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is explored under the minimal solution regularity available from the well-posedness
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1. Introduction

Hemivariational inequalities (HVIs) arise in the study of various industrial pro-
cesses and engineering applications. In the past three decades, many researchers have
contributed mathematical theories for such models (cf. [18,32,37,39-41]). The fi-
nite element method has been used to solve them with systematic theoretical analysis
(cf. [6,27,29-32]). We refer the reader to the survey paper [28] for details along this
line. In this paper, we intend to propose and analyze the virtual element method for an
elliptic hemivariational inequality with convex constraint, which can be viewed as an
extension of our earlier work in [23].

We first introduce some notation about function spaces for later uses. Throughout
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this paper, we will use the standard notation for Sobolev spaces and their norms and
seminorms (cf. [1]). Let © c R? (d = 2,3) be an open bounded domain with Lipschitz
boundary 0. Given an integer m > 1, let X be a closed subspace of H'(Q2;R™)
and K a closed and convex subset of X with Ox € K. Moreover, let X; be another
Banach space and v; € £(X, X;). Then, the mathematical problem to be studied can
be described as follows.

Problem (P). Find an element © € K such that
a(u,v — u) +j0(7ju;7jv —vyu) > (fiv—u), YveK, (1.1)

where a(-,-) is a bilinear form over X,j : X; — R is a locally Lipschitz function, f
is a bounded linear functional over X, while j°(z;v) denotes the generalized Clarke
directional derivative of j at x in a direction v defined by (cf. [21])
#(a:v) = lmsup + (j(y + M) — ().
y—x, AL0

Recently, virtual element methods (VEMs) were developed and have gained popu-
larity as a numerical approach for solving partial differential equations (PDEs), started
with [2,7,9]. VEMs have some advantages over standard finite element methods. For
example, they are more convenient to handle PDEs on complex geometric domains or
the ones associated with high-regularity admissible spaces. The methods have been
applied to solve many different kinds of mathematical physical problems, e.g., con-
forming and nonconforming VEMs for second-order elliptic problems [5, 17, 24, 35],
fourth-order problems [3,16,44], elasticity problems [8,45], and (2m)-th-order elliptic
problems in any dimensions (cf. [20]). Some systematic theoretical analyses were given
in [10,14,19,20] for conforming and nonconforming VEMs. In the reference [23], we
introduced an abstract framework of numerical method and established an error anal-
ysis for the problem (1.1) without constraint, i.e. for the case K = X. We applied
the VEM for solving two contact problems and derived optimal order error estimates of
their numerical solutions under appropriate solution regularity assumptions.

In this paper, we first extend the ideas in [23] to devise naturally an abstract frame-
work of numerical method for the problem (1.1). Then, we extend arguments pre-
sented in [25,31] in a subtle way to show convergence of the numerical solutions. In
addition, we derive a Céa-type inequality by using the techniques in [23,25]. As a typi-
cal example, we apply the previous results to propose a VEM for a frictionless unilateral
contact problem and derive its optimal error estimates. Under some assumptions, this
discrete problem is equivalent to a minimization problem (cf. [26, 32]), from which
we are able to compute the numerical solution by means of the multiobjective double
bundle method (cf. [38]) effectively. Finally, we provide several numerical results to
show the performance of the proposed method.

We end this section by introducing some basic results for later requirements. The
following elementary inequality is simple but useful in the forthcoming analysis:

a,br >0 and z°<ar+b = z?<a®+2b. (1.2)
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If ¢ : X — R is alocally Lipschitz functional on the Banach space X, the generalized
gradient (subdifferential) of v at x is defined by ([21])

Op(x) = {¢ € X* | ¢°(z50) > ((v), Yo € X},

where X* denotes the dual space of X. The following properties hold:

V(s v) = max {{C,v) | ¢ € DY)} (1.3)
YO(@s o1+ v2) S Y0(zvn) + 90w v2), Vo, v € X (1.4)
t, w2 and v, —»v inX = limsupy®(z,;v,) <0 (z;0). (1.5)

Here, (-, ) x+ x x stands for the duality pairing between X* and X, and is simply written
as (-, -) when there is no confusion caused.

2. A framework of numerical solution and its theoretical analysis

As usual, we make the following assumptions for Problem (P).

(H,) a(-,): X x X — R is bilinear, symmetric, continuous and X-elliptic; we will
denote the X-ellipticity constant by m4 > 0:

a(v,v) > mallvl%, YveX. (2.1)

(H;) j: X; — Rislocally Lipschitz, and there are constants cy, ¢1, «; > 0 such that
197(2)llx; < o+ el vz € X, 2.2)
jo(zl; z9 — 21) —|—j0(22; 21— 22) < ajflz — z2||§(j, Vz1, 22 € Xj. 2.3)
Moreover, denote by ¢; > 0 an upper bound of the norm of the operator v; € £(X, Xj):
Ivvllx;, <cllvllx, YveX. 2.4
Define a linear operator A: X — X* by
(Au,v) = a(u,v), VYu,v € X. (2.5)

It is easy to check that A € £(X, X*) and it is monotone with a monotonicity constant
m 4, which implies A is pseudomonotone ([43, Proposition 27.6]). Hence, following
[29, Theorem 3.1], we have the next result.

