‖𝐹 (0) − 𝑦𝛿‖2𝓁2 + 𝛼‖0‖𝓁1 − 𝛽‖𝑥𝑘+1‖𝓁2 ≤ 1

2
‖𝐹 (0) − 𝑦𝛿‖2𝓁2 + 𝛼‖0‖𝓁1 − 𝛽‖0‖𝓁2

=  𝛿
𝛼,𝛽 (𝑥

𝑘). (4.7)

f 𝑥𝑘 ≠ 0, 𝐺 is Fréchet differentiable at 𝑥𝑘 and the rest of the proof is similar to that of Lemma 2 in [32]. ■

emark 4.3. Note that if 𝑥1 ≠ 0, then the second inequality in (4.7) is strict and so

 𝛿
𝛼,𝛽 (𝑥

1) <  𝛿
𝛼,𝛽 (0).

y Lemma 4.2,

 𝛿
𝛼,𝛽 (𝑥

𝑘+1) ≤  𝛿
𝛼,𝛽 (𝑥

𝑘) ≤ ⋯ ≤  𝛿
𝛼,𝛽 (𝑥

1) <  𝛿
𝛼,𝛽 (0). (4.8)

onsequently, 𝑥𝑘 ≠ 0 for any 𝑘 ≥ 1. Moreover, the limit 𝑥∗ of any convergent subsequence of {𝑥𝑘} satisfies

𝑥∗ ≠ 0.

his is easily proven from (4.8).
In Algorithm 2, to determine 𝑥1, we need to solve the problem

min 1
2
‖𝐹 (𝑥) − 𝑦𝛿‖2𝑌 + 𝛼‖𝑥‖𝓁1 . (4.9)

his is the classical 𝓁1-norm sparsity regularization for nonlinear ill-posed problems. There are several algorithms for solving the
roblem (4.9) [15], e.g., GCGM, surrogate functional approach, the quadratic approximation method and generalized gradient
rojection method. In this paper, we use GCGM to solve the problem (4.9),

𝑥1𝑙+1 = S𝛼∕𝜆
(

𝑥1𝑙 −
1
𝜆
𝐹 ′(𝑥1𝑙 )

∗(𝐹 (𝑥1𝑙 ) − 𝑦𝛿)
)

, 𝑙 = 0, 1, 2,… ,

cf. [15] for the proof of the convergence. Note that 𝑥1 is not necessary a global minimizer. It could be a stationary point. Nevertheless,
it can be ensured that the objective function is decreasing.

4.2. Convergence analysis

Definition 4.4. An element 0 ≠ 𝑥∗ ∈ 𝓁2 is called a stationary point of  𝛿
𝛼,𝛽 if it satisfies

⟨𝐺′(𝑥∗), 𝑦 − 𝑥∗⟩ ≥ 𝛷(𝑥∗) −𝛷(𝑦) ∀ 𝑦 ∈ 𝓁2,

or

⟨𝐺′(𝑥∗), 𝑥∗⟩ +𝛷(𝑥∗) = min
𝑦∈𝓁2

(⟨𝐺′(𝑥∗), 𝑦⟩ +𝛷(𝑦)).

Note that Algorithm 2 either ‘‘produces the sequence {0, 0, 0,…} and 𝑥∗ = 0 is the solution’’ or ‘‘produces a sequence 𝑥𝑘 with
𝑥𝑘 ≠ 0 for any 𝑘 ≥ 1 and any cluster point of the sequence {𝑥𝑘} is not zero’’. That is why Definition 4.4 is limited to the case
0 ≠ 𝑥∗ ∈ 𝓁2.

Next, we recall a result proved in [32].

Lemma 4.5. Let 𝛷 be proper, convex, lower semi-continuous and coercive, and let 𝐹 be continuously Fréchet differentiable. Then

𝛹 (𝑥) ∶= ⟨𝐺′(𝑥), 𝑥⟩ +𝛷(𝑥) − min
𝑦∈𝓁2

(⟨𝐺′(𝑥), 𝑦⟩ +𝛷(𝑦)) (4.10)

is lower semi-continuous.

We have the following lemma, cf. [32, Theorem 1] for the proof.

Lemma 4.6. Denote by {𝑥𝑘} the sequence generated by Algorithm 2. Then lim𝑘 𝛹 (𝑥𝑘) = 0.

Theorem 4.7. Denote by {𝑥𝑘} the sequence generated by Algorithm 2. {𝑥𝑘} has a subsequence converging to an element 𝑥∗. If 𝑥1 ≠ 0, then
𝑥∗ ≠ 0, and 𝑥∗ is a stationary point of the functional  𝛿

𝛼,𝛽 .

