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ABSTRACT

We characterize hyponormal “trigonometric” Toeplitz pairs, which are pairs of
Toeplitz operators on the Hardy space H?(T) of the unit circle T, with trigonometric
polynomial symbols. Suppose ¢ and 1) are trigonometric polynomials of analytic
degrees N and n (n < N) and co-analytic degrees m and [, respectively. Then the
hyponormality of the Toeplitz pair T = (T, T,,) can be described as follows:

(i) If I =m =0, then T is necessarily subnormal.
(ii) If { = 0 and m # 0, then T is hyponormal if and only if T,, is hyponormal
and n < N —m.
(iii) If I # 0 and m = 0, then T is not hyponormal.
(iv) If I # 0 and m # 0, then T is hyponormal if and only if T, is hyponormal
and ¢ — c1p = Z;.\:Om djz7 for some ¢, dp,...,dN_m € C.

In the cases where T is hyponormal, the rank of the self-commutator of T equals
the rank of the self-commutator of T;,. Moreover weak hyponormality and hyponor-
mality for T are equivalent properties. This characterization can be extended to
trigonometric Toeplitz n-tuples. We also discuss the gap between 2-hyponormality
and subnormality for Toeplitz operators, and we give applications to flatness of
hyponormal Toeplitz pairs, Toeplitz extensions of positive moment matrices, and
hyponormality of single Toeplitz operators.

1991 Mathematics Subject Classification. Primary 47B20, 47B35, 47A63; Secondary 47B37,
47B47.

Key words and phrases. Hyponormal, subnormal, jointly hyponormal, weakly hyponormal,
k-hyponormal, trigonometric Toeplitz pairs, flatness, Toeplitz extensions, moment matrices.
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INTRODUCTION

The Bram-Halmos characterization of subnormality ([At], [Br], [Con]) states
that a bounded linear operator T" on a Hilbert space is subnormal if and only if the
following holds:

I T* ... Tk
T TT ... T*T

(0.1) : : . : >0 for all k£ > 1.
Tk T*TF ... THRTE

Condition (0.1) provides a measure of the gap between hyponormality and subnor-
mality. In fact the positivity condition (0.1) for k = 1 is equivalent to the hyponor-
mality of T, while subnormality requires the validity of (0.1) for all k. Between
those two extremes there exists a whole slew of increasingly stricter conditions,
each expressible in terms of the joint hyponormality of the tuples (I, T, T2, ...,T%).
In 1988, the notion of “joint hyponormality” (for the general case of n-tuples of
operators) was first formally introduced by A. Athavale [At]. He conceived joint
hyponormality as a notion at least as strong as requiring that the linear span of
the operator coordinates consist of hyponormal operators, the latter notion being
called weak joint hyponormality.

In the ensuing years, subnormality, joint hyponormality, and weak joint hyponor-
mality were studied by A. Athavale [At], J. Conway and W. Szymanski [CoS], R.
Douglas, V. Paulsen, and K. Yan [DPY], R. Douglas and K. Yan [DY], D. Farenick
and R. McEachin [FM], S. McCullough and V. Paulsen [McCP], D. Xia [Xi2],
the first named author, P. Muhly, and J. Xia [CMX], [Cu2], and others. Joint
hyponormality originated from questions about commuting normal extensions of
commuting operators, and it has also been considered with an aim at understand-
ing the gap between hyponormality and subnormality for single operators. To date,
much of the research on joint hyponormality has dealt with commuting tuples of
hyponormal operators.

In [FM], Farenick and McEachin studied operators that form hyponormal pairs
in the presence of the unilateral shift. Since the unilateral shift is a Toeplitz operator
on the Hardy space of the unit circle, one can ask whether the results in [FM]
extend to Toeplitz pairs, that is, pairs whose coordinates are Toeplitz operators
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on the Hardy space H%(T) of the unit circle T. One of our main results is a
complete characterization of hyponormal trigonometric Toeplitz pairs, that is, pairs
of Toeplitz operators with trigonometric polynomial symbols. As we will see in
Chapter 2, this characterization can be extended to trigonometric Toeplitz n-tuples;
in fact, we prove that the hyponormality of trigonometric Toeplitz n-tuples can be
reduced to consideration of Toeplitz pairs.

Let H be a Hilbert space and let £(H) be the algebra of bounded linear operators
on H. For A,B € L(H), we let [A, B] :== AB — BA; [A, B] is the commutator of
A and B. Given an n-tuple T = (T1,...,T;,) of operators on H, we let [T*, T] €
L(H®---®H) denote the self-commutator of T, defined by [T*,T};; := [T}, T;]
(1 <4,5 <n). (This definition of self-commutator for n-tuples of operators on a
Hilbert space was introduced by A. Athavale in [At].) For instance, if n = 2,

o (LT T
o= () G )

By analogy with the case n = 1, we shall say ([At], [CMX]) that T is jointly
hyponormal (or simply, hyponormal) if [T*, T] is a positive operator on H®- - - H.
T is said to be normal if T is commuting and every T; is a normal operator,
and subnormal if T is the restriction of a normal n-tuple to a common invariant
subspace. Clearly, the normality, subnormality or hyponormality of an n-tuple
requires as a necessary condition that every coordinate in the tuple be normal,
subnormal or hyponormal, respectively. Normality and subnormality require that
the coordinates commute, but hyponormality does not. The same is true of weak
hyponormality, defined by asking that

LS(T) = ZajTj ra=(ag,...,a,) € C"
j=1

consist entirely of hyponormal operators. In general, hyponormal = weakly hy-
ponormal, but the converse does not hold even under the assumption of commuta-
tivity ([At], [CMX]).

Related to this circle of ideas is the notion of k-hyponormality for single opera-
tors. For k > 1, an operator T' € L(H) is said to be k-hyponormal if (T, T?,...,T*)
is hyponormal. The classes of k-hyponormal operators have been studied in an at-
tempt to bridge the gap between subnormality and hyponormality ([Cul], [Cu2],
[CF2], [CF3]|, [CMX], [DPY], [McCP]).

Recall that the Hilbert space L?(T) has a canonical orthonormal basis given by
the trigonometric functions e, (z) = 2", for all n € Z, and that the Hardy space
H?(T) is the closed linear span of {e, : n =0,1,...}. An element f € L*(T) is said
to be analytic if f € H%(T), and co-analytic if f € L?(T) © H?(T). If P denotes
the projection operator L?(T) — H?(T), then for every ¢ € L°(T), the operators
T, and H, on H*(T) defined by

T,g:= P(pg) and Hy(g) := (I - P)(pg) (g€ H*(T))
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are called the Toeplitz operator and the Hankel operator, respectively, with symbol
©.

For U the unilateral shift on £o we let P, := [U*",U"]; P, is a rank-n projection.
If ¢ is a trigonometric polynomial of the form ¢(z) = Zgz_m a, 2", where a_,,

and ay are nonzero, then the nonnegative integers m and N denote the co-analytic
and analytic degrees of ¢, respectively. Pairs of Toeplitz operators will be called
Toeplitz pairs. Finally, for an operator T € L(H), we let N(T) and R(T) denote
the kernel and range of T', respectively.

The organization of the paper is as follows. In Chapter 1 we characterize the
hyponormality of Toeplitz pairs with one coordinate a Toeplitz operator with an-
alytic polynomial symbol, and show that for these pairs hyponormality and weak
hyponormality coincide.

In Chapter 2 we characterize the hyponormality of Toeplitz pairs in which both
coordinates have trigonometric polynomial symbols, and we show that the hyponor-
mality of a trigonometric Toeplitz n-tuple can be detected by checking the hyponor-
mality of all of its sub-pairs. We also give an example to show that for non-Toeplitz
n-tuples, the hyponormality of each sub-pair is not a sufficient condition. We do
this by invoking the k-hyponormality of a unilateral weighted shift considered in
[Cul]; this shift is a close relative of the Bergman shift B.

In Chapter 3 we consider the following question: Is every 2-hyponormal Toeplitz
operator T, subnormal ? Since in general the pair (T, Tj) is not a Toeplitz pair
(because the square of a Toeplitz operator need not be a Toeplitz operator), the
2-hyponormality of T, seems to be quite delicate. This question bears resemblance
to the Halmos question [Hall]: Is every subnormal Toeplitz operator either nor-
mal or analytic 7 Even though a negative answer to the Halmos question was given
by C. Cowen and J. Long [CoL], in which a Toeplitz operator unitarily equiva-
lent to a weighted shift was used, it remains still open to characterize subnormal
Toeplitz operators T, in terms of their symbols ¢. Our question seems to be at
least as difficult as the Halmos question because, as we shall show in Corollary
3.3, unilateral weighted shifts cannot provide a negative answer. In other words,
every 2-hyponormal Toeplitz operator which is unitarily equivalent to a unilateral
weighted shift must be subnormal. Nevertheless, we provide an affirmative answer
to the above question for trigonometric Toeplitz operators (Theorem 3.2): Every
2-hyponormal trigonometric Toeplitz operator is necessarily subnormal.

Chapter 4 contains applications of the results in previous chapters. Firstly, we
introduce the notion of flatness for a Toeplitz pair and show that every hyponormal
trigonometric Toeplitz pair is necessarily flat. Secondly, we discuss the Toeplitz
extension problem of positive moment matrices, and then show that a solution of
the associated quadratic moment problem exists ([CF4]) if and only if the moment
matrix admits a Toeplitz extension. Lastly, we give an example which illustrates
how the joint hyponormality of Toeplitz pairs can be applied to determine the
hyponormality of single Toeplitz operators.

Chapter 5 is devoted to some concluding remarks and open problems.



4 RAUL E. CURTO AND WOO YOUNG LEE

Recall that if (71,7%) is hyponormal, then so is (17 — A\ I, T — \oI) for every
A, Ay € C. Thus if ¢,¢ € L>=(T) have Fourier coefficients ¢(n),1h(n) for every
n € Z, respectively, then the hyponormality of (Ty,T,) is independent of the
particular values of ¢(0) and 1[)(0) Therefore, throughout this paper, we will assume

that the 0-th coefficient ¢(0) of the given symbol ¢ of a Toeplitz operator is zero.

Acknowledgments. The work of the second author was undertaken during the sum-
mer and winter breaks of 1997 at The University of lowa. He would like to take this
opportunity to thank the Department of Mathematics for the hospitality received
during his stay.



CHAPTER 1

HYPONORMALITY OF TOEPLITZ PAIRS WITH
ONE COORDINATE A TOEPLITZ OPERATOR
WITH ANALYTIC POLYNOMIAL SYMBOL

In [FM], Farenick and McEachin characterized hyponormality for Toeplitz pairs
one of whose coordinates is the unilateral shift. We shall extend this result to
arbitrary analytic polynomial symbols. We first give several lemmas that will be
used extensively in the sequel.

Lemma 1.1 ([CMX], [Xil]). Let T = (11, T3) be a pair of operators on H. Then
T is hyponormal if and only if
(i) Ty is hyponormal
(ii) T» is hyponormal
(iii) [T5,Th] = [Ty, 1]z D [Ty, To]z  for some contraction D, or equivalently,

|([T2*5T1]y5 $)|2 < ([Tl*aTl]xv x)([TQ*aTQ]y7 y) fOT all T,y € H.

B* C
invertible, and C self-adjoint. Then T > 0 if and only if B*A='B < C. More
generally, if A >0, if C is self-adjoint, and if R(A) is closed (e.g., if A is of finite
rank) then

Lemma 1.2. Let H = H1 ® Ho and let T = (A B):H—>H with A > 0, A

(1.2.1) T>0 < B*A*B<C and R(B)C R(A),

where, for an operator S, S# is the Moore-Penrose inverse of S, in the sense that
SS#S =S, S#SS# = S§#, (S#S)* = S#S, and (SS¥)* = SS#.

Remark. It is known ([Har, Theorem 8.7.1]) that if an operator on a Hilbert space
has closed range then it has a Moore-Penrose inverse. In fact, the converse is also
true. Moreover the Moore-Penrose inverse is unique whenever it exists, and the
Moore-Penrose inverse of a positive operator is also positive. In addition, observe
that if the range condition is dropped in (1.2.1), then the backward implication may

fail even though A# exists: for example, if A = (é 8), B = (;), and C = (1),

then evidently B*A# B = C, but (Bf‘* g) is not positive.

Proof of Lemma 1.2. The first assertion is a well-known fact (cf. [CMX]). For the
second assertion, observe that R(v/A) = R(A). Now suppose 7' > 0. Then we have
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([Smu]) that C > 0 and B = vAEV/C for some contraction E € £(Ha,H;). Thus
R(B) C R(VA) = R(A). On the other hand, we can write

A= (f‘éo 8) L R(A) ® N(A) — R(A) ® N(A),

where Ay is invertible. The Moore-Penrose inverse of A is then A% := (Ag ' 8).
Since R(B) C R(A), B can also be written as

B
B= ( 00> :Hy — R(A) ® N(A).
Thus by the first assertion, we have B(’;Ango < C,so B*A# B < C. The argument
for the converse is similar. This proves the second assertion. O

An elegant theorem of C. Cowen [Cow] characterizes the hyponormality of a
Toeplitz operator T, on H?(T) by properties of the symbol ¢ € L>*(T). We
shall employ a variant of Cowen’s Theorem that was first proposed by Nakazi and
Takahashi in [NT.

Theorem 1.3 ([Cow], [NT]). Suppose that ¢ € L>®(T) is arbitrary and write
E(p) :={ke H®(T) : ||klloo <1 and ¢ —kp e H>*(T)}.

Then T, is hyponormal if and only if the set £(p) is nonempty.

An abstract version of Cowen’s criterion has been developed in [Gu]. We record
here results on the hyponormality of single Toeplitz operators with trigonometric
polynomial symbols, which have been developed recently ([FL1], [FL2]). The
stability of the rank of the self-commutator in (iii) appears to be new.

Lemma 1.4. Suppose that ¢ is a trigonometric polynomial of the form o(z) =

N n

D e Gn 2"
(i) If T, is a hyponormal operator then m < N and |a—_p,| < |an|.

(ii) If T, is a hyponormal operator then N —m < rank [T3;, T,] < N.

(ili) The hyponormality of T, is independent of the particular values of the
Fourier coefficients ag,an,...,an—m of ¢. Moreover, for T, hyponormal,
the rank of the self-commutator of T,, is independent of those coefficients.

(iv) If m < N and |a—n| = |an]| # 0, then T, is hyponormal if and only if the
following equation holds:

a—1 AN —m+1

a_s AN —m+2
(1.4.1) an : =a_m :

A—m an

In this case, the rank of [T3;,Ty] is N —m.
(v) T, is normal if and only if m = N, |a_n| = |an|, and (1.4.1) holds with
m=N.
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Proof. By the results in [FL1] and [FL2], it suffices to focus on the second assertion
of (iii). To prove this, suppose T, is hyponormal. Then by Theorem 10 in [NT],
there exists a finite Blaschke product b € £(p) such that the degree of b equals the
rank of [T, T,]. The function b is of the form

b _wzn<z_§j>7
(z)=e 2]1;[1 1=C -

where 0 < |(;] < 1 for j = 1,...,n. However, if b € £(p) is of the form b(z) =
Z;io bjzj, then since ¢ — by € H>* we must have by = by = --- = by_,m—1 = 0.
Therefore the Blaschke product b must be of the form

b(z) = it N ﬁ[l ( il ) (n < m).

1—CjZ

This shows that every Blaschke product in £(p) is independent of the values of
o, a1, - .., aN—m and therefore so is rank [T}, T,]. O

The following lemma provides a strengthened version of Lemma 1.4(iii).