Theorem 2.1. Assume (H,), (H;), and
ajc? < may, (2.6)

where c; is from (2.4). Then for any f € X*, Problem (P) has a unique solution u € K.
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2.1. A framework of numerical solution and its unique solvability

Let 7, = {E}geT, be a polytopal mesh of (2 into polytopes, with E denoting
a generic element; h = maxge7, hg and hgy = diam(£). With this mesh, we asso-
ciate a finite dimensional subspace X} of X. Let K} be a non-empty, closed and convex
subset of X, and 0 € K. Moreover, for any domain D and a nonnegative integer k,
denote by P (D) the set of all polynomials on D with the total degree no more than
k. Assume that there exists a natural number k£ such that Pi(E;R™) C X, for all
E € Ty, and the bilinear form a(-, ) can be decomposed as

a(v,w) = Z af(v,w), Yo,we X,
EcTy

where (-, ) is a bilinear, symmetric and nonnegative form over Xz = X |- We equip

the space Xz with a norm or semi-norm || - || x g such that
ol = > lvlXe YoeX, 2.7)
EcTh

and for all £ € T, there holds

af(v,v) < HvH?XE Vv e Xg. (2.8)

Here and below, for any two quantities a and b, “a < b” stands for “a < C'b”, where
the hidden constant C is independent of the mesh sizes but may take different values
at different occurrences.

With the help of the above preparation, our abstract frame of numerical method for
Problem (P) reads:

Problem (P"). Find an element u;, € K}, such that
an(up, vn — up) + 30 (Vjun; Yion — vjun) > (Frovn — un),  Vop € Kp, (2.9)

where
fn € Xy, (2.10)

and it satisfies the condition

If = fallx; =0 as h—0 and (fn,v) <clfllx-[vllx, Vve X, (211

Here,
If = fallx; = sup = furvn)
v, €K}, thHX
and the bilinear form is obtained by
ap(u,v) = Z a¥ (u,v) (2.12)

EcTy

with the symmetric bilinear form af (-, -) satisfying
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e k-Consistency: For all p € Py(E;R™) and for all v, € X, g,
ay, (p,vn) = a”(p, vp). (2.13)

e Stability: There exist two positive constants «, and «*, independent of hr and
E, such that

aa (v, o) < af (vp, o) < a*af(vp,vp), v € XnB- (2.14)
For the study of the discrete problem, we assume that
1 2
ma > max 1, — ¢ ajcj. (2.15)
Oy

Let m 4 = a.m 4. Then from (2.15),
A > ajc. (2.16)
A routine computation yields the X,-ellipticity of ay(-,-):
an(v,v) > aza(v,v) > mallv|%, Yo e Xp. (2.17)

The arguments of Theorem 2.1 can be applied in the setting of the finite dimensional
set uy, € Kp. Thus, we can easily obtain the following result.

Theorem 2.2. Under the assumptions (H,), (H;), (2.4), (2.10), (2.15) and (2.17), Prob-
lem (P") has a unique solution.

2.2. Convergence analysis

In this subsection, we will study the convergence of Problem (P"). Using the similar
arguments in [23,29], we can obtain the following result readily.

Lemma 2.1. If the assumptions (H,), (H;), (2.11), (2.15) and (2.17) hold, then
unllx < (1fllx- +1).

To further our analysis, we make the following two assumptions for a certain natural
number k.

Assumption B1. For every v € H*1(E;R™), there exists a function vg = IIgv €
Py (E;R™) such that

lo = vgllo.s +hellv—vellxe S PG olkie, Vo€ HH(ER™). (2.18)

Assumption B2. There exists an interpolation operator I : H*1(E;R™)N Xp —
Xp g such that

||U — IEUHO,E + hEHU — IEUHX,E 5 h%+1|v|k+17E, Yov € HkJrl(E;Rm) N XE. (2.19)
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Moreover, we write v; as the global interpolant of v, i.e. v;(x) is equal to Irv(x) for
zeE.

In order to get the convergence analysis of Problem (P"), we assume { K}, };, approx-
imates K in the following sense

v, € K and v, —v in X imply ve K, (2.20)
Vve K, Ju, € K;, suchthat v, —-v in X as h—0, (2.21)

where the symbol “ — ” stands for the weak convergence over the Banach space X.
To derive the convergence of Problem (P"), we require an auxiliary result in ad-
vance.