Proof. Since {‖𝑥𝑘‖𝓁2} is bounded, there exist an element 𝑥∗ and a convergent subsequence of {𝑥𝑘}, still denoted by {𝑥𝑘}, such that
𝑥𝑘 → 𝑥∗. If 𝑥1 ≠ 0, then 𝑥∗ ≠ 0 by Remark 4.3. For 𝛹 from Lemma 4.5 it holds that lim inf𝑘→∞ 𝛹 (𝑥𝑘) ≥ 𝛹 (𝑥∗). Then, by Lemma 4.6,
we have 𝛹 (𝑥∗) = 0, which completes the proof of the theorem. ■

Since determining the optimal step size 𝑠𝑘 is expensive, next we show that the step size can be chosen as 𝑠𝑘 = 1, ∀ 𝑘 ∈ N, if
𝜆 is sufficiently large. Note that 𝑠𝑘 = 1 is not necessary the optimal step size; nevertheless, we can show that  𝛿

𝛼,𝛽 decreases with
constant step size 𝑠𝑘 = 1. The proof is along the lines of that of Lemma 2.4 in [31].
13
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Assumption 4.8. Define 𝐵𝑅 ∶= {𝑥 ∣ ‖𝑥− 0‖𝓁2 ≤ 𝑅}. Assume that 𝐹 is Fréchet differentiable and there exists a constant 𝐿𝐹 ′ (𝑅) such
that

‖𝐹 ′(𝑥) − 𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚) ≤ 𝐿𝐹 ′ (𝑅)‖𝑥 − 𝑦‖𝓁2 ∀ 𝑥, 𝑦 ∈ 𝐵𝑅. (4.11)

Lemma 4.9. Under Assumption 4.8,

‖𝐹 (𝑥) − 𝐹 (𝑦)‖𝓁2 ≤
(

2𝐿𝐹 ′ (𝑅)𝑅 + ‖𝐹 ′(0)‖𝐿(R𝑛 ,R𝑚)
)

‖𝑥 − 𝑦‖𝓁2 ∀ 𝑥, 𝑦 ∈ 𝐵𝑅.

Proof. Write

𝐹 (𝑥) − 𝐹 (𝑦) = ∫

1

0

𝑑
𝑑𝑠

𝐹 (𝑠𝑥 + (1 − 𝑠)𝑦) 𝑑𝑠

= ∫

1

0
𝐹 ′(𝑠𝑥 + (1 − 𝑠)𝑦) (𝑥 − 𝑦) 𝑑𝑠

= ∫

1

0

[

𝐹 ′(𝑠𝑥 + (1 − 𝑠)𝑦) − 𝐹 ′(𝑦)
]

(𝑥 − 𝑦) 𝑑𝑠 + 𝐹 ′(𝑦) (𝑥 − 𝑦).

So

‖𝐹 (𝑥) − 𝐹 (𝑦)‖𝓁2 ≤ 𝐿𝐹 ′ (𝑅)∫

1

0
𝑠 ‖𝑥 − 𝑦‖2𝓁2𝑑𝑠 + ‖𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚) ‖𝑥 − 𝑦‖𝓁2 .

Note that

‖𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚) ≤ ‖𝐹 ′(𝑦) − 𝐹 ′(0)‖𝐿(R𝑛 ,R𝑚) + ‖𝐹 ′(0)‖𝐿(R𝑛 ,R𝑚) ≤ 𝐿𝐹 ′ (𝑅)𝑅 + ‖𝐹 ′(0)‖𝐿(R𝑛 ,R𝑚)

and

‖𝑥 − 𝑦‖𝓁2 ≤ 2𝑅.

Hence, the stated inequality is proven. ■

So under Assumption 4.8, 𝐹 ′ and 𝐹 are bounded on bounded sets.

Lemma 4.10. Keep Assumption 4.8 and define 𝜙(𝑥) = 1
2‖𝐹 (𝑥) − 𝑦𝛿‖2𝓁2 . Then 𝜙′ is locally Lipschitz continuous, i.e. there exist a constant

𝐿𝜙′ (𝑅) that depends on 𝑅 such that

‖𝜙′(𝑥) − 𝜙′(𝑦)‖𝐿(R𝑛 ,R𝑚) ≤ 𝐿𝜙′ (𝑅)‖𝑥 − 𝑦‖𝓁2 ∀ 𝑥, 𝑦 ∈ 𝐵𝑅. (4.12)

Proof. Let 𝑥, 𝑦 ∈ 𝐵𝑅. Then

‖𝜙′(𝑥) − 𝜙′(𝑦)‖𝐿(R𝑛 ,R𝑚) = ‖𝐹 ′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿) − 𝐹 ′(𝑦)∗(𝐹 (𝑦) − 𝑦𝛿)‖𝐿(R𝑛 ,R𝑚)