Lemma 1.5. Suppose ¢ is a trigonometric polynomial such that o = f + g, where
[ and g are analytic polynomials of degrees m and N (m < N), respectively. If
V= f+Tzg (r < N—m), then T, is hyponormal if and only if Ty, is hyponormal.

Proof. Let r < N —m and define
N
goi=3 an", @oi=F+go, and hi=Teg.

Then h = 2"go and ¢ = f + h. Observe, by Lemma 1.4(iii), that 7, is hyponormal
if and only if T, is hyponormal. Suppose T;, is hyponormal and hence so is Ty,,.
By Theorem 1.3, there exists a function k € H*(T) such that ||k||lc < 1 and
0o — k@o € H®(T). Then f — kgo € H>(T), which forces k to be of the form
k(z) = Y00 y_mcnz™. Thus we have f — kz"h € H>®(T). If we now define
k:=kz", then since r < N —m it follows that k € H>°(T) and ||k||oe = ||k|oo < 1.
Hence f —kh e H® (T) and therefore ¢ — ki e H® (T), which implies that T}, is
hyponormal. The argument for the converse is similar. O

The following is a generalization of [FM, Theorem].

Proposition 1.6. Suppose p € L>(T).
(i) If p is an analytic polynomial of the form p(z) = Z?:O a;jzd, where oy, is
nonzero, then a pair (T, Ty) is hyponormal if and only if

*

(1.6.1) > a;H;PiHp | RC,'R* | Y oyHzPiHg | < (T3, T,

Jj=1 Jj=1
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where Cy, is the compression of [T, Tp] to \/{1,z2,. ., 2" 1Y and R is the
restriction of the identity I to \/{1,z2,...,2""1}; that is,

10 ... 0
01 ... 0
(1.6.2) R=1. .

(e}
- O
(e}

(here \/ G denotes the closed linear span of G).
(i) For every n € Z", we have

(1.6.3) (U™, T,) is hyponormal <= (PnH¢)*(PnH¢) < [T}, T,

(iii) Moreover, if ¢ € L>=(T) is such that ¢ = f + g for some f € L> © H? and
g€ H?, and if ¢ := f + Tzng € L>(T), then

(1.6.4) (U™, T,) is hyponormal <= Ty is hyponormal.
(iv) Also we have

(1.6.5) (U™, T,) is subnormal <= ¢ is analytic.

Proof. Let T := (T}, T,), and recall that the self-commutator of T is given by

o ([T (TT)
", 1] = ([T;,m [T;,m) '

Suppose ¢ € L has Fourier coefficients ¢(n) = a,, for every n € Z. Note that

[T, Tp] has a matrix representation of the form (‘3 8), where A is an n x n (finite)

matrix. Since, by Lemma 1.4(ii), the rank of the self-commutator of a Toeplitz
operator with (analytic) polynomial symbol is just the degree of the polynomial,
we have n = rank [Tp* ,Tp] = rank A, which implies that A is invertible. On the
other hand,

[T, T, =T;T, - T,T; = Z%U T,]

A straightforward calculation shows that with respect to the decomposition of H?@
H? as P,(H?) @ (H? © P,(H?)) & H?, the self-commutator of T has the form

A 0 B
T T]=( 0 0 0 :
B* 0 [I3,T,]

where

a; 0...0 aza; 0...0 an Ap—1 ... @1
B*:@l <a20...0>+d2<a3a20...0>+.”+dn <(l7z+1 an ...a2>'
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On the other hand, by Lemma 1.2, [T*,T] > 0 if and only if B*A~'B < [T}, T,].
Since the matrix representation of Hz; P;Hy is given by

aj G541
as
ao as ,
a1 as as ... Q@ Gj41
0 0 0 0 0
we have .
n
B*= | a;H;PH,| R
j=1
Since A is the compression of [T}, T} to \/{1,z2,..., 2" 11 we can conclude that

(Tp,Ty) is hyponormal if and only if

*

n n
> a;H.PiH, | RC,'R* |y oyHy PiH, | < [T5,T,).
j=1 j=1

This completes the proof of (i).
The statement in (ii) is a special case of (i) with p(z) = z". Here C, = I,, and
hence RC, !R* = P,. Therefore by (i), (U™, T,) is hyponormal if and only if

(PnHp) HinPoHzr (PaHg) < [T7,T),
or equivalently,
(PuT)" (PuITy) < [TLT,

For (iii), suppose that ¢ = f + g for some f € L? © H? and g € H?, and that
Y = f+Tzng € L>(T). Then it suffices to show that the operators [T}, T,] —

(PnH¢)* (PnH¢) and [TJ)7 T] have the same matrix representations. Suppose ¢ €
L°°(T) has Fourier coefficients 1)(m) = by, for every m € Z. Then

[ an (m < 0)
b = { Amin (M >0).

With respect to the canonical orthonormal basis of H?, [T, Ty] and [T3,T,] —

(PnH¢)* (PnH¢) have matrix representation whose (p, v)-entries are, respectively,
e — —
Z(bj*ubjfv - bu*jbvfj)v
j=0



10 RAUL E. CURTO AND WOO YOUNG LEE

and
(oo} n
> (@-pjmv = G jGu—j) = D Qi
Jj=0 j=1

Since for every sequence {cj }rez of complex numbers,

ptv

Z(Ej*ucjﬂ/ — Cu—jCu—j) =0,

j=0

it follows that

o0 n
> (@i = Qujly—j) = Y At jlinej
Jj=0 j=1
(o) n
= > (@opioy — G jlug) = Y Gl
j=p+rv+1 Jj=1
(o) o0

= E , Aj—pAj—v — E Ap—jv—j
j=p+v+n+1 j=pt+v+1
(oo} [e.e]

= Z Aj—ptnj—vtn — Z bu—jy—;
j=ptv+l J=ptv+
(oo} o0

= > biubi— Y bujb
j=p+rv+1 j=p+rv+1
(o]

= > (bj—ubj—v = bu—jbi—y)

Jj=p+r+1

oo
= (Bj-ubjmv = bu—jbu—j),
j=0
which says that the (u, v)-entries of [T, T)] — (PnH¢)*(PnH¢) and [TJ}, Ty] coin-
cide for all y and v. This proves (iii).

The backward implication of (1.6.5) follows from the fact that (M.»,M,) is a
normal extension of (U™, T,), where My denotes the multiplication operator on
L3*(T) by ¢ € L*(T). For the forward implication of (1.6.5), observe that the
subnormality of (U",T,) implies the commutativity of U™ and T,. This forces ¢
to be analytic, and proves (iv). O

Consider the following two pairs:
T, = (U,T,) and Ty = (U%T,).

For ¢ = 272, T, + U is not hyponormal, but T;, + U? is. This may suggest that,
for general o, T is less likely than Ts to be hyponormal. However, Proposition
1.6(iii) shows that the opposite is true: if ¢ = 27! + 22, then T; is hyponormal
whereas T is not.

In fact we have:
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Corollary 1.7. If (U™, T,) is hyponormal and 0 < m < n, then (U™, T,) is
hyponormal.

Proof. Suppose 0 < m <n. If ¢; ;== f+Tsng and ©g := f + Tzmg (cf. Proposition
1.6), Lemma 1.5 shows that the hyponormality of Ty, implies that of Ty,. Thus
the result immediately follows from (1.6.4). O

We next generalize the criterion (1.6.4). First we need two auxiliary results.
Lemma 1.8. If p is an analytic polynomial of degree n, then
(1.8.1) [T, T,)% = H: W,
where W is a partial isometry whose initial and final space is \/{1,z,...,2" "1},

Proof. In general, if p € H>*(T), then [T3;,T,] = H;Hs—H;H, = HZHg. Suppose
Hy = W|Hj| is the polar decomposition, where W is a partial isometry whose initial
and final space is \/{1,z,...,2""'}. Then |Hp| = W*Hp = HZW, so [T;,Tp]% =

(H;Hp)? = |Hp| = H;W, which gives (1.8.1). O

Corollary 1.9. Ifp is an analytic polynomial of the form p(z) = Y} _, 2", with
ap, nonzero, then

(1.9.1) [T, T, = <Z a Sk> Hzn W,

k=1

where W is the partial isometry in (1.8.1) and Sk, = QP00 for Qr = (ai—;)1<i,j<n
the n x n upper triangular Toeplitz matrixz given by

{1 ifj—i=n—k
Qij—j =

0 otherwise.

Proof. If we write [M]y . . .»-1} for the compression of M to \/{1,z2,.. 2"
then we have [ag, Skl{1,2,... .n—1} = i Qk, and hence

Ay Qp_1 (%) a1
n Oy, QAp—1 (%)
Sos] -
k=1 {1,2,...,zn—1} U1
Qo
By (1.8.1),
a1 @s an 0 *
(%) 0
n )
. . . 1
(Z%&) Han W = d 0 W =H;W =[T,;,T,)?,
k=1 "
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which completes the proof. O

Our main result of this chapter is the following;:

Theorem 1.10. Let ¢ € L*°(T) be arbitrary and let p be an analytic polynomial
of degreen. If p = f+g for some f € L H? and g € H?, and if ¢ := f+Teng €
Lo°(T), then

(1.10.1) (T, T,) is hyponormal <= T is hyponormal.

Proof. Write p(z) = > p_,axz" (an # 0). Suppose Ty is hyponormal, hence
(U™, T,) is hyponormal, by (1.6.1). By Lemma 1.1,

[T;, Un] = [U*n, Un]% D [T(;TA%
with some contraction D. If ¢ € L°°(T) has Fourier coefficients ¢(j) = a; for every

j € Z, then for every k =1,...,n,

Gk Gk+1 Qg2
k-1  Qk  Ggt1

Thus if Sk is given as in Corollary 1.9 then S; P, = Sj, for every k =1,...,n, so
[T, U*] = o Sy [T, U™
= ai Sy Po D [T, T,)%
= Sk D[TL T2 (1<k<n).
Let W be the partial isometry in (1.8.1). Since Hz» WW™*Hzx is a projection onto

V{1, z,...,2" 1}, we have (37_, ag Sk) HsnWW*Hzn = >} ap Sk. Thus it
follows from Corollary 1.9 that

n

T3, Tp) =Y [T5 anU*]

k=1

<Z a Sk> D[T:,T,)?
k=1

n
= (Z Qg Sk> HeWW*Hzn D [T}, T,]
k=1

[N

= [}, T,)* W* Heu D[T5,T,]%
* 1 * 1
= [Tpan]Q D' [T¢,T¢]2,

where D’ := W* Hz» D is a contraction. Therefore, by Lemma 1.1, (T),,T,) is
hyponormal. This proves the backward implication of (1.10.1).
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For the forward implication of (1.10.1), suppose (Tp,T,) is hyponormal. By
Lemma 1.1, [T3,T,] = [T;,Tp]% E [Tg,TAé for some contraction E. If W is the
partial isometry in (1.8.1), then it follows that [T}, T},] = Hy (W E)[Tg, Tq,]%. Note
that D := (W E) is also a contraction. Since W is of the form (; 8), where the

upper left corner is an n X n matrix, we can choose D of the form

din diz dis
dor  dop  dos
1.10.2 D=\~ -
( ) dnl dn2 dn3
0 0 0
Then we have
S aidin Yo aidio Sor aidis
A A A
Sty ipidin S ipidin S, aipidss
H; D= Op—1din + apdar  ap_1diz + anday  ap_1diz + apdas
Oéndll Oénd12 and13
0 0 0
and
Z?zl Q;a; E;:gl o—10; ZZ:; Q20
ZZ}I Q1G4 Do il erl Q10
2 (3 =3
T3 Tl = | ap 181 + Qny Q182 + iy 103 + Oy
anal Qi G2 a3
0 0 0
Let
Qn— QU — o
1 ——anl ——%2 ——(’;:1
1 0 0o ... 0
Vi =1 P 1 0 : (k=0,1,...,n—2).
1 0

Now recall that [T}, T,] = Hy D [T;,T¢]%; multiplying each side on the left by
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_9 .
L TT:Z; Vi we obtain

[e2D)

(1.10.3)
dnl dn2 dnB s an @n+1 @n+2
dnfl,l dn71,2 dnfl,?) o ap—1 an dnJrl
. 1
. . . T*7 T 3 —
d11 di2 di3 e | ? ol a1 az as

0 0 0 0 0 0

Since the infinite matrix in the left-hand side of (1.10.3) represents Hz» D, we have
(1.10.4) [U*",U™? Ho DT, T,) = [T, U").

Since Hzn» D is a contraction, (1.10.4) via Lemma 1.1 shows that (U",T,) is hy-
ponormal and hence, by (1.6.4), Ty is hyponormal. This proves the forward impli-
cation of (1.10.1) and completes the proof of the theorem. O

If, in Theorem 1.10, ¢ is a trigonometric polynomial, we can get a simple neces-
sary and sufficient condition for hyponormality of a Toeplitz pair (T}, T).

Corollary 1.11. Suppose that ¢ is a trigonometric polynomial of co-analytic and
analytic degrees m and N, and that p is an analytic polynomial of degree n.

(i) We have

(1.11.1) (Tp,T,) is hyponormal <= T, is hyponormal and m < max{N —n,0}.
(ii) Moreover, if N < n, then

(1.11.2) (Tp,Ty) is hyponormal <= ¢ is analytic <= (T}, T,) is subnormal.

(i) The hyponormality of (T, T,) is independent of the particular values of the
Fourier coefficients ¢(0), $(1),...,o(N —m) of ¢.

(iv) In the cases where the pair T = (T},,T,) is hyponormal, the rank of the
self-commutator of T equals the rank of the self-commutator of T, :

(1.11.3) rank [T*, T| = rank [T}, T,,].

Proof. Write ¢ = f + g with

m N
f(z):= Za_kz_k and g(z):= Z apz".
k=1 k=0

Put ¢ := f +Tzng. If n < N —m, then by Lemma 1.5, T}, is hyponormal if and
only if T, is hyponormal. By Lemma 1.4(i), we now have

Ty is hyponormal <= T, is hyponormal and m < max {N —n,0}.
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Therefore by Proposition 1.6(iii) and (1.10.1), we have
(Tp, Ty) is hyponormal <= T, is hyponormal and m < max{N — n, 0},

which proves (i).

(i) Observe that if N < n then 1 is co-analytic. Thus T}, is hyponormal if and
only if m = 0, so ¢ is analytic. This together with (1.6.5) gives (1.11.2).

(iii) Recall that by Lemma 1.4(iii) the hyponormality of T, is independent of the
particular values of the Fourier coefficients ag, a1, .. .,an_., of ¢; it follows that the
hyponormality of T, is also independent of these coefficients. Now apply (1.11.1).

The proof of (iv) will be given in Chapter 2 (Corollary 2.9). d

Corollary 1.12. Suppose ¢ is a trigonometric polynomial of the form o(z) =
Zsz_m arpz® and p is an analytic polynomial of degree n. If |a_.,| = |an| # 0 and
if n < N —m, then

a_1 AN —m+1
_ a_s AN —m+2
(1.12.1) (Tp,T,) is hyponormal <= an ) =0_m
A_m an
Proof. This follows from Lemma 1.4(iv) and (1.11.1). O

Example 1.13. The operators U+U? and U* +2U? are both hyponormal, whereas
the pair (U 4+ U?,U* 4 2U?) is not hyponormal.

Proof. In general (cf. [FL1, Corollary 1.9]), Ay U*™ 4+ X\UY is hyponormal if and
only if m < N and |A| < |A2|. Thus U* + 2U? is hyponormal. Applying the
criterion (1.11.1) with n = 2,m = 1, and N = 2, we see that (U + U2, U* + 2U?)
is not hyponormal. O

Example 1.14. The pair (U — U2, U* + U*) is hyponormal if and only if k > 3.