Lemma 2.2. Let {wy}y, be a sequence in Xp. If wp, — win X and || f — fulx; — 0 as
h — 0, then for all v € X,

ap(v,wp) = a(v,w), (fp,wp) = (f,w) as h—0. (2.22)

Proof. Since ) is a bounded domain with Lipschitz boundary, C>(Q; R™) is dense
in H'(€;R™). Recall that X is assumed to be a closed subspace of H'(Q; R™). Hence,
given any v € X, for all ¢ > 0 there exists a certain v. € C*°(Q; R™) such that

v —vex <e. (2.23)

For all E € Ty, according to assumption B1, we have v” = Tlgv. € P(FE;R™) such
that

Hve - fol,E S hlvelo,E, (2.24)
leading to
2
S e =Bl 5 S 82 S B S WoclBo. (2.25)
EE€T, EeTy,

Hence, by (2.23), (2.25) and the triangle inequality,
2 2
Z v - UeEHLE < 2(”” —velx + Z [ ve — UleE)
E€Ty, E€Ty,
S e+ W3 g (2.26)

Since X is reflexive, according to the Banach-Steinhaus theorem in functional analysis,
the weak convergence of the sequence {wy,} in X implies the boundedness of {||wp||x }-
Therefore, in view of (2.13), (2.14), (2.26) and the Cauchy-Schwarz inequality,

|an (v, wp) — a(v, w)]

= |an (v, wy) — a(v,wy) + a(v,wy) — a(v,w)|

< Z laf; (v = vE wh) —a” (v —F wp)] | + |a(v, wh, — w)]
E€Th
1
2
(3 o=l ) ol + b =
EeTy,

< (e + hlocl.a)llwnllx + la(v, wy, — w)] (2.27)
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Note that
a(v,wp, —w) -0 as h—0.

So the estimate (2.27) yields

lim sup |ap (v, wy) — a(v,w)| < e.
h—0

Due to the arbitrariness of ¢ > 0, and |ay, (v, wp,) — a(v,w)| > 0, we obtain
ap(v,wp) = a(v,w) as h —0.
Furthermore, by means of the weak convergence of {w;,} in X,
(frown) = (f,w) = (frn = frwn) + {f,wp — w)
<|f = fullxg llwnl x + (f,wn —w) =0 as h—0 (2.28)

as required. O

Theorem 2.3. If assumptions (H,),(H;), (2.11), (2.13)-(2.15), (2.18), and (2.20)-
(2.21) hold, then
upb —u in X as h— 0. (2.29)
Proof. The proof is rather involved and is divided into three steps for clarity.

Step 1: By Lemma 2.1, {uy} is bounded in X. Since X is reflexive and v; €
L(X, X)), there exists a subsequence {u;,} C {us} and an element w € X such that

upy —w in X, yjupy = yw in Xj. (2.30)

By the assumption (2.20), we know that w € K.
Step 2: Intend to show the strong convergence, up, — w in X. By (2.21), there
exists a sequence {wy } C X with wy, € K}, such that
wy —»w in X, vywy »yw in X; as h'—0. (2.31)

Owing to (2.17), there holds

allwn — w3 < ap (wir — wpr, wpe — up)
= ap (wpr, Wy — upr) — apr (Upr, Wpr — Ups)
= ap (Wp — w, Wy — upr) + ap (W, Wy — upr)
— ap (upr, Wpr — Upy)
= ap (Wp — w,wp — upr) + ap (W, Wy — W)

+ ah/(w, w — uh/) — ah/(uh/, Wh — uh/). (2.32)
According to (2.31) and the boundedness of {wy,, — uy/} in X, we easily achieve

ah/(wh/ — W, Wk — uh/) — 0, ah/(w,wh/ - w) — 0 as n — 0. (2.33)
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Due to (2.30) and Lemma 2.2, we have
ah/(w, w — uh/) —0 as h — 0. (2.34)
Furthermore, it follows from (2.9), (1.4) and (2.3) that
—ap (ups, Wiy — up) < 50 (vuns viwn — viuw) — (frr wp — upr)
< 30 (yjunss viwne — vw) + 50 (v vw — Yiun)
+ 50 (yw; yyun — vjw) = 30 (vws yjun = yjw)
— (frswpr — upr)
< o lup — wlk + 5° (vjuns vwn — yjw)

— 30 (vjws vjun — yjw) = (fur, whe — un). (2.35)
From the boundedness of {~;u } in X;, (1.3) and (2.31), it follows that

lim supjo(’yjuh/;fijh/ — vjw) = 0, (2.36)
h’—0
and by (2.30),
—jo(’ij;’yjuh/ —vjw) < —(Cryyjup — yjw) — 0 as n =0, (2.37)

where (; € 0j(y;w). Note that

Up — Wl x = ||Up — WH || x Wh — W||x
I % <1 % + 1 I3
+ 2lun — wie || x [Jww — wllx. (2.38)