≤ ‖𝐹 ′(𝑥) − 𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚)‖𝐹 (𝑥) − 𝑦𝛿‖𝓁2
+ ‖𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚)‖𝐹 (𝑥) − 𝐹 (𝑦)‖𝓁2 . (4.13)

Since

‖𝐹 (𝑥) − 𝑦𝛿‖𝓁2 ≤ sup
𝑥∈𝐵𝑅

‖𝐹 (𝑥)‖𝓁2 + ‖𝑦𝛿‖𝓁2

and ‖𝐹 ′(𝑦)‖𝐿(R𝑛 ,R𝑚) ≤ sup𝑥∈𝐵𝑅
‖𝐹 ′(𝑥)‖𝐿(R𝑛 ,R𝑚), (4.12) follows from (4.13) with a constant

𝐿𝜙′ (𝑅) = 𝐿𝐹 ′ (𝑅)

(

sup
𝑥∈𝐵𝑅

‖𝐹 (𝑥)‖𝓁2 + ‖𝑦𝛿‖𝓁2

)

+
(

2𝐿𝐹 ′ (𝑅)𝑅 + ‖𝐹 ′(0)‖𝐿(R𝑛 ,R𝑚)
)

sup
𝑥∈𝐵𝑅

‖𝐹 ′(𝑥)‖𝐿(R𝑛 ,R𝑚).

This completes the proof. ■

Theorem 4.11. Choose 𝐶1 > 0, 𝑥̄, 𝛽 > 0, and
1
2
‖𝐹 (0) − 𝑦𝛿‖𝓁2 ≤  𝛿

𝛼,𝛽 (𝑥̄) ≤ ∞.

efine

𝑀1 ∶= sup
{

‖𝑥‖𝓁2 ∣  𝛿
𝛼,𝛽 (𝑥) ≤  𝛿

𝛼,𝛽 (𝑥̄)
}

,

𝑀 ∶= 𝐶−1
‖𝜙′(0)‖ 𝑛 𝑚 +

(

1 + 𝐶−1𝐿 ′

)

𝑀 + 𝐶−1𝛽.
14

2 1 𝐿(R ,R ) 1 𝜙 (𝑀1) 1 1



Journal of Computational and Applied Mathematics 450 (2024) 115987L. Ding and W. Han
If

𝜆 > max{𝐿𝜙′ (𝑀2), 𝐶1},

Algorithm 2 with a constant step size 𝑠𝑘 = 1 produces a sequence such that

 𝛿
𝛼,𝛽 (𝑥

𝑘+1) <  𝛿
𝛼,𝛽 (𝑥

𝑘).

as long as 𝑥𝑘 does not satisfy the first order optimality condition (4.5) for a nonzero minimizer 𝑥∗ of  𝛿
𝛼,𝛽 .

Proof. If 𝑥𝑘 = 0, by the proof of Lemma 4.2, we have  𝛿
𝛼,𝛽 (𝑥

𝑘+1) ≤  𝛿
𝛼,𝛽 (𝑥

𝑘). Meanwhile, ‖𝑥𝑘‖𝓁2 ≤ 𝑀1 and

 𝛿
𝛼,𝛽 (𝑥

𝑘) = 1
2
‖𝐹 (0) − 𝑦𝛿‖𝓁2 ≤  𝛿

𝛼,𝛽 (𝑥̄).

If 𝑥𝑘 ≠ 0, we assume that ‖𝑥𝑘‖𝓁2 ≤ 𝑀1 and  𝛿
𝛼,𝛽 (𝑥

𝑘) ≤  𝛿
𝛼,𝛽 (𝑥̄). Next we show it still holds for 𝑥𝑘+1. If 𝑠𝑘 = 1,

𝑥𝑘+1 = S𝛼∕𝜆

((

𝛽
𝜆‖𝑥𝑘‖𝓁2

+ 1

)

𝑥𝑘 − 1
𝜆
𝐹 ′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿)

)

.

By the contraction property of S𝛼∕𝜆 [13],

‖𝑥𝑘+1‖𝓁2 ≤ 𝜆−1‖𝜙′(𝑥𝑘)‖𝐿(R𝑛 ,R𝑚) + ‖𝑥𝑘‖𝓁2 + 𝜆−1𝛽

≤ 𝜆−1‖𝜙′(0)‖𝐿(R𝑛 ,R𝑚) + 𝜆−1𝐿𝜙′ (𝑀1)‖𝑥𝑘‖𝓁2 + ‖𝑥𝑘‖𝓁2 + 𝜆−1𝛽

≤ 𝐶−1
1 ‖𝜙′(0)‖𝐿(R𝑛 ,R𝑚) + (1 + 𝐶−1

1 𝐿𝜙′ (𝑀1))𝑀1 + 𝐶−1
1 𝛽 = 𝑀2.