Proof. Observe that U* + U* is hyponormal if and only if £ > 1. Now applying
(1.11.1) gives that (U —U?,U* 4+ U¥) is hyponormal if and only if 2 < max {k—1,0}
if and only if £ > 3. O

Remark 1.15. In view of Theorem 1.10, one is tempted to guess that if p(z) =
Sh_ a2k if o € L°°(T) is such that ¢ = f + g for some f,g € H?, and if
'l/) = Tzlf + Tgng (S LOO(T), then

(1.15.1) (Tp,Ty) is hyponormal <= T, is hyponormal.

Note that if I = 0, then (1.15.1) reduces to (1.10.1). However, (1.15.1) cannot hold.
For example, consider the following pairs:

T, =U*+U, U?+U? and To=(1+U, U +U?).
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Since U* 4+ U is self-adjoint, and U* + U and U*? + U3 do not commute, it follows
([CMX, Example 1.14]) that T4 is not hyponormal. By contrast, T is hyponormal
by Corollary 1.11. Note that if ¢, (resp. ¥T,) is defined as above, then ¢, (z) =
P, (2) = 2 + 22

Recall that hyponormal = weakly hyponormal, but that the converse is not true
in general. These two notions coincide in some special cases (cf. [CoS], [CMX])—for
example, every weakly hyponormal pair having a normal coordinate is hyponormal.
On the other hand one might ask whether every weakly hyponormal Toeplitz pair
is hyponormal. We now provide evidence that the answer may be affirmative. To
see this, we need the following lemma, of independent interest.

Lemma 1.16. Suppose ¢(z) = ZN an 2" satisfies one of the following condi-

] n=-m
tions:

(a) Forsome j (0 <j < m—1), |a_m+j| is substantially larger than the absolute

value of every element in the set {an—j,an—jt1,...,an}: more concretely,
J
(1.16.1) il > lan—i] (0<j<m—1);
i=0

(b) For somej (1 <j<m-—1), |an—;| is substantially larger than the absolute
value of every element in the set {a—m4;} U {an—jt1,an—j42,...,aN}:
more concretely,

(1.16.2) lan_;| >

an
a—m

j—1
' <|am+j| +> |aNi|> (I<j<m-1).
=0

Then T, is not hyponormal.

Proof. Suppose k € H™ satisfies ¢ — k@ € H*>. Then k necessarily satisfies the

property that
N

k Z anz” " — f: a_nz e H™.
n=1

n=1

Thus the Fourier coefficients k(0), k(1),..., k(N — 1) of k are determined uniquely
from the coefficients of ¢ by the recurrence relations

E(0)=---=k(N—-=m—1)=0;
F(N —m) = %

(1.16.3)

k(N —m+j) = (@v)fl (aferj =S k(N —m+j —i) dei)
forj=1,....m—1.

Now suppose (1.16.1) holds. Without loss of generality, we can assume that l%(N —

m), k(N —m+1),..., k(N —m+j—1) all have absolute value at most 1 (otherwise
[kl > ||kll2 > sup, |k(7)] > 1 and hence E(¢) = 0, which implies by Cowen’s
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Theorem (Theorem 1.3) that T, is not hyponormal). From the above recurrence
relations we have

. , 1 I o
bV = m )| > o <|am+j| SS RN —mt =) |aNi|> .
i=1
Since by hypothesis |IA<:(N —m—+1i)] <1foreveryi=0,1,...,57 — 1, it follows that
~ 1 J
BN —m +5)| > = { la—misl = D lan ]
jan] i=1
s lanl 4 (by (1.16.1)).
lan]
Therefore we have ||k||oc > 1 whenever ¢ — k@ € H*. This implies that (p) =0
and hence by Theorem 1.3, T, is not hyponormal. The argument for (1.16.2) is
similar. O

We now have:

Theorem 1.17. Let ¢ be a trigonometric polynomial of co-analytic and analytic
degrees m and N, and let p be an analytic polynomial of degree n. Then the following
four statements are equivalent:

(i) (Tp,Ty) is hyponormal;
(ii) (Tp,Ty) is weakly hyponormal;
(i) (U™, T,) is hyponormal;
(iv) (U™, Ty,) is weakly hyponormal.
Proof. The implication (i) = (ii) is evident. For the implication (ii) = (i), write
p(z) = Y p_obez® and ¢(2) = Zﬁ;_m aiz®. Suppose (T, T,) is weakly hyponor-
mal. Then T, p4+8, is hyponormal for every «, 3 € C. There are three cases to
consider.

Case 1 (n > N). Choose «, 3 so f =1 and |ab,| < |a—m,|. Then, by Lemma
1.4(i), T p+8 o s not hyponormal, a contradiction.

Case 2 (n = N). Choose o, s0o § =1 and |ab, + an| < |a—m|- Again by
Lemma 1.4(i), Tap+34 is not hyponormal, a contradiction.

Case 3 (N—m+1<n <N —1). Observe that (ap+3¢)"(j) = Ba; for every
j > n and for every j < 0. Choose «, 3 so § =1 and || is sufficiently large to
guarantee that

N—-n—1
an
|04bn +an| > ‘—‘ <|aN—m—n| + Z |ClN_i|> :
a—m i=0
Now applying Lemma 1.16 to Ty ptg¢, we see that T, 45, is not hyponormal,
again a contradiction.

The above arguments show that if T, 45, is hyponormal for every a, 8 € C, then
n < N—m,ie., m < N—n. Therefore, by (1.11.1), we have (T}, T,,) is hyponormal.

The equivalence (i) < (iii) comes from (1.6.4) and (1.10.1), and the equivalence
(iil) < (iv) is a special case of (i) < (ii). O
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Remark 1.18 (First “Joint” Version of Cowen’s Theorem). If ¢ € L>(T)
is such that ¢ = f 4+ g for some f,g € H? and if p is an analytic polynomial of
degree n, define

Elp,p) = {k‘ € H* : |lk]|oo <1 and f—kTmge€ HOO}.

Then Theorem 1.10 says that T = (T},,T,) is hyponormal if and only if the set
E(p, ) is nonempty. Moreover there exists a finite Blaschke product b in E(p, )
such that deg (b) = rank [T*, T] (this follows from [N'T, Theorem 10] and Corollary
1.11(iv) above).

When (U™, R) is a hyponormal pair, with R an operator on H?(T), R need
not be a Toeplitz operator. In fact if (U™, R) is a hyponormal pair then Lemma
1.1 implies that R is a block-Toeplitz operator T with a matrix valued symbol
® € L>*(T) ® M,(C). Furthermore, by contrast with Theorem 1.17, there exists a
pair (U™, R) which is weakly hyponormal but not hyponormal (cf. [FM]). On the
other hand, if T is a block-Toeplitz operator of the form

A A1 A .
A Ay Al A

Ay A Ay A A_2 (A; € M,,(C) for every i € Z)

for which (U™, Tg) is a hyponormal pair then the diagonal of A; must be inde-
pendent of the hyponormality of Tg because a U™ 4+ 3 Tg is hyponormal for every
a, 8 € C, and the perturbation of 3Tg by a U™ affects only the diagonal of Ay; if
® € L°°(T) then (1.6.4) illustrates this fact. By analogy with (1.6.4) we have the
following:

Conjecture 1.19. Let ¢ € L>(T) be such that ¢ = f + g for some f € L? & H?
and g € H? let ¢ := f + Teng € L°°(T), and let ® := ¢ ® A, with 4,, € M,(C).
Then (U™, Ts) is hyponormal if and only if Tyg 4, is hyponormal.



CHAPTER 2

HYPONORMALITY OF TRIGONOMETRIC TOEPLITZ PAIRS

If both coordinates of a Toeplitz pair have non-analytic trigonometric polynomial
symbols then hyponormality is rather rigid. Toeplitz operators with trigonomet-
ric polynomial symbols will be simply called trigonometric Toeplitz operators and
Toeplitz pairs with both coordinates trigonometric Toeplitz operators will be called
trigonometric Toeplitz pairs. We begin with:

Lemma 2.1. Let ¢ € L*°(T) be arbitrary and let v be a non-analytic trigonometric
polynomial. If (Ty,T,) is hyponormal then the co-analytic degree of ¢ is finite.
More precisely,

(co-analytic degree of v) < (analytic degree of ).

Proof. Suppose ¢ € L has Fourier coefficients $(n) = a,, (n € Z) and write
P(z) = Zgz_m biz® (m # 0). Assume that (Ty,T,) is hyponormal. Then Ty is
hyponormal and hence m < N. With respect to the canonical orthonormal basis

00
corner is an N x N matrix. It follows that ([T}, Tylex, ex) = 0, for every k > N.

Thus by Lemma 1.1,

{en}po of H?(T), [T}, Ty] has a matrix representation (* 0 ), where the upper left

(2.1.1) ([T, Tplem—1, ex) =0 for every k > N.
Observe that for every k > N,

(T3, Tylem-1, ex) = (I = Pn)[Ty, Tylem-1, ex).
Since

(I = Pn)[T5,Ty) = (I = Pn)(TTy — TyTy)
[ N n o)
<Z ElkU*k Z kak — Z kak Z akU*k>
k=1 k=1 k=1 k=1
+ (Z A URY b U =N b Uy c‘kuk>
k=1 k=1 k=1 k=1

(I — Pn)

= i d,kU’Cib,kU*’“—ib,kU*’“ i a_pU”
k=N+1 k=1 k=1 k=N+1

= — i d,iib,]‘U%‘_ijfl,

i=N+1 j=1

19
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it follows that for every k > N,

e}

m
([T<Z7Tw]€m—176k) =1|- Z @—izb—jUi_ij—l(em—l); ek
i=N+1 =1

(212) = <—bm Z d,iUiiumfl(emfl), 6k>

i=N+1
(oo}
= _b—m< Z a_i€;_1, €k>
i=N+1
=—b_pma_g_1.
Since b_,, # 0, it follows from (2.1.1) that a_r = 0 for every k > N + 1. This
completes the proof. O

The following theorem shows that hyponormal Toeplitz pairs with a normal
coordinate are necessarily normal.

Theorem 2.2. Let ¢ € L*™(T) be arbitrary and let p € L>(T) be such that Ty, is
normal. Then

(2.2.1) (Ty,T,) is hyponormal <= p=ay+ 6 (a,8€C).
Thus every hyponormal Toeplitz pair having a normal coordinate is a normal pair.

Proof. Suppose T is normal. Then by Example 1.14 of [CMX], (Ty,T,) is hy-
ponormal if and only if T}, is hyponormal and TyT, = T,Ty. Now recall that
a necessary and sufficient condition that two Toeplitz operators commute is that
either both be analytic, or both be co-analytic, or one be a linear function of the
other (cf. [BH, Theorem 9]). The equivalence in (2.2.1) is now obvious, and the
second assertion is an immediate consequence of (2.2.1). (]

On the other hand we need not expect that if ¢ € L>°(T) is arbitrary and 1 is
a non-analytic trigonometric polynomial such that (Ty,T,) is hyponormal then ¢
must be a trigonometric polynomial. To see this, we reformulate Cowen’s Theorem
(Theorem 1.3).

Suppose ¢ € L*°(T) is of the form ¢(z) = > 07 anz" and k(z) = > 0 cp2"

is in H?(T). Then ¢ — k@ € H* has a solution k € H* if and only if

a ax az ... Qpn ... Co a1
a asz ... Qp ... C1 a2
Az ... . ... C2 a3
(2.2.2) . _ : = : ,
C an ... : :
Gn,

that is, Hzk = H,eq, where eg = (1,0,0,...). Thus, by Cowen’s Theorem, T, is
hyponormal if and only if there exists a solution k € H® of the equation (2.2.2)
such that ||k||eo < 1.
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Example 2.3. Suppose p,1 € L>=(T) are functions of the form

1 — 1
sp(z):éz’l—kzzn_lz" and P(z)=bz"'+az (a,beC).
n=2

Then (Ty,Ty) is hyponormal if and only if a +6b = 0.

Remark. In view of Lemma 2.1, if 1)(z) = b2z~! + a z, then the hyponormality of
(T, T,) forces ¢ to be of the form ¢(2) =Y 07 | a,2".

Proof. Since the hyponormality of the pair is independent of a scalar multiple of
every factor, we may assume that a = 1. Thus it suffices to show that (Ty,T,)

is hyponormal if and only if b = —%. Observe that k(z) = Y7 cn2" satisfies
¢ — ko e H*® if and only if

0 3 1 3 ,

C =

101 L 0 6

2 4 B 1 0

11 —

1 3 c |10

l . .

8

A straightforward calculation shows that

1 1,
Be)=—¢+D gt

n=1

1
1 273

satisfies (2.2.2). Also, it is easy to see that k(2) = 5 —,
2

T, is hyponormal. Now, Ty, is hyponormal if and only if |b| < 1. On the other hand
a calculation shows that

s0 ||k||s = %. Therefore

* _ 2 .
[T, Tp] = (1= [b]*) & Occ;
b
-2 0
1
i 0
* _ 1 .
[T1paT<P] - 1 0 ?
1
i 0
o111 1 1
36 6 12 24 48 96
101 1 1 1 1
6 3 6 12 24 48
: 11 1 1
12 24 48 96
T, T, =
[T Tl S T
48 96 192
S B
192 384
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If || = 1, then T is normal, so by Theorem 2.2, (T}, T,) is not hyponormal.
Assume [b] # 1. Note that the Moore-Penrose inverse [T}/, Ty)# of (T3, Ty) is given
by

[TJ,Tw]# = ( e ) @ Occ-
Thus we have

(T3 T [T, T # (T3, T,)°

b
-2 1 _b 1 1 1
6 1-[o]2 0 6 2 4 38 0
1
2 0 0 0 0 0 0
- ) . .
= vi 0 0 0
1
3 0 Q 0
b 5 b _b
36 12 24 48
_ b 1 1 1 1
12 4 8 16 32
__ b : 11 1
1— b2 16 32 64
: 1 1
64 128

By Lemma 1.2, (T, T,,) is hyponormal if and only if
[T}, Tp) — [T, Ty) [T, Ty ™ [T, Ty 2 0.

Therefore if (T, T,,) is hyponormal then restricting to the 2 x 2 matrix in the upper
left corner gives

U ol b+ ol
36 36(1—1b 6 12(1—|b
o R P
3

b
6 T - =1

Now a simple calculation shows that this is equivalent to

(1o = 1) (36 b2 + 12Reb + 1) > 0.

Since [b| < 1, we must have b = —%. Conversely if b = —1 then
(2.3.1)
* * * # * *
[Ta,cﬂ T@] - [va T@] [Tw7 Tw] [T ) Tw]
1 1 1 1 1 1 _ 1
36 3536 6 352 12 354 24 358
1_ _1 1_ 9 i_9% 1_ 9 1 _ _9
6 32 3 3 6 32 12 354 24 358
— ir_ 9 1r_ 9 1L__9
= 12 354 24 358 48 3516
1 __9 1 _ _9
i8 T 3516 096 3532
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A simple observation shows that the rank of the matrix in (2.3.1) is 1: more con-
cretely, if v denotes the first row vector of the matrix in (2.3.1) then this matrix can
be represented by (v, %v, 2% v, 2% v,...)T. Now recall ([Smu], [CF4, Proposition

2.2]) that if A is a positive semi-definite matrix and if A= (];4* g

of A satisfying rank A = rank A (such extensions are called flat extensions), then
A is necessarily positive semi-definite. This immediately shows that every hermit-
ian matrix of rank 1 whose (1,1)-entry is positive must be positive semi-definite.
Therefore we can conclude that the matrix in (2.3.1) is positive semi-definite and
therefore (T, T,) is hyponormal. This completes the proof. O

) is an extension

We now give a condition that non-analytic trigonometric polynomials ¢ and v
must necessarily satisfy in order for (T3, T, ) to be a weakly hyponormal pair. It is
somewhat surprising when we compare it with Theorem 1.10.