Hence, the combination of (2.32) to (2.38) implies
(A = ac5) llwp — up||%
< OZJC? [Hw - wh/H?X + 2[|wp — upe || x || wpr — w||X] — (fur, wp — up),
and in view of Young’s inequality and (2.16),
llwnr = un 1% S llw = w3 = (fars wnr — ). (2.39)
On the other hand, we have
(forswn — upr) = (frr — frwn —up) + (f,wp — w) + (f,w — upr).
It follows from (2.30) and (2.31) that
(fywp —w) + (fyw—up) —0 as h —0.
By (2.11),

<fh’ — f, Wy — uh/> < ||f — fh’HXZ/ H’U)h/ — uh/HX —0 as h — 0.
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Therefore,
(fh’awh’ — uh/> — 0 as h/ — 0,

which together with (2.31) and (2.39) implies
|wp — up||% — 0 as h — 0. (2.40)
The strong convergence follows readily from (2.31) and (2.40), i.e.,
upy = w, h —0. (2.41)

Step 3: Intend to show that the strong limit w is the unique solution of Problem (P).
For any v € K, there exists a sequence {v,} C X with v, € K}, such that vy — v in
X. Then ~;vp — ;v in X;. By definition,

an (ups, v — upr) + 30 (yuns Yon — Yjun) > (fars v — ), Yo € Ky (2.42)

Write
ap (Upr, VR — Upr) = ap(Up — W, vy — upr) + ap (W, vy — upr). (2.43)
Using (2.41) and the boundedness of {vj,, — uy } in X gives
ap (upr — w,vp —up) — 0 as A — 0.
Since (vp — upr) — (v — w) in X, an application of Lemma 2.2 immediately implies
ap (w,vp — upr) = a(w,v —w), {fpr,vop —up) — (fyo—w) as h' — 0.
By (1.5),
hg}igpjo(%’uhﬁ Vo = yjun) < §0(vws 0 — yj0).
Consequently, it follows from (2.42) that
afw,v —w) + (w750 — jw) = (fv—w), Vo€ K.

Thus, w is a solution of Problem (P). Note that the solution of Problem (P) is unique,
so w = u, which, in conjunction with (2.41), yields the strong convergence u;, — u as
h — 0. |

2.3. Error estimates

In this subsection, we are ready to state and prove a Céa’s type inequality, which
can be viewed as a starting point for further error estimates.
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Theorem 2.4. Assume that (H,), (H;), (2.4), (2.11), (2.13)-(2.15), (2.18)-(2.19) hold.
If the exact solution u of (1.1) belongs to H**1(Q) for a certain natural number k and
uy € Ky, then for all v € K we have the error bound

1
lu = unllx S B¥luliero + e = yurll, + 1 = fal

+ Ry (ur, w)|? + |[Ru(v, up)|?, (2.44)

Xn

where
Ry(v,w) = a(u,v —w) + jo(yju; v —yw) — (f,v — w). (2.45)

Proof. Let w = uy; — uy. Then, due to (2.17),
mallw|3 < an(ur,w) — ap(up, w). (2.46)
In view of (2.13) and (2.18), there exists up € Px(E;R™) such that
af (up,vp) = d(ug,vp), Yo, € XnEs
SO

ap(ur,w) = Z (aE(IEu —up,w) + a”(up — u,w))
EcTy
+ a(u,ur —u) + alu,u —v) + a(u,v — up). (2.47)

On the other hand, using (1.1) and (2.9) gives rise to

alu, u —v) — ap(up, w) < 5 (vus 750 — yju) + 70 (vjun; viur — viun)

- <f,v—u>— <fh,w>' (248)
Plugging (2.47) and (2.48) into (2.46), we derive

mallw|% < Z (QE(IEu—uE,w) + af(ug —u,w)>
E€Th

+ <f - fh, ZU> + Ij(va u[) + RU(UI, u) + RU(U’ Uh), (249)
where
Li(v,ur) = 3% (vu; v — vju) + 57 (vjun; viur — vjun)
— 30 (vjus vjur — vju) — 30 (vjus vj0 — yjun),
Ry(v,w) = a(u,v — w) + j°(yju; vj0 = yjw) = {f,v — w).
Applying the subadditivity of the generalized directional derivative, we have

vz viv = vu) < 50 (v 0 — viun) + 50 (vjus viun — i),
30 (vjuns vjur — viun) < 50 (viuns viur — viu) 4+ 50 (vjun; viu — yiun).