Define

𝐺(𝑥) ∶= 𝐻(𝑥) − 𝛽‖𝑥‖𝓁2 ,

where

𝐻(𝑥) ∶= 1
2
‖𝐹 (𝑥) − 𝑦𝛿‖2𝓁2 −

𝜆
2
‖𝑥‖2𝓁2 .

By the Taylor expansion, we have

𝐺(𝑥𝑘+1) − 𝐺(𝑥𝑘) = (𝐻(𝑥𝑘+1) −𝐻(𝑥𝑘)) − (𝛽‖𝑥𝑘+1‖𝓁2 − 𝛽‖𝑥𝑘‖𝓁2 )

= ∫

1

0
⟨𝐻 ′(𝑥𝑘 + 𝑡(𝑥𝑘+1 − 𝑥𝑘)), 𝑥𝑘+1 − 𝑥𝑘⟩𝑑𝑡 − (𝛽‖𝑥𝑘+1‖𝓁2 − 𝛽‖𝑥𝑘‖𝓁2 )

= ∫

1

0
⟨𝐻 ′(𝑥𝑘 + 𝑡(𝑥𝑘+1 − 𝑥𝑘)) −𝐻 ′(𝑥𝑘), 𝑥𝑘+1 − 𝑥𝑘⟩𝑑𝑡 + ⟨𝐺′(𝑥𝑘), 𝑥𝑘+1 − 𝑥𝑘⟩

+

⟨

𝛽𝑥𝑘

‖𝑥𝑘‖𝓁2
, 𝑥𝑘+1 − 𝑥𝑘

⟩

− (𝛽‖𝑥𝑘+1‖𝓁2 − 𝛽‖𝑥𝑘‖𝓁2 ). (4.14)

Since 𝑥𝑘 does not fulfill the first order optimality condition (4.5), we have

⟨𝐺′(𝑥𝑘), 𝑥𝑘+1 − 𝑥𝑘⟩ < 𝛷(𝑥𝑘) −𝛷(𝑥𝑘+1). (4.15)

A combination of (4.14) and (4.15) implies that

(𝐺(𝑥𝑘+1) +𝛷(𝑥𝑘+1)) − (𝐺(𝑥𝑘) +𝛷(𝑥𝑘))

< ∫

1

0
⟨𝐻 ′(𝑥𝑘 + 𝑡(𝑥𝑘+1 − 𝑥𝑘)) −𝐻 ′(𝑥𝑘), 𝑥𝑘+1 − 𝑥𝑘⟩𝑑𝑡

+

⟨

𝛽𝑥𝑘

‖𝑥𝑘‖𝓁2
, 𝑥𝑘+1 − 𝑥𝑘

⟩

− (𝛽‖𝑥𝑘+1‖𝓁2 − 𝛽‖𝑥𝑘‖𝓁2 )

= ∫

1

0
⟨𝜙′(𝑥𝑘 + 𝑡(𝑥𝑘+1 − 𝑥𝑘)) − 𝜙′(𝑥𝑘), 𝑥𝑘+1 − 𝑥𝑘⟩𝑑𝑡 − 𝜆

2
‖𝑥𝑘+1 − 𝑥𝑘‖2𝓁2

+

⟨

𝛽𝑥𝑘

‖𝑥𝑘‖𝓁2
, 𝑥𝑘+1 − 𝑥𝑘

⟩

− (𝛽‖𝑥𝑘+1‖𝓁2 − 𝛽‖𝑥𝑘‖𝓁2 ). (4.16)

By Lemma 4.10 and Cauchy–Schwarz inequality, it follows from (4.16) that

(𝐺(𝑥𝑘+1) +𝛷(𝑥𝑘+1)) − (𝐺(𝑥𝑘) +𝛷(𝑥𝑘))

< ∫

1

0
𝐿𝜙′ (𝑀2)𝑡‖𝑥𝑘+1 − 𝑥𝑘‖2𝓁2𝑑𝑡 −

𝜆
2
‖𝑥𝑘+1 − 𝑥𝑘‖2𝓁2 +

⟨

𝛽𝑥𝑘

‖𝑥𝑘‖𝓁2
, 𝑥𝑘+1

⟩

− 𝛽‖𝑥𝑘+1‖𝓁2

≤ 1 (

𝐿 ′ (𝑀 ) − 𝜆
)

‖𝑥𝑘+1 − 𝑥𝑘‖2 < 0.
15

2 𝜙 2 𝓁2
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This implies that

 𝛿
𝛼,𝛽 (𝑥

𝑘+1) <  𝛿
𝛼,𝛽 (𝑥

𝑘) ≤  𝛿
𝛼,𝛽 (𝑥̄).

y the definition of 𝑀1, we have ‖𝑥𝑘+1‖𝓁2 ≤ 𝑀1. ■

.3. Determining a solution 𝑧𝑘

In Algorithm 2, when 𝑥𝑘 ≠ 0, a crucial issue is how to determine the direction 𝑧𝑘. The Fréchet derivative of 𝐺(𝑥) is given by

𝐺′(𝑥) = 𝐹 ′(𝑥)∗(𝐹 (𝑥) − 𝑦𝛿) − 𝜆𝑥 −
𝛽𝑥

‖𝑥‖𝓁2
.