Theorem 2.4 (A Necessary Condition for Weak Hyponormality). Suppose
@ and 1 are non-analytic trigonometric polynomials. If (Ty,T,) is weakly hyponor-
mal then ¢ and Y have the same co-analytic and analytic degrees.

Proof. Suppose p(z) = chvzfm arz® (m # 0) and ¥(z) = dp__,bp2® (I # 0).
Assume without loss of generality that n < N. Suppose (Ty,T,) is weakly hy-
ponormal. Then T, 443, is hyponormal for every a, 8 € C. We wish to show that
n = N. Assume to the contrary that n < N. Then we claim that [ < m: indeed, if
this were not the case then choosing «, 3 € C such that

(2.4.1) { a=1and |Bay| < [b| it 1> m,

B=1and lan| < |a—m +ab_y| ifl=m,

T y+8 4 would not be hyponormal (by Lemma 1.4(i)), a contradiction. Now choose
8 =1 and write (, := ayp + . We have

aj (—m<j<-1-1)
() =19 abj+a; (=1<j<n)
a; (n+1<j<N).

Three cases arise.

Case 1 (N—n < m—I). Since N—m—n < —I, we have CAQ(N—m—n) = AN_m—n-
Now apply Lemma 1.16(b) with {, and n in place of ¢ and N — j, respectively.
Then (1.16.2) can be written as

alm)] >

R N—-n—1
M‘<|GQ(N—m—n)|+ > IQ(N—ZJI)v
Ca(_m) =0

or equivalently,

N—n—1
a
(2.4.2) |abn+an|>‘a—N <|aNmn|—|— > |aNi|>.
-m i=0
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Thus we can choose « sufficiently large such that (2.4.2) holds. Therefore by Lemma
1.16, T¢, is not hyponormal, a contradiction.

Case 2 (N —n > m —1). Since N —m + 1 > n, we have (o(N —i) = ay_; for
every ¢ = 0,1,...,m — . Now apply Lemma 1.16(a) with ¢, and —! in place of ¢
and —m + j, respectively. Then (1.16.1) can be written as

m—1 m—l
(2.4.3) ‘f(—l)‘ >3 éa(N—i)}, that is, |ab_;+a_i|> > lay—i.
i=0 =0

Thus we can choose « sufficiently large such that (2.4.3) holds. Therefore by Lemma
1.16, T¢, is not hyponormal, a contradiction.

Case 3 (N —n =m —1). Since N —m +1 = n, we have (,(N — i) = ay_;
for every ¢ = 0,1,...,m — 1 — 1. Since T¢, is hyponormal, we can imitate the
proof of Lemma 1.16 to show that there exists a function k € £(¢,) whose Fourier
coefficients k(N —m),..., k(N — 1) are uniquely determined by

B —my = ) _aom

Gy AN

and for j =1,...,m—1,
J _
BN —m+j) = (an) " <§a(—m+j) —Z/%<N—m+j—i>éa<N—z'>> :
i=1

This implies that k(N — m + i) is independent of the value of o and the Fourier
coefficients of ¢ for every i =0,1,...,] — 1. Since

E(N —1)

— k(N —m)(@Nn—m+i + @bN—m+1)

|
—
S
2
SN—
—
//;\
IS
L
+
Q
Ol
S/
kﬁ

m—Il—1

-k —l—z?(N—z‘))

= (&N)_1 (a by —ak(N —m)b, + h) (because N —m + 1 = n),

h:=a_; — k(N Z —Z—ZC_(N—Z')

i=1
is independent of the value of a, let a := re? for 6 € [0,27). We have

ab_;—ak(N —m)b, = rew(b_l — e_Qiel%(N —m)by,).
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Choose 6§ € [0,27) such that b_; — e~ 20 k(N —m) b, # 0. Then choose r sufficiently
large such that

ooy — e 2Ok(N —m)by| > |an| + |h].

It follows that |k(N — )| > 1 and hence ||k||o > 1, a contradiction.

The above arguments show that n = N. Next we will show that [ = m. If this is
not the case, we can assume without loss of generality that [ < m. Choose g = 1.
Then

m N
ap+ o= Z a_pz F + Z(ak—i—abk)zk.

k=l+1 k=—1

Therefore if we choose a € C such that |ay +aby| < |a—n|, then by Lemma 1.4(i),
T p+8 ¢ is not hyponormal, a contradiction. Therefore we must have [ = m. This
completes the proof. O

To prove the main theorem of this chapter we need the following observation.

Lemma 2.5. Suppose ¢(z) = Zngm anz"™ and P(z) = ¢(z) + Zg;om(bn — an).
If po = f + Ten-mg, where f =3 " a_nz"" and g = Zg:o an 2", then

N—m
(251) [Tia T@] = [T;()v <P0] + (AZBk D 000)7
k=1
where
Ak = (@kv Qk+1; - - - 7dN) € CN?k‘Fl
and
By = (Bka s 7BN—m;dN—m+1a s 7dN) S CN_k+1-
Thus in particular we have
N—m
(2.5.2) [T, Tp) = (T35, Too) = Y (A3 Ak ® 0s0),
k=1

which is a positive semi-definite matriz expressible as a sum of positive rank 1
terms.

Proof. Let h := Zﬁ:om bpz™ + EnN:me«kl anz", 50 ¢ = f+h, and for ¢ € H?, let
Cr :=T5¢. Then hg = h and gg = g. Since f and g are analytic it follows that

[TJnTcp] = [T;+h7Tf+g]
= [T;an] + [T;;Tg]
N—m

HEIEDS ([T:k_l,Tgk_lJ - [T,:;,Tgk]) T Toe ]
k=1
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Note that gn_—m = Any—m = Tzn-mg, so that

N—m
T3 T = [T T ]+ 3 ([T;k_l,Tgk_lJ - [T;:k,Tgk])

k=1
= 900’ Z Ck b Oco
k=1
for some (N —k+1) x (N — k + 1) matrix Cy. We now claim that Cj, = A} By, for
every k =1,..., N —m. Indeed, a straightforward calculation shows that
Ck &) 0oo
N—m—k+1 N—k+1 N—k+1
= Yo b U+ Y @k UT | Y apy U
j=1 j=N—m—k+2 j
N—m—k N—k N—k
-l 2 BeUYH 3 aUY )L ) el
j=1 j=N—m—k+1 j=1

N—-Ek N-—-m—k+1 N—Ek+1
- : B . 11 .
= Ak j biyj—1 U™ + E gy j—1 U™ (U]+ - Uj)
=1 j=N—m—k+2

(where U° := 0)

akgji ce akB]y_m R aranN
ak+1bk ... ak+1bN_m ... Q410N @ 0
= . . . 00
anby anby_m anNan
ag
k41 _ _
= : (bk, ceey bN—my o, C_ZN)®OOO

an
= A;;Bk @ O

This completes the proof. O

Theorem 2.6 (A Necessary and Sufficient Condition for Hyponormal-
ity). Suppose ¢ and v are non-analytic trigonometric polynomials such that T,
and Ty, are hyponormal.

(1) The following statements are equivalent.
(i) (Ty,T,) is hyponormal.
(ii) (Ty,Ty) is weakly hyponormal.
(iil) ¢ and ¥ have the same co-analytic and analytic degrees m and N,
and furthermore there exists a constant ¢ € C such that ¢ — cp =
Z;.\:Om djz? for some dy,...,dN_m € C.
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(2) The hyponormality of (T, T,) is independent of the particular values of the
Fourier coefficients $(0), (1), ..., ¢(N —m) and (0), (1), ..., (N —m).

(3) In the cases where the pair T = (Ty,T,) is hyponormal, the rank of the
self-commutator of T equals the rank of the self-commutator of Ty, (or Ty):
more precisely, if o = f + g for some f € L? © H? and g € H? and if
wo = f+Tsn-mg, then

(2.6.1) rank [T*, T] = rank [T}, T,,] = N — m +rank [T; , T, ].

Proof. We first prove (1).

(i)=(ii): This is trivial.

(ii)=-(iii): The first assertion follows from Theorem 2.4. For the second asser-
tion write ¢(z) = Zsz_m apzk and ¥(z) = Zgz_m biz*. Suppose (Ty,T,) is
weakly hyponormal. Then T, g, is hyponormal for every o, 8 € C. We may
assume without loss of generality that a_,, = b_,, = 1. Choose § = 1 and write
Ca := ) + . Since Ty, is hyponormal, we can imitate the proof of Lemma 1.16
to show that there exists a function k € £((,) such that the Fourier coefficients

12;(0), l%(l), ..., k(N —m) of k are uniquely determined by

E0)=k(1)=---=k(N —m+1) = 0;
7 _ _lam) _ abomtacm . afl
k(N m) B é_u(N) ~  abytan ~ abytan’
E(N —m+ )
= ot (a b+ sy — ST RN —m+j—i)(aby_i+ aN_i)>
forj=1,2,....,m—1.

If we let a := 2% (e > 0), then
N

;;(N_th.

Thus if ax # by then we can choose € sufficiently small such that [k(N —m)| > 1
and hence ||k||oc > 1, a contradiction. Therefore we must have ay = by. Also note

that N
N o+
N — = —_—
k( m) <d+1> an

We next show that ay_1 = by_1 and a_,, 41 = b_; 1. Observe that

- a+1) 1 -

E(N-m+1)= ———— [ ab_ _ - — (a@by_1+an-1) ).
(N—m+1) CE (Oé m+1 T G—m+1 <@+1) dN(aN 1+an 1))
Assume that 7 := (a—m41 — b—ms1) — (Gv—1 —bn-1) Jan # 0. Let o := =1+

(e > 0). Then we have

a+1)\ 1 -
li b_m 4l — — (aby_1+an— =r.
EE% « +1+ ama1 <a+1>aN(aN1+aN 1)> r
(a=—1+¢€)
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Since (@+1) ay = eay, we can choose € sufficiently small such that [k(N —m+1)| >
1, a contradiction. Thus we have

A—m+1 = b_mi1 = (Gn-1 —by_1) Jan =: 5.

We now claim that s = 0. To see this, let « := —1 + €4 (¢ > 0). Thus g—ﬁ =-1.
Then

a+1) 1 -
li b_m 1 — | —— ) — (@by-1+an—
egr(l) @ 41+t a_mi1 (a—i—l) in (Oé N-1+an 1))
(a=—14¢€1)

= 2(a_m+1 — b_m+1) = 2s.

Since (@ + 1)ay = —eian, it follows that if s # 0 then we can choose € sufficiently
small such that |k(N —m + 1)] > 1, a contradiction. Therefore we have

an—1=by-1 and a_mt1 = b_pmy1.
Next observe that

k(N—m+2)=m

(a bomi2 + Gomi2 — k(N —m) (@by_2 + an—2)
— lAf(N —m+ 1)(@61\7_1 + aN_l)).

Since limg_, 1 (@by_1 +ax_1) = 0, once again it follows that

a——1 o+ 1 a’N
(aeC)

1 1 -
lim (a b_m+2 +a_my2 — (0& + ) —_— (6& by_o + aN—Q)) =0.

A similar argument with —m + 2 and N — 2 in place of, respectively, —m + 1
and N — 1 gives ay_2 = by_2 and a_,42 = b_,12. Continuing this process
with I:;(N—m—l—?)),...,I::(N— 1) gives ay = by for k = —m,...,—1 and for k =
N —m+1,...,N. This proves the implication (ii)=-(iii).

(iii)=-(i): Suppose ¢ —ctp = E;y:_om djz?. We can then write

N N—m
o(z) = Z anz" and cyY=¢+ Z (b, — an) for some bg,...,by_m € C.
n=—m n=0

Since the hyponormality of the pair is independent of a scalar multiple of each
coordinate, we may assume that ¢ = 1. Write

m N
f= E a_pz" " and g:= g anz™.
n=1 n=0
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If 9o := f+ Ten-mg, then by Lemma 1.5 Ty, is hyponormal, so [T ,T,,] > 0.
Observe that if T = (T3, Ty,), then applying Lemma 2.5 gives
(2.6.2)
[T*, T
_ ( Ty, Ty) [T, Tw])
T}, Ty (13,7

[

[

[T;O’T‘PO] [T;jo’ T ]) + ( gzzm (B;;Bk D Ooo) g:zm (B;Ak SY Ooo) )
[ A B ©000) " (Af AL ©0s)

where Ay := (Gg,axs1,---,an) and By == (b, .-, 0N —m,@N—m+1,---,an). Note
that the second matrix in (2.6.2) is unitarily equivalent to the following matrix:

N—m % %
Z B,ka B,fAk ® 0| .
A B, AfA
k=1
Since for every k =1,..., N —m,
(2.6.3) BiBy, BiAy\ _ (Br Ay “(Br A
o Ar By, Af A 0 0 0 0

and since the first term in the right-hand side of (2.6.2) is also positive, we can
conclude that (Ty,T,,) is hyponormal.

Assertion (2) follows from (1) and the fact that those coefficients are independent
of the hyponormality of T, and T, respectively.

To establish assertion (3), write

[Ty T

$o? ] CQBOOOv

where C' is an m x m matrix. Then

[T;v TLP] =

N—-m
(C@Ome) + Z (AZAk @Okl)‘| @Ooo.
k=1

By a similar argument we have, by (2.6.2),

(2.6.4)
co:cCo
. N—m
. 00:00 BiBp ® 0,1 BiAL® 01
T, T] = o £ 0
co:cCo
00:00

where every block of the first matrix in the square bracket is an N x N matrix. Since,
forevery k =1,..., N—m, B} By, B;; Ay, A;.B;, and A} Ay, are (N—k+1)x (N—k+1)
matrices of rank 1 (see Lemma 2.5), a straightforward calculation via elementary
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row operations applied simultaneously to every (N —k+1) row (k=1,...,N —m)
shows that
0 0 : 0 0
N—m :
cank | 3 (BiBr @0 BiAve 0\ L b B FE
A;::Bk @ Ok_l AZAk‘ @ Ok_l ... .« .. . : . . .. ... )
0 0 : 0 0
D E : F E

where D and F are (N —m) x m Toeplitz matrices, and E is a (N —m) x (N —m)
lower triangular Toeplitz matrix whose diagonal entry is ay; more concretely,

bN—m dN—m-i—l cee GN-1
Emefl
D= , ,
b1
GN-m  GN—m+1 ... GN-1
aN—m—1
F:
a1
and ~
an
aN-—1
E = .
aN-1 GpN

Note that the above mentioned elementary row operations do not affect the matrix
C. Evidently, rank £ = N — m. Therefore we have

r\,C 0 C 0 0O 0 0 O
D EF F FE
rank [T*, T| = rank (g 8 2’8 o o0 o o
L\O 0 0 O D E F E
cC 0 C o
= rank D E F E = rank ¢ 0
o 0O 0 0 o) D FE
0O 0 0 O
=rankC +rank F
=rank [T, Tp,] + (N —m).

Moreover,
X c 0 C 0 N
rank [TlP’ TW] — rank ( r E) = rank (D E) = rank [Tw, Tw] .

This completes the proof.
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Corollary 2.7. Let p(z) = ESZ_N anz"™ and P(z) = ESZ_N bn2™, where a_pn
and b_n are nonzero. Then (Ty,T,) ts hyponormal if and only if ¢ is a linear
function of .