Virtual Element Method for Elliptic Hemivariational Inequalities 11
By (2.3),
30 (vjus ygun — vjw) + 30 (vjun; yju — vjun) < ajllyiu = yunl%,.
Moreover,
7% (vjun; vyur — yu)| < (co + eallvgunllx;) lvgur — vjullx;,
|7 (vjus vjur = vju)| < (co + erllyzullx; ) lvur —vjullx; -

Note that ||v;up||x; is uniformly bounded by a constant independent of h, we find by
combing the above five inequalities that

Ii(v,ur) < ajllvju = vunlk, + Cllviur — vjullx;- (2.50)
On the other hand,

Z <aE(IEu —ug,w) +a” (up — u,w))
E€Ty,

1
2
< ( S (Mpu— uplBop + uu—uEn%(,E)) Jllx

EcTy

by using (2.14) and the Cauchy-Schwarz inequality. It is evident that
lu = unll% < llu—urlli + wlli + 2[lu = wrl x|lwl/x.
Hence, we deduce from (2.4), (2.16), (2.49) and (2.50) that

(P4 — azcf)|lw]

1
2
< ( S g —uslis+ 3 fu— uEn%(,E) I - thX;] Jollx
E€T, EeTy,
+llu = urlf + llyu —yjurllx; + Ru(ur, u) + Ru(v, up). (2.51)

It follows from (2.18) and (2.19) that

2 % k
( S - uEuX,E) < W ulesron
EETy,
1

2
llu — ur||x = < 3 Ju- IEu||§(7E> < hFlufpsr0. (2.52)
EeTy,

Applying (1.2) in (2.51), we find
Jwll% S P ulpy 0+ I1f — Inllies + llju = vjurllx; + Ru(ur, u) + Ru(v,up),

which readily leads to (2.44) by means of (2.52) and the triangle inequality. O
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3. A virtual element method and its error analysis for the contact problem
with unilateral constraint

Based on the results developed in the preceding section, as a typical example, we
will propose and analyze a virtual element method for a contact problem with unilateral
constraint in [29]. In this example, (2 is the reference configuration of the linear elastic
body, assumed to be an open, bounded, connected polygon in R%. The boundary I' =
o€ is made up of I';,I'y and I's, where meas(I';) > 0. We assume that the body is
clamped on I';. The surface traction of density f- is applied to I';,T'3 is the contact
surface with a rigid foundation. Volume forces of density fo act in §2. Here, for a vector
v, denote by v, = v - v its normal component and v, = v — v, v the tangential
component, respectively. We use S? for the space of second order symmetric tensors
which is equipped with the canonical inner product “:”. For a second order tensor o,
define its normal component as o, = ov - v and tangential component as o = ov —
o,v. For the contact problems under consideration, we have the elastic constitutive
law

o = Fe(u) in Q, (3.1)

the equilibrium equation
Dive + fy =0 in , (3.2)

the displacement boundary condition
wu=0 on Iy, (3.3)
the traction boundary condition
ov=fy on Iy (3.4)
and the frictionless unilateral contact condition

u, <g, o,+& <0, (uu - 9)(011 + 51/) =0, § € aju(uu) on I's, (3.5)
or=0 on I3, (3.6)

where —o, = &, € 9j,(u,) and g represents the thickness of the elastic layer. The
problem described by (3.1)-(3.4) and (3.5)-(3.6) represents the frictionless version of
a nonlinear elastic contact model studied in [34]. In (3.1), F : © x S? — S? is the
linear elasticity operators (cf. [29]) and the potential function in (3.5), 5, : '3 xR - R
are satisfied with the conditions in [23]. The relation u, < g restricts the allowed
penetration. We assume g € H'(T'3) in advance.

Introduce a Hilbert space Q = L?(12;S?), equipped with the canonical inner product

(UvT)Q:/QUz‘j(SB)Tij(JJ)dw

and the induced norm || - ||g. For simplicity, write (-, -) for (-,-)g.
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Let
X=V={veH'(%R?) |v=0ae. onT;}

equipped with the norm

1

lv|lv = (e(v),s('v))é, YveV. (3.7)

Since meas(I';) > 0, by Korn’s inequality (see e.g. [11, Remark 1.1]), we find that
vl orey S Ivllv S Wlla@r2), Vv € V. (3.8)

Assume
foe L*(4R?),  fo e L*(TyR?),
and define f € V* by
(F,v)vexv = (fo,v)2(r2) + (f2, V) 2 (rym2), Vv € V.
Define
(Au,v) = (]—"(s(u)),s('v)), u,v eV,

Jj(z) = / gu (- 2(+)) ds, z € X;.
I's
Note that ([37, Theorem 3.1])
0/, -0 . )
Jo(zw) < / g z2()w() ds,  z,w e X;. 3.9
I's
Considering the constraint u,, < g on I's, we introduce a subset of the space V

U={veV|v <gae. onls}. (3.10)

Letting K = U in (1.1), X; = L*(T'3) and ;v = v, for v € V, we then achieve the
following weak formulation of this contact problem.