In Algorithm 2, 𝑧𝑘 is given as a solution of the minimization problem

min
𝑧
⟨𝐹 ′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿) − 𝜆𝑥𝑘 − 𝛽𝑥𝑘

‖𝑥𝑘‖𝓁2
, 𝑧⟩ + 𝜆

2 ‖𝑧‖
2
𝓁2

+ 𝛼‖𝑧‖𝓁1 . (4.17)

he minimizer of (4.17) can be computed by the iterative soft thresholding operator, cf. [10,13] for the details of iterative soft
hresholding operator.

emma 4.12. If 𝑥𝑘 ≠ 0, then 𝑧𝑘 is the minimizer of problem (4.17) if and only if

𝑧𝑘 = S𝛼∕𝜆
((

𝛽
𝜆‖𝑥𝑘‖𝓁2

+ 1
)

𝑥𝑘 − 1
𝜆𝐹

′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿)
)

. (4.18)

Proof. The problem (4.17) is equivalent to the problem

min
𝑧

1
2
‖

‖

‖

‖

𝑧 −

((

𝛽
𝜆‖𝑥𝑘‖𝓁2

+ 1

)

𝑥𝑘 − 1
𝜆
𝐹 ′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿)

)

‖

‖

‖

‖

2

𝓁2
+ 𝛼

𝜆
‖𝑧‖𝓁1 . (4.19)

he proximal mapping 𝑃 of 𝛼𝜆−1‖𝑧‖𝓁1 is defined by

𝑃𝛼𝜆−1‖⋅‖𝓁1
(𝑥) ∶= argmin

𝑧
1
2
‖𝑧 − 𝑥‖2𝓁2 +

𝛼
𝜆
‖𝑧‖𝓁1 .

For penalty functionals of the form 𝛼𝜆−1‖𝑧‖𝓁1 , we have the well known equivalence, see, e.g., [15,40],

𝑃𝛼𝜆−1‖⋅‖𝓁1
(𝑥) = (𝐼 + 𝛼

𝜆
𝜕‖ ⋅ ‖𝓁1 )

−1(𝑥) = S𝛼∕𝜆(𝑥).

Then we can obtain (4.18). ■

The componentwise form of 𝜔 ∈ 𝜕‖ ⋅ ‖𝓁1 (𝑥) is: 𝜔𝑖 = sgn(𝑥𝑖) if 𝑥𝑖 ≠ 0, 𝜔𝑖 ∈ [−1, 1] if 𝑥𝑖 = 0, for any component subscript 𝑖.

5. Numerical experiments

Though GCGM can be applied to solve 𝛼𝓁1 − 𝛽𝓁2 sparsity regularization, it is challenging to determine the optimal step size. In
analogy to that in [31], in this section, we implement Algorithm 2 with constant step size 𝑠 = 1 for a nonlinear compressive sensing
(CS) problem [41–44]. Here we are interested in the sparse recovery for a CS problem where the observed signal is measured with
some nonlinear system. The research of nonlinear CS is not only important in theoretical analysis but also in many applications,
where the observation system is often nonlinear. For example, in diffraction imaging, charge coupled device (CCD) records the
amplitude of the Fourier transform of the original signal. So one only obtains the nonlinear measurements of the original signal.
Fortunately, in [42], it is shown that if the system satisfies some nonlinear conditions then recovery should still be possible.

Under the nonlinear CS frame, the measurement system is nonlinear. Assume, therefore, that the observation model is

𝑦 = 𝐹 (𝑥) + 𝛿, (5.1)

where 𝛿 ∈ R𝑚 is a noise level, 𝑥 ∈ R𝑛 and 𝐹 ∶ R𝑛 → R𝑚 is a nonlinear operator. It can be shown that if the linearization of 𝐹 at an
exact solution 𝑥† satisfies the restricted isometry property (RIP), then the convergence property of the iterative hard thresholding
algorithm (IHTA) is guaranteed [42]. Next we illustrate the efficiency of the proposed algorithm by a nonlinear CS example of the
form

𝑦 = 𝐹 (𝑥) ∶= 𝑎̂(𝐴𝑏̂(𝑥)) (5.2)

which was introduced in [42], where 𝐴 is a CS matrix, 𝑎̂ and 𝑏̂ are nonlinear operators, respectively. Here, 𝑎̂ encodes nonlinearity
after mixing by 𝐴 as well as nonlinear ‘‘crosstalk’’ between mixed elements, and 𝑏̂ encodes the same system properties for the inputs
before mixing. For simplicity, we write 𝑎̂(𝑥) = 𝑥 + 𝑎(𝑥) and 𝑏̂(𝑥) = 𝑥 + 𝑏(𝑥), where again 𝑎 and 𝑏 are nonlinear maps. In particular,
let 𝑎(𝑥) = 𝑥𝑐 and 𝑏(𝑥) = 𝑥𝑑 , where 𝑐, 𝑑 ∈ N+ and 𝑥𝑐 and 𝑥𝑑 should be understood in a componentwise sense.