Proof. This immediately follows from Theorem 2.6. (]

Remark 2.8. From Lemma 1.4(ii), we know that if ¢(z) = Engm anz"™ is such
that T}, is hyponormal then N —m < rank [T, T,] < N. The second equality of
(2.6.1), however, gives a more concrete formula for the self-commutator of T,,: i.e.,

if o = f + g for some f,g € H?, then
(2.8.1) rank [T, T,] = N —m + rank T}E"FTEN—m,g’ TFir n gl

Furthermore, from (2.8.1), we can recapture the second assertion of Lemma 1.4(iii)
because f +Ton-mg is independent of the values of ag, a1, ...,an_n,. In particular
if |a—m| = |an| and Ty, is hyponormal then by Lemma 1.4(v), T, ., is normal,
sorank [T35, T,;] = N —m. Therefore we again obtain the second assertion of Lemma
1.4(iv).

We are now ready for the proof of Corollary 1.11(iv) in Chapter 1.

Corollary 2.9. Let ¢ be an arbitrary trigonometric polynomial and let p be an
analytic polynomial of degree less than or equal to the analytic degree of w. If the
pair T = (T}, T,) is hyponormal then rank [T*, T| = rank [T}, T,].

Proof. Suppose p(z) = Zsz_m arz® and p(z) = Y p_,bez® (n < N) are such
that (Ty,T,) is hyponormal. By Corollary 1.11(i), we have n < N — m. Let
po = f+Ten-mg,

Ap = (dk, Aft1s--- ,ELN) e CN=F1 and By = (Bk76k+1; - ,Bn) € Cnk+1,

As in the proofs of Lemma 2.5 and Theorem 2.6, we then have

N—m
[T;a Tw] - [T;m TtPo] + (AZAk D 000);
k=1
n
17,1, = Y (BiAr ® 0cc);
k=1
[Ty, T,) = (BiiBi @ 0sc).
k=1

Since n < N — m, we can write

T = ([T&),TV,O] YN (AL Ak 6 0.0) 0)
0 0
+ < Y (A7 Ak ©0s0) - 3y (A7 Bi ® Occ) ) |
S (BiAr ®0s) S0P (BiBi @ 0s)
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Arguing as in the proof of Theorem 2.6, we obtain

N

m

(]

rank [T*, T| = rank <[T;O, Ty + (AjAr @ OOO)>

3 I

k
=rank [T, Tp,] + N —

=rank [T}, T,].

O

Remark 2.10 (Second “Joint” Version of Cowen’s Theorem). Theorem 2.6
shows that if ¢ and ¢ are non-analytic trigonometric polynomials and (T, T,) is
hyponormal, then the set

ety = (ke <1 ()= (§ oo ) () etreom

for some 6 € [0, 27r)}

is nonempty.

However the converse of Remark 2.10 is not true in general. For example, con-
sider the following trigonometric polynomials:

0(z) =272422% and Y(z) =22+ 271 + 22+ 222
Then T, and Ty, are hyponormal, because

X 3 0 . 6 3
[Tw’T‘P]:(() 3)690Oo and [vaTw]=<3 3)@000-

Choose k(z) := 4. Then

o E 0\ (e _ 322 s - 7700
(2) (0 0)(5) = (4.0750) € won

which implies that (g, ) # 0. By Corollary 2.7, however, (T, T,,) is not hyponor-
mal. In fact, the self-commutator of T = (T, T,) is not positive:

o

1

w o w

T, 1) = ® Oce.

WO W

3
3
3

Wk W o

We now summarize our results on hyponormality of trigonometric Toeplitz pairs.
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Hyponormality of Trigonometric Toeplitz Pairs. Let ¢ and 1 be trigono-
metric polynomials of analytic degrees N and n (n < N) and co-analytic degrees
m and [, respectively. Then the hyponormality of the Toeplitz pair T = (T, T,)
can be described as follows:

(i) If I = m =0, then T is necessarily subnormal (Corollary 1.11(ii));
(ii) If { = 0 and m # 0, then T is hyponormal if and only if T,, is hyponormal
and n < N —m (Corollary 1.11(i));
(iii) If I # 0 and m = 0, then T is not hyponormal (Corollary 1.11(i));
(iv) If I # 0 and m # 0, then T is hyponormal if and only if T, is hyponormal

and o —cvy = E?;Bm djz9 for some ¢, dy,...,dN_m € C (Theorem 2.6).

In the cases where T is hyponormal, the rank of the self-commutator of T equals
the rank of the self-commutator of T;,. Moreover weak hyponormality and hyponor-
mality for T are equivalent properties.

We wish to note that the above characterization of hyponormality for trigono-
metric Toeplitz pairs can be extended to trigonometric Toeplitz n-tuples.

Corollary 2.11 (Hyponormality of Trigonometric Toeplitz n-Tuples). Let
T = (Ty,,..-,Ty,) be an n-tuple of trigonometric Toeplitz operators. Then the
following three statements are equivalent.

(i) The tuple T is hyponormal.
(ii) Ewvery subpair of T is hyponormal.
(ili) The symbols p; satisfy the following properties:

(a) All non-analytic trigonometric polynomials p; are of the form ¢;(z) =
Zszim arz® (where a_,, and an are nonzero), every T,, is hyponor-

mal, and for every pair {¢;, p;} (i # j) we have p;—cp; = Zk ™ 2k
for some ¢,dy, ..., dn_m € C.

(b) max{deg (¢;) : w; is an analytic polynomial} < N —m.

Proof. The implication (i)=(ii) is evident, and the implication (ii)=-(iii) follows
from the above characterization. For the implication (iii)=-(i), we shall use the
notion of flatness for hermitian matrices. To see this assume first that the ¢;’s are
non-analytic trigonometric polynomials. Then with the same notations as in the
proof of Theorem 2.6, we can write

[T;NT ] [T;ZaTs@l] [T;,L T ]
oy | EETe) HETLD £
[T;fl,T ] [T;fz,T 1 ... [T;f” Ty, ]
AIkAlkGBOk 1 ... AIkAnk@Ok—l
11 .. 1 _
Co 11 m AEkAleBOk—l A;kAnk@Ok—l
(50)® 5> ~ ~ Do~
k=1
1 1 . 1

AL A®0k—1 ... AL AL D01
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(cf. (2.6.4)). (Here for every 1 < j < n, Aj; = (g_bj(k),g_bj(k' + 1),...,(,_5]»(N)),
where ¢;(k) denotes the k-th Fourier coefficient of ¢;.) Arguing as in the proof
of Theorem 2.6, we obtain that rank [T*, T] = N —m. Therefore [T*, T] is a flat
(i-e., rank-preserving) extension of [T} ,T,,], and hence [T*,T] > 0. If ¢; is an
analytic polynomial for some ¢ = 1,...,n, then apply the argument in the proof of
Corollary 2.9. O

One might conjecture that the conditions (i) and (ii) in Corollary 2.11 are equiv-
alent for every tuple of operators. However, this is not the case, as the following ex-
ample, which uses weighted shifts, shows. The structure of k-hyponormal weighted
shifts has been studied in [Cul], [Cu2], [CF1], [CF2], [CF3], [Fa2], and [St];
we will use the techniques in those papers to construct our example. Let W, be
the unilateral weighted shift defined by Wae, 1= anent1 (n > 0), where {e,}22,
is the canonical orthonormal basis for ¢5 and {a,}32, is a bounded sequence of
positive numbers called the “weight sequence” (or “weights”). Our example uses

the weighted shift W, with weights ag = /7, a1 = \/g, Qg = \/g, ag = %, e
This shift is a close relative of the Bergman shift B} (which corresponds to the
case z = 1). We now have:

Example 2.12. For z > 0, let W, be the unilateral weighted shift whose weights

are given by ag := /T, ap = Z—i; (n > 1). Then for % <z < %, the triple

(W, W2, W2) is not hyponormal while all subpairs are hyponormal. More precisely,

(i) Wy is subnormal <= 0 < z < %;

(ii) Wy is 3-hyponormal <= 0 < x < %;
(ili) Wy is 2-hyponormal < 0 < z < %

: 3y ; 32,
(iv) (Wa, W3) is hyponormal <= 0 < z < £,
(v) (W2, W2) is hyponormal <= 0 < z < %

Proof. Assertions (i), (ii), and (iii) are obtained in [Cul]; we shall establish here
(iv) and (v), using the technique in [Cul].

(iv) In general, suppose T is a unilateral weighted shift with weight sequence
{an}% . Applying Lemma 1.1 we see that (T, 73) is hyponormal if and only if for
some contraction D,

[T*3,T) = [T*,T)* D[T**T%>.
Observe that both [T, T] and [T*3, T3] are diagonal, and that [T*3, T is a backward
weighted shift of multiplicity 2. Thus D must be a backward weighted shift of

multiplicity 2, so it suffices to check the (k, k + 2)-entries of the matrix D. Thus
(T, T3) is hyponormal if and only if

(2.12.1) (1T, T) exyzs ex)|” < (7%, T en, ) (1T, T ensa, enra),
or equivalently,

2
(2.12.2) O‘ia%-i-l (Oéi+2 - ai—l) < (ai - O‘%—l) (ai+2ai+3ai+4 - a%+1aiai—1)
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for all £ > 0.
For k > 2 the inequality in (2.12.2) is always true for W, with no restriction on
x because W, is subnormal when oy = \/g . (Note that the inequality in (2.12.2)

is independent of the value of ay whenever k > 2).
For k = 0 we have

04(2)04% (a% - a%l)z < (04(2) - a%l) (a%agai - a%a%a%l)

2
2 /3 1
- — — < - — 1 =
<:>a:3<4> _m2 (a1 =0),

which implies that (2.12.2) is true for every = > 0.
Finally, for £ = 1 we have

a%a% (a§ — a0)2 < (a% — a%) (agaiag — a%a%a%)

L. L1314 t_ (2 4 =z
2 a\5 ") =37 7)\7 2
<~ < —
T=5
which proves (iv).
(v) Observe first that if T is a unilateral weighted shift with weight sequence
{an}2%, then [T*3,T?] is a backward weighted shift of multiplicity 1. Thus by the

argument used in the proof of (iv) above, we have (T2, T3) is hyponormal if and
only if

(2.12.3) ‘([T*B, TQ] €k+1, ek) |2 < ([T*Q, T2] ek, ek) ([T*3, T3] €k+1, €k+1),
or equivalently,

(araf 10540 — akai_la%_Q)Q
(2.12.4) < (aRafir — af_10G o) (0f 4107420043 — aRaR_107_5)
for all £ > 0.
For k > 3 the inequality in (2.12.4) is always true for W, because W, is subnor-
mal when ag = \/g .
For k = 0 we have

03 (0203 — a2,02,)% < (B2 — a2 ,02,) (02020l — aZ0? a,)

R OE(G [ e

which implies that (2.12.4) is true for every x > 0.
For k =1 we have

o?(ade3 — ade?,)” < (afed — ade?,) (adedo} — adada?,)

=i =G e
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which again implies that (2.12.4) is true for every z > 0.
Finally, for £ = 2 we have

which proves (v). O

J. Stampfli [St, Theorem 6] found a propagation phenomenon for subnormal
weighted shifts with two (consecutive) equal weights: if T is a subnormal weighted
shift with weight sequence {ay,}52, and a;,, = a1 for some n > 0 then a; =
ag = ag = ---. In [Cul], as a strategy to construct non-subnormal polynomially
hyponormal weighted shifts (such weighted shifts have not yet been found concretely
even though it is known ([CP1], [CP2]) that they exist), Stampfli’s propagation
was extended as follows. Let T be a unilateral weighted shift with weight sequence
{an}22; the following statements hold.

(i) If T is 2-hyponormal and o, = ;41 for some n, then oy = g = a3 = - -+,
i.e., T is subnormal.

(ii) If T is quadratically hyponormal (i.e., (T,T?) is weakly hyponormal) and
Oy = Qpi1 = Qppyo for some n, then o =g =az =---.

In fact, propagation also occurs in the hyponormality of (T, T") for every n > 2.
To see this we first prove a characterization of the hyponormality of (T, T"), where
T is a unilateral weighted shift.

Proposition 2.13 (cf. [Cul, Corollary 5]). Let T be a hyponormal weighted
shift with weight sequence {o;}32, and let n > 2. The following statements are
equivalent.

(i) (T,T™) is hyponormal;

(ii) For all k > 1,

k4+n—2 ) k+2n—2 k+n—2
2 2 2 2 2 2 2.
H Q; (akJrnfl - 0%4) < (ak - 0%4) H o5 — H ;|
j=k j=k+n—1 j=k—1

(iii) For allk > 1,

k+n—2
2 2 2 2
1 H a; (ak—i-n—l - ak)

j=k+1

k+2n—2 k4+n—1

j=k-+n j=k—+1



JOINT HYPONORMALITY OF TOEPLITZ PAIRS 37

Proof. By the argument used in the proof of (2.12.1), (T,T™) is hyponormal for
some n > 2 if and only if

(T Tlersn1, en)® < (T, Tlex, ex) (T, T"exsn—1, €hin1)-

Now a straightforward calculation gives the equivalence (i) < (ii). Also, (iii) is just
(ii) suitably rewritten. O

Condition (iii) in Proposition 2.13 exhibits a two-way propagation phenomenon:

Let k > 2. If ax—1 = ax then ar = agqn—1, S0 ar = agy1 (Outer Propagation),
k4+n—-1 o k+2n—2 o
j=kr1 9 = IiZin a5,
) = Qg4n—1 and hence o = agy1 (Inner Propagation). We record this fact.

and if agy1 = agte then by Outer Propagation, SO

Corollary 2.14 (Propagation; cf. [Cul, Corollary 6]). Suppose T is a hy-
ponormal weighted shift with weight sequence {a,}52 . If (T,T™) is hyponormal
for some n > 2 and oy, = a4 for some k, then a1 = ag = az = ---, i.e., T is
subnormal.

In [Cul], it was shown that if T is as in Example 2.12 then T is quadratically
hyponormal if and only if 0 < z < % Thus, in light of Example 2.12; Corollary
2.14 and the remarks following Example 2.12, it is natural to ask a question on the
relationship between the quadratic hyponormality of T' and the hyponormality of
(T, T™) (n > 2): If T is a unilateral weighted shift, does it follow that

(i) (T,T") hyponormal = (T, T"Y) hyponormal for every n > 2 ?
(ii) (T,T™) hyponormal for some n > 2 = T quadratically hyponormal ?

We have not been able to answer these questions; however the following example
provides evidence towards affirmative answers.

Example 2.15. Let W, be as in Example 2.12 and let
Hy, = sup {:c (W W) s hyponormal} (1 <m <n).

Then we have

(2.15.1) qoo (m+1)%(n+1)2
o T 2(m4n+ 1) (m4n+ 14 2mn)’

Moreover we have

(i) Hmn < Hppt1  for every m,n;
m 2
(i) limy, Hypp = % for fixed m;
(iii) (W, W) is hyponormal <= 0 < & < Hp, n;
(iv) If W, is hyponormal then

2.

(W, W) is hyponormal <= 0 < x < min {H, n, 3
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Therefore the following implications hold for Wy : for every n > 2,
(W, W) is hyponormal = (W, W) is hyponormal
= W, is quadratically hyponormal.
Proof. By the argument used in the proof of (2.12.3), (W.*, W) is hyponormal for
1 <m < n if and only if
(V" W ern—m, en)[* < (W™ Wiex, ex) (W™, W'l ekgnms €kin—m),

or equivalently,
2

k4+n—m—1 k+n—1 k—1
2 2 2
I[I o\ II o- II &
Jj=k j=k+n—m j=k—m
(2.15.2)
k+m—1 k—1 k+2n—m—1 k4+n—m—1
2 2 2 2
<{ II o= II & II - o5
j=k j=k—m j=k4+n—m j=k—m

for all k > 0. Note that for k > m + 1, the inequality in (2.15.2) is always true for
W, because it is independent of the value of cg. Thus we need to check only the
cases when k =0,1,...,m.