Problem (P;). Find a displacement field w € U such that
(Fe(u),e(v —u)), +/ Jo(uvivy —uwp)ds > (f,0 —u)yexy, YweU. (3.11)
I's

Remark 3.1. Using the analogous notation in [23,29], the assumption (H,,) is satisfied
with my = mzr and (Hj;) is satisfied with «; = «;,, where «;, is the constant given
in [29, Eq. (65)]. Applying (3.9) and Theorem 2.1, we know that Problem (P;) has
a solution u € U under the stated assumptions, and (2.6) takes the form

o, < )\17vm]:,

where A; v > 0 is the smallest eigenvalue of the problem
ueV, /f—:(u):s('v)dx:)\/ Uy -v,ds, YveV.
Q T's

The uniqueness of a solution to Problem (P;) can be proved in view of Theorem 2.1.
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We make the following assumption on the family of meshes {7}, (cf. [15,19]).

Assumption B. For each E € 7}, there exists a “virtual triangulation” 7z of E such
that 75 is uniformly shape regular and quasi-uniform. The corresponding mesh size of
TE is bounded below by a constant multiple of hz. Each edge of F is a side of a certain
triangle in 7g.

Furthermore, we express the three parts of the boundary I" as unions of closed flat
components with disjoint interiors:

Tp=Uk T 1<k<3
Then, we construct virtual linear element spaces corresponding to 7. Let
Vi(E) = {v e HY(E)| Av =01in E, v|yp € C(OE),
v|e € Pyi(e) for each edge e C 8E},

W, = {v € C(Q) | v|g € Vi(E) forall E € Th}.
The displacement fields will be sought in the space

X, =V, = (Wh)2 nv.

2x2

Let ITx be a projection operator from Vj,(E) into Py(E)s,,. such that for any given

v € Vh(E),
/ IIg(vy) : ¥ da :/ e(vp) : el de, Vel e IP’O(E)gan%,
E E

where Py(E)2? stands for the set of all second order symmetric tensor fields with each

entry being constant. Then, following [4, Eq. (12)], define
af('vh, wh) = / .;EHE(’Uh) : HE(wh) dx + bf(vh, wh), Yo, wy, € Vh(E), (3.12)
E

where the first term on the right of (3.12) is essentially equivalent to the first term
given in [8, Eq. (4.1)] and the second term is a stabilization term. We refer to [4, 8] for
details.

Next, define a local projection ITY : H*(E) — Py (E) as the solution of

(vnlvva VP)E' = (V’U, vp)Ea VP € Pl(E)a
Yv="10
for allv € H'(E). Here, (-, -)r means the L?(E) inner product, and  is the integral av-

erage of v on the boundary OF of E. For the convenience, we also use IIY to represent
the related element-wise defined global operator.
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For the right-hand side f, define the approximation f; such that

(fn,vn) = Z / fo-HlvvhdSE+/ f2-vpds, Vv, €V, (3.13)
E I

EcTy

where ITY is the vectorized analogue of ITY. Using the same arguments in [22, 23]
shows

1
(Froon) S (1Fol2aume) + I fellizmpme) 2ol Von € Vi (3.14)

Moreover, for any v, € Vj,, we deduce from [19, Lemma 2.2] and the H!-boundedness
of T} that

(F = Froon) = / folvp — TIY v )d
EeT, ' E
< Z | foll z2(m.r2)||[vn — Hlv'UhHL2(E;R2)
E€T

SO follz2mey helvnlm pire)
E€T

S Pl foll 22y lvnllv (3.15)
It is evident that || f — thV}; — 0as h — 0. In view of (3.14) and (3.15), we can

verify the condition (2.11).
Furthermore, we define

Kp,=Uy = {'vh eV, | v’; < g at node points on F3}.
Note that 0 € U}, and in general U;, ¢ U unless g is concave. Introduce the following
virtual element method for Problem (P;).
Problem (P}). Find an element w;, € U}, such that

ap(up, vy — up) +/ jB(u,}j;le} - u,}j) ds > (fn,vn —up)vexv, VYo, €U, (3.16)
I's

According to [4, 8,11, 19], the bilinear form aE (+,+) in (3.12) satisfies conditions
(2.13) and (2.14). Since the mesh satisfies the assumption B, assumption B1 holds by

the classical Scott-Dupont theory (cf. [13]). According to [12,19], there exists a nodal
interpolation operator I : H?(E;R?) — V(E) such that

va — IE'UHO,E + hE|’U — IE’U|1,E 5 hQEH'UHZEa Yo € H? (E;Rz).