Next, we consider the nonlinearity of the operator 𝐹 (𝑥). In [42], it is shown that the Jacobian matrix of 𝑎̂(𝐴𝑏̂(𝑥)) is of the form
′ ′ ′
16

𝐹 (𝑥) = (𝐼 + 𝑎 )[𝐴(𝐼 + 𝑏 )].
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Table 1
SNR of iterative solution 𝑥∗ with different 𝜆.
𝜆 Iteration number Computation time SNR

10 149 5.2690s 35.0692
50 806 29.9565 35.0240
100 1628 58.5911 35.0146
200 3272 115.9108 35.0089
500 8203 438.6556 35.0002
1000 16 423 636.3524 35.0011
2000 32 862 1661.3564 35.0004

We assume that ‖𝑥‖𝓁2 is bounded, then 𝑎′ is bounded on bounded sets. Then, there exists a constant 𝑐 > 0 such that ‖𝐹 ′(𝑥1) −
𝐹 ′(𝑥2)‖𝐿(R𝑛 ,R𝑚) ≤ 𝑐‖𝑥1 − 𝑥2‖𝓁2 , i.e. 𝐹 ′(𝑥) is Lipschitz continuous, cf. [42, Lemmas 3 & 4].

We present several numerical tests which demonstrate the efficiency of the proposed method. To make Algorithm 2 clear to the
reader, we study the influence of the parameters 𝜆, 𝜂, 𝑠 and the nonlinear maps 𝑎 and 𝑏 on the iterative result 𝑥∗. Note that if 𝜂 = 0
i.e. 𝛽 = 0, (1.2) reduces to the convex 𝓁1 sparsity regularization. Then (4.18) reduces to the form

𝑧𝑘 = S𝛼∕𝜆
(

𝑥𝑘 − 1
𝜆
𝐹 ′(𝑥𝑘)∗(𝐹 (𝑥𝑘) − 𝑦𝛿)

)

.

For the numerical simulation, we use a setting that 𝐴 is a Gaussian random measurement matrix. The nonlinear CS problem is of
the form 𝑎̂(𝐴𝑚×𝑛𝑏̂(𝑥𝑛)) = 𝑦𝑚, where 𝐴𝑚×𝑛 is a Gaussian random measurement matrix. The exact solution 𝑥† is 𝑠-sparse. The exact data
𝑦† is obtained by 𝑦† = 𝑎̂(𝐴𝑏̂(𝑥†)). White Gaussian noise is added to the exact data 𝑦† and 𝛿 is the noise level, measured in dB. The
terative solution is denoted by 𝑥∗. The performance of the iterative solution 𝑥∗ is evaluated by signal-to-noise ratio (SNR) which is
efined by

SNR ∶= −10 log10
‖𝑥∗ − 𝑥†‖2𝓁2

‖𝑥†‖2𝓁2
.

We utilize the discrepancy principle to choose the regularization parameter 𝛼. Starting with an initial guess of the regularization
parameter, if ‖𝐹 (𝑥∗) − 𝑦‖𝓁2 > 𝛿, then we keep halving the value of the regularization parameter until ‖𝐹 (𝑥∗) − 𝑦‖𝓁2 > 𝛿.

Let 𝑛 = 200, 𝑚 = 0.4𝑛, 𝑝 = 0.2𝑚, where 𝑝 is the number of the impulses in the true solution. For the sparsity regularization of
linear ill-posed problems, the value of ‖𝐴𝑚×𝑛‖2 needs to be less than 1 [13]. This requirement is also needed for the nonlinear CS
problem (5.1). The value of ‖𝐴𝑚×𝑛‖2 is around 20, and we re-scale the matrix 𝐴𝑚×𝑛 by 𝐴𝑚×𝑛 → 0.05𝐴𝑚×𝑛. The initial value 𝑥0 in

lgorithm 2 is generated by calling 𝑥0 = 1e-6∗ ones(𝑛, 1) in MATLAB. Actually, for sparse recovery, one natural choice for the initial
alue 𝑥0 is 𝟎 vector, i.e. zeros(𝑛, 1). If 𝑥0 = zeros(𝑛, 1), we compute 𝑥1 by the classical 𝓁1 sparsity regularization and the number of
terations is 10. All numerical experiments were tested in MATLAB R2010 on an i7-6500U 2.50 GHz workstation with 8 Gb RAM.