For k = 0 we have

(Oé() cOnp—m— 1)2 mai 1)2 < (a%"'ainfl) (a?zfm"'agnfmfl)

2
(n—m—|—1> 2 n—m-+1

n—m—|—1 n+1 m+1 2n—m+1
—0< (n—m)?,
which implies that (2.15.2) is true for every x > 0.
For 1 < k <m — 1 the same argument used in the case k = 0 gives
(k- Qhnm1)? (O 03 1)”
< (ozi " 'ai—i-m—l) (ai—'rn—m o 'ai+2n—m—1)
k (k+n—m+1)2< k k+n—m+1

k+n—m=+1 k4+n+1 “k+m+1l k+t2n—m+1
<0< (n—m)?,

which again implies that (2.15.2) is true for every x > 0.
For k = m we have

2 2
(am...anil) (aiagn_‘rn_l_agagn_l)
< (af, 03y —af k) (ah a3, —aj--ab )
m+1/ n+1 2 2
— T
n+1 \m+n+1 m+1
m—+1 2 n+1 2
< — x — x
2m + 1 m-+1 2n+1 n—+1
2 2
g < (m+1)*(n+1)

“2(m+n+1)(m+n+1+2mn)’
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which proves (2.15.1). The remaining assertions immediately follow from elemen-
tary calculations. O

Example 2.15 shows that if 0 < 2 < Hy 2 = % then (W], W) is hyponormal
for every m,n. In other words, 2-hyponormality of W, implies hyponormality of
(W, Wr) for every m,n.

We conclude this chapter with a remark about non-subnormal polynomially hy-
ponormal weighted shifts. In Example 2.12 we showed that even though all subpairs
of T := (T, T?,T?) are hyponormal, T need not be hyponormal. We have not been
able to decide, however, whether the following question has an affirmative answer:
If all subpairs of T = (T,T?,...,T*) are hyponormal, does it follow that T is
weakly hyponormal?

If this were true, then in Example 2.12 we would have

O0<z < % = W, is cubically hyponormal

(2.15.3) (i.e., (W, W2, W2) is weakly hyponormal)

and furthermore, via Example 2.15,
9 . .
(2.15.4) 0<x< 16 = W, is polynomially hyponormal.

(T is said to be polynomially hyponormal if (T,T?,...,T*) is weakly hyponormal
for every k.) We don’t know if either (2.15.3) or (2.15.4) holds. If (2.15.4) were
true, Examples 2.12 and 2.15 would show that W el provides an example of a
unilateral shift which is not subnormal (even not 3-hyponormal) yet polynomially
hyponormal.



CHAPTER 3

THE GAP BETWEEN 2-HYPONORMALITY
AND SUBNORMALITY

The Bram-Halmos characterization of subnormality indicates that 2 - hyponor-
mality is generally far from subnormality. There are special classes of operators,
however, for which these two notions are equivalent. A trivial example is given by
the class of operators whose square is compact. We present here a nontrivial ex-
ample. Let Wy := Wia, .. a,.)n be the recursively generated subnormal completion
of a, i.e., W is the subnormal weighted shift with an initial segment of positive
weights a: ap, . . . , @, followed by recursively generated weights (cf. [CF2], [CF3]).
Also, let Wy (a,....am)» denote the weighted shift whose weight sequence consists
of the initial weight z followed by the weight sequence of W, . a,.)7-

Example 3.1. Let W, be the weighted shift with weights a:/z, (\/a, Vb, /c)"
(0 <a<b<c). Then W, is 2-hyponormal if and only if W, is subnormal.

Proof. The weights «; of W, are given by (cf. [CF3])

ad=x; 08 =a; a3 =b; a3 =¢; oziﬂzwl—l—%(kz?)), where
k
blc—a ablc—b
P = ( ) and gy = —7( )
b—a b—a

The moments of W,, are defined by 7o := 1, v, := ad---a2_; (n > 1). Thus

n—1
Yo =1, 1 = x, v2 = ax, v3 = abx, y4 = abcz,... etc. We use the criterion
of k-hyponormality of weighted shift in [Cul, Theorem 4]. From [CF3, Theorem
1
4.3], it is known that W, is 2-hyponormal if and only if 0 < 2 < (%) >
Define the (k + 1) x (I + 1) “Hankel” matrix A(n; k;1) (k <) by

Tn Yn+1 T+l
Tntl  Ind2 --o Undlfl
A(n; k1) := n, " " .
Tn+k  ntk+l --- Untk+l

Then we have
Wy is k-hyponormal <= A(n; k; k) > 0 for all n > 0.

Since W, is the one step extension of W( Vab A it suffices to check the case

n = 0; let fl(n, k;1) denote the Hankel matrix corresponding to the subnormal

40
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completion W( VaB G Since 0 < a < b, it follows from the recursive relation of
the subnormal completion (cf. [CF3], [CF4]) that

rank A(0; k; 1) = rank A(0;2; 2)

1 a ab
—rank | a ab abe =2 for all k > 2.
ab  abc bCQ—(Qb(LbC-;-(LbQ

Note that if B denotes the (k — 1) x k matrix obtained by eliminating the first row
of a k x k matrix B, then

A(0;k; k) =2 A0k — 1;k)  for all k > 3.

Therefore for every k > 3, A(0;k; k) is a flat extension of A(0;2;2). This implies
that if W, is 2-hyponormal (and hence A(0;2;2) > 0) then it is k-hyponormal for
every k > 3, and therefore it is subnormal. O

In [Hall], P.R. Halmos raised the following question: Is every subnormal Toeplitz
operator either normal or analytic ? Cowen and Long [CoL] answered this ques-
tion negatively, by resorting to a Toeplitz operator Ty, ,;, with ¢ a continuous
symbol which is a conformal map of the unit disk onto the interior of an ellipse.
It is also known that the answer to Halmos’s question is yes for (i) Toeplitz oper-
ators with bounded type symbols (e.g., trigonometric polynomials) [N'T], and (ii)
for quasinormal Toeplitz operators [AIW]. We would like to pose the following
question:

(3.1.1) Is every 2-hyponormal Toeplitz operator subnormal ¢

An affirmative answer to (3.1.1) would show that there exists no gap between 2-
hyponormality and subnormality for Toeplitz operators. A negative answer would
give rise to a challenging problem:

Characterize non-subnormal k-hyponormal Toeplitz operators.

We have noted above that Nakazi and Takahashi gave an affirmative answer to
Halmos’s question for trigonometric Toeplitz operators; our next result shows that
this is also the case for question (3.1.1).

Theorem 3.2. Fvery hyponormal trigonometric Toeplitz operator whose square
is hyponormal must be either normal or analytic. Thus in particular every 2-
hyponormal trigonometric Toeplitz operator is subnormal.

Remark. A related case of Theorem 3.2 was considered in [Hal2, Problem 209],
where it was shown that there exists a hyponormal operator whose square is not
hyponormal, e.g., U* 4+ 2U, which is a trigonometric Toeplitz operator.

Proof of Theorem 3.2. Suppose T,, is a hyponormal Toeplitz operator with trigono-
'r]:/v:fm anzn

metric polynomial symbol ¢ of the form ¢(z) = > , with axn nonzero.
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By Lemma 1.4(i), m < N and |a_nm| < |an|. Without loss of generality we can

assume ag = 0. Write f:= > "  a_, 2" and g := Zﬁ;l a,z", so ¢ = f +g. Since
f and g are analytic, it follows that

Tg = (Tp + Ty + Tg2) + T,y Ty
N
= (T + Tpy + Tpe) + | D_a;U7 | T5
j=1
N . .
= (Tp + Tjy + Tp2) + > _ a;U U TFU
j=1
N .
= (Tra + Tjy + Tp2) + Y a;(I = P)TU?
j=1
N .
= (Tp + Tj, + Typ2) + T, — Z a; P T{U?

j=1

N
= T<P2 — ZGJPJTJEU]
j=1

Write F' := Z;V:1 aijTf-Uj7 and hence Ti =T, — F. Since

R(F) C \/{eo7 Ce EN—1)s

we have
(3.2.1) (F(x),ex) =0 for k > N and for every z € H?.
Similarly since F* = Z;\;l a;U"T;P; = Zjvzl a; U (37", a_,U*) P;, we have
(3.2.2) (F*(x),er) =0 for k > m and for every x € H.
Also since ¢? is a trigonometric polynomial of co-analytic and analytic degrees 2m
and 2N, respectively, it follows that [T;z, T,2] is the sum of a 2N x 2N matrix and
an infinite zero matrix. Without loss of generality we can assume m # 0. Then
(3.2.3) [Ty2, Tp2) eantm—1 = 0.
On the other hand, since for every 1 < j < N,

(Tij) €2N+m—1 € \/{621\/—17 €INs - -+ s CAN+m—2+4] I+
it follows that

(3.2.4) (Pij-Uj) eaN+m-1=0 (1 <j<N), and hence F(eantm—1)=0.
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Also,
N m
(3.2.5) F*(eantm-1) = Y _ a;U" (Z akUk> Pjean tm-1 = 0.
j=1 k=1

Therefore from (3.2.1)—(3.2.5), we have
(3.2.6)
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([Ti 7T£]62N+m71; €IN+m—1) = ([T;E — F*, T2 — Fleantm—1, €2N+m—1) = 0.

Similarly, we have

(3.2.7)
(1%, Tean+m-1, en—1)
= (([T52, Tpe] = [F* Tpe] = (T2, F] + [F*, Fl)ean+m—1, en—1)
= ((FT;2 — F*T¢2)€2N+m,1, 6]\],1) .

Since

T2 (ean+m—1) € \/{62me71; €2N—m, - - - €AN+m—1},
it follows that (PjT¢2) eaN+m—1 = 0 for every 1 < j < 2N —m — 1. Therefore
(F*T<p2) €2N+m—1
= (C_llU*Tfpl + -+ L_ZNU*NTfPN) To2€2N+m—1

_{ 0 (m < N)
CLNU NTfPNT 2(€2N+m 1)—aNa U*NTf(eN 1) (m:N),

S0
0 (m < N)

3.2.8 F*T, 1, en_1) =
(328) (F"Tp2)eansm-1, en-1) {aNa_mGQ_m (m = N).

Also since
(Tf-UNT;Q) €aN+m—1 € \/{6N—17 EN—2;- s €3N+3m—2}

and since
(Pj(x), en-1) =0 for every 1 < j < N —1,

it follows that
2)€2N+m—1, EN—-1) = AN NLF 2)E2N+m—1, EN—1
((FTZ) ) ((PNTFUNT) )
(329) = aNd?va,m ((PNU*mUNU*QN)egNJFm,l, €N71)

= aNd?va,m(eN,l, €N71) = aNd?Va,m
Therefore from (3.2.7), (3.2.8), and (3.2.9) we have

AN a—m (m < N)

3.2.10 T, T e _1, EN—1) =
(3210) (T2, T2eansm 1, en-1) {W%G_m_aw_mcﬂm o
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Now recall that if Q > 0 and (Qe;,e;) = 0 for some j > 0, then (Qe;, ex) = 0 for
every k > 0. Thus if T2 is hyponormal then by (3.2.6) and (3.2.10) we have

{ aNa%a—m =0 (m < N)
lan|?a_m = la—m|?a_m (m = N).
Therefore we can conclude that either |a_,,| = |an]| or a—p, = 0. If |a_p,| = |an|
then by Lemma 1.4(v), T, is normal. If a_,, = 0 then induction shows that
a_1=a_9="--=a_, =0, so ¢ is analytic. This completes the proof of the first
assertion. The second assertion follows from the first. O

The subnormal Toeplitz operator T, which Cowen and Long constructed in
[CoL] is a unilateral weighted shift with weights {(1 — a2 t2)3] |T¢,||}

0 < a < 1. Thus one might expect that the idea in [CoL] can be us?ed to find a
negative answer to (3.1.1), namely by constructing a symbol ¢ € L such that T, is
unitarily equivalent to a weighted shift which is k-hyponormal but not subnormal.
This idea doesn’t work; the reason is this. In [Ab], M. Abrahamse asked “Is
the Bergman shift unitarily equivalent to a Toeplitz operator?”. Sun Shunhua
[Sun] showed that if a Toeplitz operator T, is unitarily equivalent to a hyponormal
weighted shift W, with strictly increasing weight sequence «, then o must be of
the form

for some
0

(3.2.11) a= {(1—52”+2)%|IT¢||}

for some 8 (0 < 8 < 1),
n=
thus answering Abrahamse’s question in the negative. Cowen and Long [CoL)]
showed that a unilateral weighted shift with weight sequence of the form (3.2.11)
must be subnormal (also see [Fa3]). On the other hand, if W, is a 2-hyponormal
unilateral weighted shift with weight sequence {ay, 52, and ay, = 41 for some n,

then oy = ag = ag = -+, i.e., W, is subnormal (see the remark following Example
2.12). Combining the results in [Sun], [CoL], and [Cul] gives:

Corollary 3.3. Every 2-hyponormal Toeplitz operator which is unitarily equivalent
to a unilateral weighted shift is subnormal.

Recall that every Toeplitz operator need not be unitarily equivalent to a uni-
lateral weighted shift because the spectrum of every weighted shift has circular
symmetry. Corollary 3.3 thus reduces the question (3.1.1) to the class of Toeplitz
operators which contains no weighted shifts in their unitary orbits.



CHAPTER 4

APPLICATIONS

In this chapter we consider the notion of flatness for Toeplitz pairs and Toeplitz
extensions of positive moment matrices, and we give an application to hyponormal-
ity of single Toeplitz operators.

84.1. Flatness of Toeplitz pairs. If A = A* € L(H;y), then an operator
matrix (whose entries have possibly infinite-matrix representations)

~ A B
AZ(B* C):H1@H2—>H1€BH2

is called an extension of A. If A is of finite rank, we refer to a rank-preserving
extension A of A as a flat extension of A. It is known ([CF2]) that if A is of finite
rank and A > 0, then A is a flat extension of A if and only if A is of the form

i_( A Av
“\vra veav

for an operator V:Hy — Hi. Moreover A is positive whenever A is positive.

We shall introduce the notion of flatness for a pair of operators.

Definition 4.1. Let T = (T1,7Tz) be a pair of operators on H. Then we shall say
that T is a flat pair if [T*,T] is flat relative to [T, Ty] or [Ty, T5].

Remark 4.2. The following facts are evident from the definition.
(i) Flatness of (T1,T%) is not affected by permuting the operators T;.
) If (T, T») is flat, then so is (AT, A2Ts) for every Ay, A2 € C.
ii) If (T1, T») is flat, then so is (Th — M I, To — AoI) for every A1, A2 € C.
) If S € L(H) is hyponormal with finite-rank self-commutator then (p;S —
uol, A8 — AoI) is flat for every Aj, Ay € C.
(v) If T1 or T» is hyponormal and if (77, T») is flat, then (77, 7T%) is hyponormal.

In the sequel, for convenience, we will assume that rank [Ty, To] < rank [T}, T1] <
oo whenever we discuss the flatness of a pair (T7,7%).

The following gives a criterion for the flatness of a positive operator matrix whose
upper left-hand corner is of finite rank.

45
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B
is flat if and only if C = B*A# B, where A% is the Moore-Penrose inverse of A.

Proposition 4.3. Let A > 0 be of finite rank and let A = ( 4 g) > 0. Then A

Proof. Write, as in the proof of Lemma 1.2,

A= (%0 8) :R(A)® N(A) — R(A) ® N(A),
where Ag is invertible. Then A# = Agl 8). But since A > 0, it follows from
[Smu] that there exists V: H> — R(A) such that B = AV. Since R(V) C R(A),
V is uniquely determined by V = A# B, so A is flat if and only if C = V*AV =
B*A# AA# B = B*A¥B. O

Corollary 4.4. If T = (T1,T5) is a hyponormal pair and if [Ty, T1] is of finite
rank, then T is flat if and only if [Ty, Ts) = [T, Tv]* [Ty, Th)# [Ty, T1).