For all v € H?(Q;R?) write its global interpolant as v;. Hence, the assumption B2
holds for £ = 1 by using the interpolation operator Ip. Moreover, it is easy to check
that u; € K,
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On the other hand, (3.15) implies that

If = Frllvy < B (3.17)

Assume the solution regularity
ue H?*(Q;R?), ove L*(T5R?). (3.18)

By an argument similar to that for proving [25, Theorem 5], we know that for all v,
wevV,
|Ru(v, w)| S [lv = wl|r2(rym2)-

So it follows from Theorem 2.4 that
1 1
=l S b+ s =l oy + 00 0 =l ey (319)

Additionally, assume I's is a flat component of the boundary 92 and
ulr, € H*(T3;R?). (3.20)

According to [25, Theorem 6] and using the error estimate for the interpolation oper-
ator for Lagrange elements (cf. [13]), we have

lu — wrll 2y ey S b2

The last term on the right-hand side of inequality (3.19) can be bounded as follows.
Assume I's is a smooth portion of the boundary I'. Then the unit outward normal
v(z), = € I's, can be extended to an H! function ¥ in a small neighborhood of I's
and 7|r, = v ([36, Section 2.1]). By multiplying o with a smooth cut-off function
which is zero outside the small neighborhood of I'; and is 1 near I'3, we get a function
v € H'(;R?) with o|p, = v. Assume

glry € H*(T3). (3.21)
Then, g is continuous and is the restriction of an H'(2) function § on I's. Define
v=u"+ (min{g,u"0} —u" D).

Then,
h

v, =u”, v, =min{gul} on I

and consequently, v € U. Note that

[o - uhHLQ(Fs;RQ) = [low - “ZHLQ(Fs)'

Now
0 <ul(zx)—vy(x), =eTs,
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and since u!(x) < g(x) at all nodes = on I's, we have
M) <11” r
ul/(x) = g($)’ T € ls,

where IT"g is the continuous piecewise linear interpolant of g on I's. Thus, on the part
of I's where u! > ¢, we have v, = g and

0 < ul(x) — v, (x) < M'g(x) - g(=).
On the remaining part of I's,u” < g and v, = u/. Thus,
h h
oy — “u”L?(rg) < [[ir"g - 9HL2(r3)-

So we get
: 2
vlgli} v —unlz2@ryre) S P

Therefore, under the smoothness assumptions (3.18), (3.20) and (3.21), we obtain
from (3.19) that
|u —uplly < A

Without assuming the solution regularities (3.18), (3.20) and in the case g = 0, we
can apply Theorem 2.3 to show the convergence of the virtual element solution:

up —>u in V. (3.22)

For this purpose, let us verify (2.20) (with a general ¢g) and (2.21) (with ¢ = 0). Note
that U}, can be equivalently defined as

U, = {’Uh eV, ‘ ?)LL < th on Fg}.

Suppose vy, € Uy, and v, — v in V. Due to the compactness of the trace operator
H'Y(Q) c L*(T") ([1]), we have a sub-sequence {v;/} C {v;} such that

vy — v in L?(I'y;R?) and ae. on I's.

Then from
o <11P g on I's,

14

we find that
v, <g a.e.on I's.

It is then obviously true that v € U, i.e., (2.20) is valid.

To verify (2.21) for the case g = 0, we note that U N C*°(Q; R?) is dense in U. This
result is proved in [33]. Thus, for an arbitrarily by fixed element v € U and any ¢ > 0,
there exists an element v, € U N C*®(Q; R?) such that
€

loc—lly < 5
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For h > 0 sufficiently small, we have
[ve = v¢4lly, < Chllvell 2om2) < %
where vZ ; € Uy, is the global interpolant of v.. Then,
lves =vlly < [lves = velly +llve = vllv <e.

Hence, v € U can be approximated by a sequence of virtual element functions.

4. Numerical experiments

In order to do numerical simulation, we first rewrite Problem (P}f) in matrix/vector

notation. Let N, be the number of nodal points, and let {q‘)z}fivf be the shape basis

functions of V},. Then a function v € V}, can be expressed as v = Zzi { ay¢y, such that

the coefficients form a vector a = [, g, - - - , aop, |7 € R*Vo, Define ¢ : R2Mo — R by
2No
o) = / Ju(v)ds = / Ju Z oardi(x) | ds, Yo e R¥Vo, 4.1)
T3 I's k=1
Then, we require to find a* = [aZ]iZ { such that it satisfies the conditions
2N,
> axdr(m) € Uy, (4.2)
k=1
b— Aa € dl(a), (4.3)

where
b=, bi=(fu i), A=[A]3%  An = an(di ).