In the first test, we discuss the convergence and convergence rate of the proposed algorithm. We let 𝑐 = 2, 𝑑 = 3 and 𝑠 = 1. The
oise level 𝛿 is 30dB. We choose different parameters 𝜂 to test its influence on the iterative solution 𝑥∗. Theoretically, for Algorithm
with a constant step size 𝑠 = 1, we require that the condition in Theorem 4.11 holds, i.e. 𝜆 is large enough. Next, we test whether
satisfies this condition. In Theorem 4.11, we let 𝑐1 = 1, 𝑥̄ = 𝑥†, 𝛼 = 0.125 and 𝛽 = 0.05. Then,  𝛿

𝛼,𝛽 (𝑥̄) = 0.0316, 𝑀1 is around
16, ‖𝜙′(0)‖𝓁2 is around 3.5706 and 𝐿𝜙′ (𝑀1) is around 4.5794. Hence, 𝑀2 is around 9.2. The value of 𝐿𝜙′ (𝑀2) is around 18.3176.
So we let 𝜆 = 20. Fig. 1 shows the graphs of the iterative solution 𝑥∗ when the regularization parameter 𝛼 = 0.125. It is obvious
hat the results of iteration get better with 𝜂 increasing, which shows that the non-convex regularization with 𝜂 > 0 has better
erformance than the classical 𝓁1 regularization. Fig. 2 displays graphs of the iterative solution 𝑥∗ with respect to iteration number
when 𝜂 = 1.0. It shows a good convergence pattern. Fig. 3 shows the convergence rate of iterative solution 𝑥∗ with respect to

teration number 𝑘. We use the relative error 𝑒 = ‖𝑥∗ − 𝑥†‖𝓁2∕‖𝑥
†
‖𝓁2

to evaluate the accuracy of 𝑥∗.
In the second test, we examine the effect of the parameter 𝜆. Let 𝑛 = 200, 𝑚 = 0.6𝑛, 𝑝 = 0.2𝑚. By (4.1), it is obvious that the

terative results do not change with respect to 𝜆. However, numerical results show that larger 𝜆 leads to more iterations number
nd iterations time. Actually, from the formulation of Algorithm 2, we see that a larger value of 𝜆 admits a smaller value of the
hreshold 𝛼∕𝜆. Theoretically, if 𝜆 is sufficiently large, the convergence speed could be arbitrarily slow and it is computationally
xpensive. In Table 1, we set 𝜂 = 1.0 and let 𝛼, 𝛿, 𝑐 and 𝑑 same as that in test 1 and give the iterative results of Algorithm 2 with
ifferent 𝜆. If the norm value of the iterative solution does not change for three subsequent iterations, then we stop the iteration. It
s shown that one needs more iterations and higher computation time with the value of 𝜆 increasing.

In the third test, we study the stability of Algorithm 2. To test the influence of 𝛿, we choose several different noise levels which
re added to the exact data 𝑦†. Table 2 displays the iterative results. Obviously, the SNR of Inversion solution 𝑥∗ increase with the
oise level decreasing. It is shown that we can obtain satisfactory result when the noise level 𝛿 ≥ 20dB. Meanwhile, Table 2 shows
hat Algorithm 2 has good stability corresponding to the noise level when the parameter 𝜂 is fixed. This implies that the constant
tep-size variant of Algorithm 2 is not sensitive with respect to 𝜂.

In the last test, we discuss the influence of the nonlinearity of 𝐹 , i.e. the parameter 𝑐 and 𝑑 on the iterative solution 𝑥∗. The
onlinearity of the CS problem (5.2) depends on the parameters 𝑐 and 𝑑. In particular, the degree of nonlinearity of 𝐹 increases
ith the parameter 𝑐 and 𝑑 increasing. In Table 3, we set 𝜂 = 1.0 and let 𝛼, 𝛿 and 𝑠 same as that in Test 1. It is obvious that the

∗

17

terative results are stable with respect to the parameter 𝑐. The SNR of the iterative solution 𝑥 are similar with different parameter
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Fig. 1. (a) Exact signal. (b) Observed and exact data. (c)–(f) The iterative solution 𝑥∗ with different 𝜂 at a fixed regularization parameter 𝛼 = 0.125.