Proof. This follows from Proposition 4.1. O

The following theorem is an immediate consequence of the results in Chapter 2.

Theorem 4.5.

(i) Bwvery hyponormal Toeplitz pair having a normal coordinate is flat.
(ii) Ewvery hyponormal trigonometric Toeplitz pair is flat.
(i) Every “ointly quasinormal” pair (Th,T2) (i.e., {T1,Te, Ty Ty, T5Te} is a
commutative family) satisfying the inclusion R[Ty,To] C R[Ty,Ti] and
rank [T}, Th] < oo must be flat.

Proof. (i) follows from Theorem 2.2.

(ii) follows from Theorem 2.6(3) and Corollary 2.9.

For (iii), we first assume that T = (T3,7%) is a subnormal pair of operators on
‘H. Suppose N; is a commuting normal extension of T; for ¢ = 1,2. Thus we can
write

T; Ai -
(4.5.1) N; = ( 0 Bz-> (i=1,2).
Since by Fuglede’s Theorem, N¥N; = N;N7, we have [T}, T;] = A; A} (cf. [At,
Proposition 2]), so

[T* T]— [Tl*le] [T2*7T1] _ AlAT A1A§
O\ TR) (15, TR] ) \AAT AAY )

Since R[Ty,Ts] C R[Ty,Ti], it follows that R(As) C R(A;) and rank (A;A4%) <
rank (A; A7)(< 00). Since Ay Aj is of finite rank, A; A} has a Moore-Penrose inverse
(A1 AD)# . and hence so have both A; and A}: moreover (A;A%)# = (A7)*A¥.
Since (A7 A,)* = A7 A; (see Lemma 1.2), it follows that

(A2 A7) (A1 AD* (A1 A3) = A (ATAT) (AT A1) 43
= Ay (AT A AT A)) A
= A, (AT A)) A3



JOINT HYPONORMALITY OF TOEPLITZ PAIRS 47

Since A7 A, is the projection onto R(A?), it follows that if R(A3) C R(A}), then
As (A Ay) A5 = AgAj, which implies that [Ty, To] = (T3, Tv)* [T5, Ty [Ty, T0).
Therefore by Corollary 4.4, T = (T1,T5) is flat. It remains to show that R(A3) C
R(A%). It is here that we use the assumption that (77, 7%) is jointly quasinormal.
It is known ([Lu]) that if (77, T%) is jointly quasinormal then it is subnormal. It is
instructive to give a concrete commuting normal extension. For this recall ([Hal2,
Problem 195)) that if T; € L(H) is a quasinormal operator with polar decomposition
Ti = Ui |Tz| (Z = 1,2), then
_ (T (=-UU)T
M= ( 0 7 )

is a normal extension of 7;. Then joint quasinormality implies N1 Ny = NoNp

(cf. [Lu], [Yo]), and therefore (N1, N2) is a desired commuting normal extension of
(Th,Tz2). Thus in (4.5.1) we may choose

A :=01-UU)T;| and B;:=T;.

(2

Furthermore since quasinormality implies that |T;| commutes with U; and U}, it
follows that A; is self-adjoint, and therefore R(A35) = R(As2) C R(A1) = R(A}).
This completes the proof. ([

One might think that every Toeplitz pair is flat. However, this is not the case;
for example, the Toeplitz pair (T3, T,,) given in Example 2.3 is not flat because by
(2.3.1), [T3,T,] — [T, Ty [TJ,T¢]# [T, Ty is of rank one (observe that in this
case ¢ is not a trigonometric polynomial).

§4.2. Toeplitz extensions of positive moment matrices. Given a doubly
indexed finite sequence of complex numbers y: yo0, 701, Y10, - - - s Y0,2n5 - - - » ¥2n,0, With
Yoo > 0 and vyj; = %45, the truncated complex moment problem entails finding a
positive Borel measure p supported in the complex plane C such that

Vij :/Eizjdu (0<i+j<2n);

u is called a representing measure for «, which is called a truncated moment se-
quence; the quadratic moment problem is the case of the truncated moment problem
when n = 1 (cf. [CF4]). Given m,n > 0, let M[m,n] be the (m + 1) x (n + 1)
Toeplitz-like matrix whose first row has entries given by vy n, Ym+1,n—1,- - - Ym+n,0

and whose first column has entries given by Y n, Ym—1,n41s- - - » Y0,n+m. FOr exam-
ple, M[1,1] = (3(1); jy?f ) Then the moment matriz M (n) = M (n)(v) is defined as
follows:

Mn,0] Mn,1] ... Min,n]
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for example,
Y0,0 70,1 7o,1
M@1) =191 M1 9.2
Yo,1 70,2 V1,1
We shall say that the moment matrix M (n) is induced by a trigonometric Toeplitz
tuple T = (Ty,,...,Ty,) if M(n) ® 0s = [T*,T]. In general a moment matrix
(even a positive one) need not be induced by a trigonometric Toeplitz tuple. For
rl1ll1
example if M (1) := (1 s 1>, then there is a trigonometric polynomial ¢ such

11s
that M(1) ® 0 = [T;,T,] if and only if r = s = 1. To see this, observe first

that if M (1) is positive and M(1) @ Ocs = [T, T}], then ¢ must be of the form
o(z) = Zi:% a,z". (Proof. Since M (1) is positive, T, is hyponormal. Thus if
w(z) = Zsz_k anz" (k > 3), then either [T}, T,] contains a k x k nonzero matrix
if la—g| # lak|, or [T}, T,] = 0 if |a—y| = |ak|, using Lemma 1.4(v). In either
case we get a contradiction.) A straightforward calculation now gives the following

equations:
las|* —Ja—s* = s

|as|* —[a—2|* =0
a1 ? —la—1* =7 —s
as3ao —a_3a_9 =1

asa; —a_sa—1 =0

asa; —a—s3a—1 = 1,

which admits a solution only if » = s = 1. Since det M (1) = (s — 1)(r +rs — 2), it

follows that M (1) > 0 precisely when s > 1 and r > %, and rank M (1) =1, 2, or
2

3 depending upon r =s=1, ((s=landr >1)or (s >l and r = 3)), or s > 1
and r > ﬁ Thus, the above system of equations admits a solution precisely when
rank M (1) = 1. In general, if M (1) is a rank-one positive moment matrix, then it
can be induced by a trigonometric Toeplitz operator. To see this, let M (1) be such

a moment matrix. Then M (1) can be written in the form

1 « o]
M1)=ala |o? a2 (a,a € C).
a o |af?
Now if we choose ¢ of the form
(4.5.2) p(z) =va(az 2+ az ™' + 2+ @® + a2?),

then a straightforward calculation shows that [T, T,] = M(1) © Os. This says
that every rank-one moment matrix M (1) is induced by a trigonometric Toeplitz
operator. Now one might ask whether a positive moment matrix M (n) admits a
positive extension M (n+ 1) induced by a trigonometric Toeplitz pair, i.e., whether
for some trigonometric Toeplitz pair (Ty,T,) we have

M(n) = [T}, Tyly > 0 and M(HUZ(%:ES ETE’EE)W-
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Here [T}, Ty]o denotes the truncated matrix such that [T, T,] = [T¢,Tylo @ Oco,
This will be referred to as the (positive) Toeplitz extension problem for positive
moment matrices. In view of Theorem 4.5(ii), every Toeplitz extension is a flat
extension. The quadratic Toeplitz extension problem is the case of the Toeplitz
extension problem when n = 1. In this section we give a solution of the quadratic
Toeplitz extension problem. To do this we need:

Lemma 4.6. If A is a finite hermitian Toeplitz matriz whose diagonal entry is
positive then there exists a trigonometric polynomial ¢ such that [T;,T@]o = A:
more concretely, if A is given by

Qp, QAp—1 aq
Ap—1 :
(4.6.1) A= ) ] ) (an > 0)
: . . U1
@1 P dn—l an

and if @ is a trigonometric polynomial of the form

0 n—1
(4.6.2) o(z) == ¢ (anz" + Z(&szk + akzk)> for some 0 € [0, 27),
Van st

then [T;,TAO = A. Thus, in particular, we have Ty, is hyponormal if and only
k—1)0

if A > 0; moreover, if |an_1| = an, then A > 0 if and only if ar = ae’l
(k=1,...,n; 0 €[0,2m)).

Proof. Recall that if ¢ € L°°(T) has Fourier coefficients ¢(n) = by, for every n € Z,
then with respect to the canonical orthonormal basis [T, T,] admits a matrix
representation whose (p, v)-entry is

[e )

> (bjubj—v = busbu).

§=0
Thus if ¢ is given by (4.6.2), and since b_; = by whenever k # n, it follows that
for p < v <n the (u,v)-entry of [Tg, Tylo is bupbptp—r. Since
an—i—u—yeig
Van ’
we see that the (u,v)-entry of [T3, Tplo i @n+y—r, Which proves the first assertion.

The second assertion is evident. For the last assertion, observe from Lemma 1.4(iv)
that if |a,—1| = an, then

by, = Jane? and bygp—r =

al as
a9 as
T, is hyponormal <= a, . =apn-1| . |,
Qp—1 Qp
which together with the second assertion proves the last assertion. O

We now have:
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Theorem 4.7 (Quadratic Toeplitz Extension). If M(1) is a positive moment
matriz, then the following statements are equivalent.
(i) M(1) admits a Toeplitz extension M (2).
(if) rank M (1) = 1.
(ili) There exists a unique representing measure; this measure is 1-atomic.

Proof. (i)=-(ii): The moment matrices M (1) and M (2) are of the form

a d d
(4.7.1) M1)=1|d b e
d e b
and
a d d e b e
d b e f f g
d e b g f f
(4.7.2) M2)=]. .. .
e f g c h k
b f f h ¢ h
e g f E h ¢

Assume that M (1) admits a (positive) Toeplitz extension M (2). If b = 0, then

a00

the positivity of M (1) requires that d = e = 0, so evidently, M (1) = (0 0 0) has
000

rank 1. Thus we assume that b # 0. If ¢ is a trigonometric polynomial such that

M(1) = [T}, Tylo > 0, then by an argument used earlier in this section, 1 is of
the form ¥(z) = Zi:—m anz™ (m < 3). Suppose a trigonometric polynomial ¢

satisfies T T (1T
M(2) = rﬁ7 P ]0 ﬁ7 ) 0) > 0.
@) ([Tw’Tw]O (T, T@]O o

Then ¢ is also of the form o(z) = 322 b,2" (I < 3). Observe that

n=-—1
[T'LZ? Tz/)]O
Z?:1(|Gi|2 — la—i|?) 2?11(3@1'+1ai —a_(i+1)0—i) G301 —a_30_1
= * Soimo(lail® = la—il?) a3az — a—3a_2
* * |a3|2 - |a_3|2

There are three cases to consider.
Case 1 (m = 0). M(1) = [Ty}, Tylo implies that 1(z) = Vb3, 50 a = b #

0. Thus by Corollary 1.11, ¢ must be of the form ¢(z) = Zi:o bnz™. Since
chk
[T, Ty,Jo = | hen |, we see that ¢ is also of the form ¢(z) = y/cz®. Then

N>
o o
o = o
= o o
N——

Il
7N\
Q% o
- >

e
(T3, Tylo = Vbe g>, which is impossible because b # 0.
f
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Case 2 (m = 1). By Theorem 2.6, we have | = m = 1. M(1) = [T}, Ty|o gives

jas|* = b
jaz|* =0
asag = €
asa; = d

asas + asa; = d,

which implies a; = az = 0, so that ¥(z) = a_127! + a32>. Similarly, equating

chk
T3, Tylo = (FL c h) gives by = 0 and therefore ¢(2) = b_1271 + bz + b3z. Then
k h c

asbs —a_1b_4 0 asby
[T;f, Tw]o = 07 asbs 0 ,
asby 0 asbs

ebe
so the equation [T}, Tyylo = <f i g) has no solution because b # 0. Thus this case
grr

is also impossible.

Case 3 (m > 2). By Theorem 2.6 we have ¢ — at = dy + dy z for some 0 #
a € C (di =0if m = 3), so [T}, Tylo and (1/a) [T}, Ty]o have equal corresponding
second and third columns because they are independent of the particular value of
b1. Therefore

d d b e
(4.7.3) bel=0/a)|f g],
e b ff
which gives the following equations:
i=b_¢
e = é = %
b=1L
a’
SO ~
i:é:?b:?i and hence f:gf
a a a @ a
We thus have
e b e of &l a9
T3 Tslo=f [ 9= f [ 9|,
g I J af 3/ &9

which is of rank 1. Thus rank M (1) = rank [T}, TyJo = rank [T}, TyJo = 1 (see the
proof of Theorem 2.6). This proves the implication (i)=-(ii).
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(ii)=-(i): Suppose M (1) is a moment matrix of rank 1, that is

1 « a
M1)=ala |o? a2 (a,a € C);
a o |af?
M (2) must in turn be of the form
a ax a ©ad? ala)? aa?
aa  alal®*  aa? f f g
aac  aa®  alal? g f
(4.7.4) M@2)=| ..
ad? f g c h k
alal>  f f h c h
aa’ J f k h c

By (4.5.2), if we define
Y(z) = vVa(az 2+ ozt + 2+ a2 + az?),

then [T}, Tylo = M(1). On the other hand, since [T}, Ty]o must be a hermitian
Toeplitz matrix, it follows from Lemma 4.6 that we can choose ¢ of the form

e2ilarga) /_ _
o(z) = — (hz_2 +ke tdkz+h2? +023) (c#0).
chk
Then we have [T}, T,] = <h ch > Now we will show that
khc
ad? f g
(4.7.5) [T}, Tolo= | alef* f f
ac® g f
for some f,g € C. A straightforward calculation shows that
(4.7.6) - i
Va o ac+ah+k—ak—ah ah+ak—ah ak
[Ty, Tplo = Y etifarge) ac+ h —ak ac+ah—ah ah
‘/E c ac ac

Therefore solving the equations (4.7.5) and (4.7.6) simultaneously gives the follow-
ing solution:

c aft
h ||
k]l =a at
f laf*a
g a’
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This shows that M (2) is a Toeplitz extension. We now argue that this extension is
positive. To do this, observe that

2i (arga) B
o(z) = GT (hz™2 4+ kz~' + k2 + hz? + ¢2%)
c

=va (o272 + a2 + a2 + a2 + a?2?).

Then p—atp = v/a (642 —a)z, so it follows from Theorem 2.6 and Theorem 4.5 that
the pair (Ty,T,) is hyponormal and flat. Therefore M (2) is the desired Toeplitz
extension of M (1).

(if)<(iii): This immediately follows from the extension-uniqueness criteria for
the quadratic moment problem (see [CF4, Theorem 6.1])—mnote that the unique
representing measure p is defined by p := v90 0y, (w := %), and that if rank M (1) >
1, then there exist infinitely many representing measures. ]

We conclude with a result about Toeplitz representations of positive moment
matrices of rank 1. In the preceding, we have shown that if rank M (1) = 1, then
M (1) is induced by a trigonometric Toeplitz operator. If M(2) is a moment matrix
of rank 1, then M (2) is also induced by a trigonometric Toeplitz operator. Indeed
if rank M (2) = 1, then M (2) can be written as

1 « a a? |or|? a?
&l || a? la)?2a |of?a ad
« a? || a? lo)?a |of?a
M(2)=a a2 |aPa &’ o]t |of?a® &t (@, € C).
lo]* |afa |of?a |afe® ot |af?a®
a? o aPa o la?a? o)t

Thus if we choose an analytic polynomial f of the form

f(z)=Va (z+az>+az®+a’ 2"+ |a]? 2° + a2 2°%)

then a straightforward calculation shows that [TJ;“ e Trte 7lo = M(2). More gen-

erally we can show that if M (n) is a moment matrix of rank 1, then M (n) can be
induced by a trigonometric Toeplitz operator. To do this, recall ([CF4]) that the
following lexicographic order can be used for the rows and columns of M (n):

1,2,2,2% 22,2% 73,22% 2°2,23,..., 2", 22", ..., 2"\ Z, 2™

e.g., the first column is labeled 1, the second column is labeled Z, the third Z, the
fourth Z2, etc.