The numerical solution is given by

2No

up =Y ajop(x) € Uy,
k=1
To numerically evaluate /(-), we approximate it through numerical integration:
/ j <Z akqﬁk(m)) ds ~ Zwij (Oék(ﬁk(:ltz)) =: ’wTj(a).
s iel
In addition, we assume that N; components corresponding to the index set I of I'; are

listed first, and write the vector « in block form as a = [(a1)7”, (a2)”]|T with a; € RM,
Similarly,

_ |An A _ b ~ Jun
4= {Ang A2J b= [bJ YT { ] @5
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As shown in [26], Problem (P’f) is equivalent to a minimization problem. Following
arguments similar to that in [23], we can reformulate it as

o
where
Flay) = %a{;&vlal — I;lTal +wljlay), Yoy € RM, (4.6)
C={oy € RN | max{|ay| — g} <0}
with

A=Ay — Ap Ay AL, by = b, — A2 A5 by,

Here, || denotes a new vector formed by taking the absolute value for each entry of
a1 and g is a vector formed by the values of g(x) at node points on I's.

Finally, the problem (4.5) is recast as a DC programming problem where the objec-
tive function is the difference of two convex functions, which can be solved efficiently
by using the multiobjective double bundle method developed in [38]. Now, let us
consider the numerical simulation of an example of Problem (P;) to investigate the
computational performance of our method proposed.

Example 4.1. The domain 2 = (0, 1) x (0,1) is the cross section of a three-dimensional
linearly elastic body and the plane stress condition is imposed. The boundary 92 is
decomposed into three parts: T'; = ({0} x [0,1]) U ({1} x [0,1]) where the body is
clamped, I's = (0,1) x {0} where frictional contact takes place, and the remaining part
'y = (0,1) x {1} for traction boundary condition. The elasticity tensor F is given by
Ev E
ij = i + ———¢ij, 154, <2,
(fE)J (1+y)(1_2y)(611+622) ]+1+y€] 1,

where E is the Young modulus, v is the Poisson ratio of the material and §;; is the
Kronecker delta. We use the following data:

FE = 65daN/mm?, v =0.29,
f1 = (0,0)GPam, f2 = (O, —8) GPam.
For the numerical simulations we choose g = 0.02. In addition, we choose
kyo(r) =40 (0.5r% +p(r)), reR,
where r* = max{r,0} and
0, if r<o,
T, if r€]0,0.01],

0.02—r, if 7€ (0.01,0.02),
r—0.02, if r>0.02.

p(r) =
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Choosing j, (u,) = [, kuv(r) dr, we obtain

0, if w, <0,

30u2 if w, € (0,0.01]
i (u,) = v’ ’ ’ “4.7)
vy 0.8u, — 10u2 — 0.004, if w, € (0.01,0.02),

30u2 — 0.8u, + 0.012, if wu, > 0.02.

Let j,(uy,) = jL(u,) — j2(u,), where

10u2, if w, <0,

, 40u?, if w, €(0,0.01],

Ja(uy) = : ( ] (4.8)
0.8u, — 0.004, if w, € (0.01,0.02),

40u? — 0.8u, +0.012, if u, > 0.02,
and
32 (u,) = 10u2.
h

)
g (ult) = 33 (ul)) = 32 (ul),

/ ) ds = / () = () ) ds = wldten) = )

For the numerical solution «”, we choose

with
jlen) = jylan) = ji(en),
and the corresponding constraint is

€ ={a; € RM | max{|a;| — g} < 0}.

Then, we use the multiobjective double bundle method to obtain the numerical results.

The numerical solutions in normal direction, corresponding to four different types
polygonal meshes (cf. [42]) are displayed in Fig. 1, respectively.

We compute the numerical solutions for different NV, which is the element number
of the mesh. According to the numerical solutions in normal direction on the boundary
[0,1] x {0}, a similar convergence trend is clearly observed (cf. Fig. 2).

In Table 1 and Fig. 3, we report relative errors ||u,ef —up|| £/||tret || ¢ Of the numerical
solutions in the energy norm on square meshes, where the energy norm is given by

1
lvlle = ﬁ(}"(e(v))’e(v))

Q=

Table 1: Numerical errors on square meshes for lowest-order VEM.

h 1/4 1/8 1/16 1/32 1/64
error | 52.07% | 30.67% || 17.89% | 10.31% | 5.602%
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Figure 2: The numerical solutions in normal direction on [0, 1] x {0} for different N.
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Figure 3: Relative errors in energy norm.

Note that the error bound predicts an optimal first order convergence of the numerical
solutions measured in the energy norm, under the suitable regularity assumptions.
Since the true solution w is not available, we use the numerical solution with a fine
mesh as the “reference” solution u,.; in computing the solution errors. Specifically, the
“reference” solution wu,.¢ is set as the numerical solution with h = ﬁ.

The relative errors in energy norm are shown in Fig. 3.
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