. However, the iterative results are sensitive with respect to the parameter 𝑑. When 𝑑 ≥ 7, we cannot get satisfactory results. In
articular, Algorithm 2 is invalid when the parameter 𝑑 is an even number. Fig. 4 shows the iterative solution 𝑥∗ with respect to
he iterations at the fixed parameter 𝑐 = 2 and 𝑑 = 4. Actually, Algorithm 2 can only identify the positive impulses and it fails to
ecovery the negative impulses when 𝑑 is an even number. Theoretically, due to the non-convexity of  𝛿

𝛼,𝛽 in (1.2), the minimizer
f  𝛿

𝛼,𝛽 may be non-unique. Nevertheless, in numerical experiments, convergence is still observed and the limit depends on the
hoice of the initial vector 𝑥0. When 𝑑 is an even number, we cannot obtain the desired iterative results when 𝑥0 =1e-6∗ones(n,1).

0 †
18

evertheless, we still obtain satisfactory iterative results when we let 𝑥 = 0.9 ∗ 𝑥 .
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Fig. 2. The iterative solution 𝑥∗ with different iteration number 𝑘 at a fixed parameter 𝜂 = 1.0.

Fig. 3. Convergence rate of the iterative solution 𝑥∗ with respect to iteration number 𝑘 at a fixed parameter 𝜂 = 1.0.

Table 2
SNR of iterative solution 𝑥∗ with several noise levels, iterations number 1000.

𝜂 = 0 𝜂 = 0.2 𝜂 = 0.4 𝜂 = 0.6 𝜂 = 0.8 𝜂 = 1.0

Noise free, 𝛼 = 0.015 44.5479 45.0044 45.4848 45.9917 46.5286 47.0994
𝛿 = 50 dB, 𝛼 = 0.031 43.3370 45.7636 46.2097 46.6770 47.1678 47.6844
𝛿 = 40 dB, 𝛼 = 0.062 36.2226 37.6898 38.1772 38.6865 39.2201 39.7804
𝛿 = 30 dB, 𝛼 = 0.125 29.4775 32.1682 34.3366 34.9682 35.0716 35.3914
𝛿 = 20 dB, 𝛼 = 0.125 22.4699 24.1333 25.5513 25.7172 25.7959 25.9081
𝛿 = 10 dB, 𝛼 = 0.250 −1.5015 −1.5146 −1.5307 −1.5438 −1.5546 −1.5641
19
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Table 3
SNR of iterative solution 𝑥∗ with different parameters 𝑐 and 𝑑, iteration number 1000.

𝑑 = 1 𝑑 = 2 𝑑 = 3 𝑑 = 4 𝑑 = 5 𝑑 = 6 𝑑 = 7 𝑑 = 8 𝑑 = 9

𝑐 = 1 46.2683 4.1589 41.8642 3.2158 41.2564 2.5784 13.5876 NaN NaN
𝑐 = 2 40.6830 4.2591 42.0519 3.0102 43.8885 1.2486 11.9139 NaN NaN
𝑐 = 3 39.0531 3.0102 40.5454 1.2494 33.1849 2.0412 14.1032 NaN NaN
𝑐 = 4 39.4280 2.0409 39.5473 2.0311 33.4812 3.0022 18.8408 6.0172 NaN
𝑐 = 5 39.5284 3.0097 40.5428 2.0412 31.6905 4.2200 17.0556 2.0336 NaN
𝑐 = 6 39.8423 3.0095 39.9291 2.0411 35.7897 1.2494 16.8327 2.0403 NaN
𝑐 = 15 39.8423 1.2493 42.2085 3.0101 38.4862 2.0412 19.9787 3.0045 NaN
𝑐 = 20 39.8423 1.2492 38.8362 2.0412 39.2417 3.0103 18.6429 2.0412 NaN
𝑐 = 50 40.5934 2.1863 39.7846 2.1957 39.7341 2.9472 19.1584 2.6893 NaN

Fig. 4. (a) Exact signal. (b)–(d) The iterative solution 𝑥∗ with different iteration number 𝑘 at a fixed constant 𝑐 = 2 and 𝑑 = 4.

6. Conclusion

We analyzed the 𝛼𝓁1 − 𝛽𝓁2 (𝛼 ≥ 𝛽 ≥ 0) sparsity regularization for nonlinear ill-posed problems. For the well-posedness of the
regularization, compared to the case 𝛼 > 𝛽 ≥ 0, we only obtained the weak convergence for the case 𝛼 = 𝛽 > 0. If the nonlinear
operator 𝐹 ′ is Lipschitz continuous, we proved that the regularized solution is sparse. Two different convergence rates 𝑂(𝛿

1
2 ) and

(𝛿) were obtained under two widely adopted nonlinear conditions. A soft thresholding algorithm ST-(𝛼𝓁1 − 𝛽𝓁2) can be extended
o solving the non-convex 𝛼𝓁1 − 𝛽𝓁2 (𝛼 ≥ 𝛽 ≥ 0) sparsity regularization for nonlinear ill-posed problems. Numerical experiments
how that the proposed method is convergent and stable. However, for some particular nonlinear CS problems, we can only identify
he positive impulses.
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