We now have:

Theorem 4.8. Fvery moment matriz M (n) of rank 1 is induced by a trigonometric
Toeplitz operator. More precisely, if rank M (n) = 1 and if we define

(n+1)(n+2)/2

f(z) :==+a Z arz",
k=1
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where ay is the complex number obtained by substituting % for Z in the k-th slot of

- 2
the above lexicographic order (e.g., a1 =1, ag = %, az = %, ay = (%) o)y
then
(4.8.1) M(n) = [T}, .5 Tsi-flo-

Proof. Observe that if ¢ € L* then [T},T,] has matrix representation whose
(u, v)-entries are

Z(&su W)l — ) — Bl — )Bw —j)).

Jj=0

Put ¢ := f + zf. Then evidently, @(—j + 1) = 4(j) for every j = 2,3,...,(n +
1)(n+ 2)/2. Thus we have

(4.8.2) (1, v)-entry of [T75,T,] = ¢(p) ¢(v) = Gy ay.

Let Z; denote the j-th slot of the above lexicographic order, and let o; denote the
complex number obtained by substituting A’—g; for Z in Z; for every j. Then since
rank M(n) = 1, the (u,v)-entry of M(n) must be given by &, a,. Therefore, by
(4.8.2) and the definition of ay, we get the equality (4.8.1). O

§4.3. Hyponormality of single Toeplitz operators. We now apply the pre-
ceding results to examine hyponormality of Toeplitz operators with trigonometric
polynomial symbols of a prescribed form. We will first consider the hyponormality
of a Toeplitz operator T, with symbol ¢ of the form

o(z) = anz Nta 2 ™+ amz™ +anz”.

P. Fan [Fal] has shown that if p(2) = a_ 2272+ a_1271 + a1z + az22, then

(4.8.3) T, is hyponormal <= |det (ad_l ad_Q )‘ < lag)? — |a_q|?.
1 2

We begin with:

Lemma 4.9. Suppose ¢(z) is a trigonometric polynomial such that ¢ = z" f+z"g,
where [ and g are analytic polynomials. If ¢ := f + g, then

(4.9.1) T, is hyponormal = Ty is hyponormal.

Proof. Suppose T, is hyponormal. By Theorem 1.3, there exists a function £ in
the closed unit ball of H>(T) such that ¢ — kg € H>®(T), so (2" f + 2"g)

k (Z”g—l—z" f) € H®(T). Then 2" f —k 2" g € H*(T) and hence f — kg € H>®(T
Therefore we have ¢ — ki € H*(T), which says that Ty is hyponormal.

~—

O
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The converse of (4.9.1) is not true in general. For example if
o(2) =224+ 27 424227 and (2) = 273 4 272 F 427 + 225,

then T, is hyponormal, while T, is not: indeed we have

8 7 18 7 0
[T:,T,) = ( ; 18) ® 0 and [T5,Ty)={ 7 18 7| @ O,
0 7 3

which implies that [T;7 T, is positive semi-definite, while [TJ}, Ty] is not.
In spite of the above example we have:

Theorem 4.10. If o(z) = a_n2z"N +a_mz™™ + apn2z™ + anz, where m < %,
then

4.10.1 T, is hyponormal <~—
©» )

det (”—m ”—N)‘ < lan|? = |la_n|*
A anN

Proof. Suppose T, is hyponormal. If ¢(z) := a_yz V""" 1 4 a_, 27t + a2 +
anzVN~™F! then by Lemma 4.9, Ty is hyponormal. If k£ € £(p) then the Fourier
coefficients k(0), k(1),..., k(N —m) are determined uniquely by the formulas

~ a_nN
I{j =
(0) -
k()= =k(N—m—1) = 0;
]%(N—m): aNa_m_;a_Nam

Then we can find a function A € H*° such that

h(0) = k(0), h(1) = k(N —m), and [[h]| <1

(apply the classical interpolation theorem of I. Schur in [Sch] or [Zh]). Thus if

P(2)i=a Nz 2 Fa_mz t Famz +an?,

then h € £(1), and hence T} is hyponormal. Therefore by (4.8.3), we see that with
no restriction on m and N,

det (a_m CLN)‘ <lan|? - la_n?,
QA an

which proves the forward implication of (4.10.1).

For the backward implication suppose m < % and the inequality in (4.10.1)

holds. If |an| = |a—n]| then this is a special case of Lemma 1.4(iv). Thus we
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assume |ay| # |a—y|. By Proposition 1.6 we see that if Ty := U™ and Ty := UN—™
then T := (¢171, c2T3) is hyponormal for every c;,c2 € C. Take

61:aNClm—Cl_Na_|n; and ¢y = /—|aN|2—|a_N|2-

lan|* = la—n

Then we have

(T, T]
_ ([Tf‘, T [13,T4] >
[Tl*a TQ] [TQ*a TQ]

2

ANam—aG_NG_m _ — N—2m)
I (aNa —a_Na— ) P, U*( m
— lan1Z—la_N1Z m m m m e Ooo 2 07
_ N—2m 2 2
(aNa'm.fafNaf'm) U P, (Iazv\ —la—n] )Ime

where the skew-diagonal entries should be understood as truncated matrices and
the second equality is up to unitary equivalence. Now a straightforward calculation
shows that

75, Te]

_{ tanP—la=n ) +(am*~lacml®)] In (axam—a—ya—m) P U= ® 0

N (aNt_lmft_lfNafm) uWN-2m p, (|GN\2*\0«7N\2) In—m o
and hence

[T;a T@] - [T*v T]

_ _ 2
aNQm —a_Na_—
= (|aN|2—|afN|2+|am|2—|afm|2)—| e ;”' In P 0.
lan|? — la_n]|

Since

_ _ 2 _ 2

|lanam — a-NG—pm|” = |ana—m — a-NGn| + (lan]* = |a-~]*)(am]* = |a-m[*),
it follows that

_ _ 2
‘aNam — a_Na_m|

lan|? = la—n|?

det <a_m aﬂ)‘ <lan|? = |a_n|*
Qm

lan* = la—n|? + lam|* = la—m|* >

<
an

Therefore if the inequality in (4.10.1) holds then [T}, T,] > 0, and therefore T, is
hyponormal. O

We next consider the following hyponormal extension problem of a Toeplitz oper-
ator: Suppose Ty is a hyponormal Toeplitz operator with a trigonometric polynomial
symbol ¢ of the form ¢ (z) = Zi\:—l(zv—n apz®. If o :=a_ny2" N+ +anz, when
is T, hyponormal ?
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Theorem 4.11. Let 9(z) = i\:—l(N—l) arz* be such that Ty is hyponormal and

let p(2) :=a_nzN +9(z) +anz (la_n| < lan]).
(i) Let ¢(z) := Z;Z:L)V_l) biz®, where
Qg1 a_N

det <_ B
(4111) bk = a_(k+1) anN
b_ (kg 1) fork=—-1,-2,...,—(N —1).

> fork=0,1,....N -1

If T3 is hyponormal then T, is hyponormal.

(ii) Assume Ty is normal; then T, is hyponormal if and only if T is hyponor-
mal.

Proof. If A = (ci;) is an N x N hermitian Toeplitz matrix whose first row satisfies

T T _ T
C11 anN a_N
C12 aN-1 G—(N-1)
=an : — a-nN : )
CiN a1 a_1

then a straightforward calculation shows that

[T}, Tp) = [T, Tyl = (Jan * = la—n)[UN, UN] + [a-n U™ +anU™, Ty
(4.11.2) + [T, a-nUN* + anUN] = A 0.
Since Ty is hyponormal it follows that 7}, is hyponormal whenever A > 0. On the

other hand since A = (¢;;) is a hermitian Toeplitz matrix and ¢1; > 0, Lemma 4.6
shows that if

N-1

(61,(N7k+1)z_k + C1,(Nk+1)2k)>7
k=1

C(z) := \/% (cnz" +

then [TC* ,Tclo = A. Thus a straightforward calculation together with Lemma 1.5
shows that if ¢ is given by (4.11.1) then Tj is hyponormal if and only if T¢ is
hyponormal. Therefore if Tz is hyponormal then T, is hyponormal. This proves
(). The statement in (ii) follows from the observation that if T, is normal then by
(4.11.2), T, is hyponormal if and only if T is hyponormal. O

We conclude this chapter with:
Example 4.12. Let (z) = Zi=—2 arz® be such that Ty is normal and let ¢(z) :=
S gaxz®. Then T, is hyponormal if and only if |a_3| < |as| and
(las|? — a—s]*)* — |asaz — a_sa_o[?
(4.12.1)

> (|a3|2 - |a_3|2)(@3a1 — a_gd_l) — |63a2 — a_gd_2|2 .
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In particular, necessary for T, to be hyponormal is that

(4.12.2) las|? — |a_3|* >

det <_ak -3 >‘ for k=1,2.
a_pg as

Proof. By Lemma 1.4(i), “|a—s| < |as|” is necessary for hyponormality of T,. Thus
if a_3| < |as| and if we define

QZJ(Z) = (@3@2 — a_ga_g) 272 + (EL3CE1 - a_3@_1) 27t

+ (asaz — a_sa—2) z + (Jag|* — |a_3]?) 22,

then by Theorem 4.11 and Lemma 1.5, T, is hyponormal if and only if T is
hyponormal. Since by (4.8.3), T; is hyponormal if and only if

2 — _
(|a3|2 - |a—3|2) — |a3a2 — a_3a_2|2

> |(las]? = la—3|*)(azar — a-za—1) — |azas — a—za—s|?|,

the first assertion immediately follows. The necessary condition (4.12.2) for k = 2
is evident from (4.12.1), and for k = 1 it follows from the observation

2 — —
(|a3|2 - |Cl—3|2) - |a3a2 - a_ga_2|2

_ _ _ _ 2
> (las]* = Ja—s|?)|(aza1 — a—sa_1)| — |asas — a_sa_s



CHAPTER 5

CONCLUDING REMARKS AND OPEN PROBLEMS

1. Hyponormality for trigonometric Toeplitz tuples. In Corollary 2.11
we showed that a trigonometric Toeplitz n-tuple T is hyponormal if and only if
every subpair of T is hyponormal. Also in Example 2.12 we gave an example which
shows that the equivalence need not be true for n-tuples of operators in general.
However it is not clear whether for every Toeplitz tuple, the conditions (i) and (ii)
in Corollary 2.11 are equivalent; we conjecture that they are.

Conjecture 5.1. For every Toeplitz tuple T, T is hyponormal if and only if every
subpair of T is hyponormal.

2. Rigidity of hyponormal Toeplitz pairs. In Example 2.3, we constructed
a hyponormal Toeplitz pair (T, T,), where 1 is a non-analytic trigonometric poly-
nomial and ¢ € L*°(T) is not a trigonometric polynomial. It is possible, however,
for the hyponormality of the Toeplitz pair (Ty,T,) with trigonometric Toeplitz
operator coordinate Ty, to force the pair to be a trigonometric Toeplitz pair. For
example, this is the case for Toeplitz pairs with a normal coordinate Ty, (cf. Theo-
rem 2.2). More generally we have:

Problem 5.2. Let @ be a non-analytic trigonometric polynomial and let ¢ €
L>(T) be arbitrary. When does the hyponormality of (T, T,) force ¢ to be a
trigonometric polynomial ?

3. Existence of non-subnormal k-hyponormal Toeplitz operators. In
Chapter 3, we discussed the existence of non-subnormal 2-hyponormal Toeplitz
operators. In Theorem 3.2, we showed that every 2-hyponormal trigonometric
Toeplitz operator is subnormal. The following open problem is of particular interest
in single operator theory.

Problem 5.3. Is every 2-hyponormal Toeplitz operator subnormal ? If the answer
is no, characterize k-hyponormal Toeplitz operators.

4. Hyponormality of (U", R). In the paragraph following Remark 1.18 we
discussed the hyponormality of the pair (U™, R), where R € L(H?(T)); we saw that
the hyponormality of (U™, R) forces R to be a block-Toeplitz operator. Certainly, as
in [FM], there exists a weakly hyponormal pair (U", R) with non-Toeplitz operator
R for every n € Z: for example if R is an n-power of a unilateral weighted shift with
strictly increasing positive weight sequence then (U™, R) is a weakly hyponormal
pair. Since R is not a block-Toeplitz operator, (U", R) cannot be hyponormal.
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Problem 5.4. For n > 1, find a non-Toeplitz block-Toeplitz operator R for which
the pair (U™, R) is hyponormal.

5. Subnormality and flatness. In [CMX] and [Cu2], it was conjectured
that if T = (T1,7») is a hyponormal pair of commuting subnormal operators then
T must be a subnormal pair. This conjecture is true for some pairs of operators.
For example this is the case for jointly quasinormal pairs as we remarked in the
proof of Theorem 4.5(iii). Also this conjecture is true for Toeplitz pairs because
two hyponormal Toeplitz operators commute if and only if either both are analytic
or one is a linear function of the other (cf. [BH, Theorem 9]). In fact, joint sub-
normality of a commuting Toeplitz pair is equivalent to the subnormality of one
coordinate operator. In particular, by Theorem 2.2, every non-analytic trigonomet-
ric polynomial cannot induce a non-normal, subnormal Toeplitz pair, because the
trigonometric Toeplitz operator T, is hyponormal if and only if T, is either normal
or Ty is analytic (cf. [IW]). However the above-mentioned conjecture remains open.
We pose a weaker problem related to this conjecture.

Problem 5.5. If T is a subnormal pair whose self-commutator is of finite rank,
is T flat ? More generally, if T is a hyponormal pair of commuting subnormal (or
quasinormal) operators whose self-commutator is of finite rank, is T flat ?

6. Toeplitz extension problem of positive moment matrices. In Theorem
4.7 we obtained a solution of the quadratic Toeplitz extension problem for positive
moment matrices. When n > 2, it is not even clear when M(n) is induced by a
trigonometric Toeplitz operator. For example, in Theorem 4.8 we showed that if
M (n) is of rank 1 then M (n) can be induced by a trigonometric Toeplitz operator.
But if n > 2 and rank M (n) > 2, the Toeplitz extension problem seems intractable
at present.

Problem 5.6. Solve the Toeplitz extension problem for positive moment matrices
M(n) with n > 2.

From a different viewpoint, one might suggest a Toeplitz extension problem as
follows. If M(n) is a positive moment matrix induced by a trigonometric Toeplitz
n-tuple T, does there exist a positive extension M (n+1) induced by a trigonometric
Toeplitz (n + 1)-tuple S = (T, T,) ? Again, Theorem 4.7 provides a solution when
n = 1.

Problem 5.7. Let M(n) be a positive moment matrix and let T be a trigonomet-
ric Toeplitz n-tuple such that M(n) = [T*, T]y. Find a necessary and sufficient
condition for the existence of a Toeplitz extension M (n + 1) = [S*, S]p > 0, where
S = (T, T,) for some trigonometric Toeplitz operator Ty,.
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