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Note that multiplying diagonal matrices is easy:
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Let D = [ ] Then

Ais diagonalizable if there exists an invertible matrix P
such that P~'AP = D where D is a diagonal matrix.

Diagonalization has many important applications
It allows one to convert a more complicated problem into

a simpler problem.

Example: Calculating Ak when A is diagonalizable.

Application: Calculating A*.
P-lAP = D

=l A=
B=33 A= PDR-PPP
k=38: A*= PDP-'PDP'PDP-

Similarly A% =

A= PDpP!
[ -1 0 . 10 0 5 —1
| —55 10 -1 5 0 -1 1 0

[ —1 (13_ g 1 0Tis —i
-55 10| |-1 5| |0 =1f[1 0O
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More diagonalization background: Suppose AP = PD where P = B and D = 0 6
y : I 2 50 1 2 I 2 50
y o D — D F11er = Hi — AP = — = =F
Suppose AP = PD where P {3 -I] wd D [” (;} AP=A |i 3 4 } |i 3 4 } { 06 j| PD

l.e., we are assuming A is diagonalizable since

AP = PD implies P~ 'AP = D

; : 1 2 50 ; : 1 2 50
] - oo - — F - § e AP =P - — F -
Suppose AP = PD where P {3 -I] wd D [” (i} Suppose AP = PD where P {3 -I] wd D [” (i}

S I Y I P Py
li] ] e8] 2] a2 22
Thus an eigenvalue of A = with eigenvector
Another eigenvalue of A = with eigenvector

Suppose AP = PD where P = “ j] and D = [{—; :J}
Thus if AP = PD, then : ?

if the diagonal entries of D are dy. ....d, P7l'AP =D

and the i*" column of P is an

corresponding to the eigenvalue : poalt 2o [512] _[L2][50]_pp
’ o 34| 15 24 | 06|

Note P is an invertible SQUARE matrix where
columns P are of the matrix A men Al VL] B 1], Al 2] 212 sl 2
< c Hence A 31515 b 3 and A 415 ol = [§] 4
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Suppose AP = PD where P = and D =

=
o

P=lAP =D A =PDp

o 6 o ‘Ther = 12 H — -3 U"
Suppose AP = PD where P = B and D = 0 6]
P~'AP = D A=PDpP!

; I 42 50 -2 I
A P =1 __
A= PDF —{:; 4”{} (;HI%;"J —'f'?}

S o A = PP whias _ |1 2, |5 0
Suppose AP = PD where P = {3 -I] and D = [” (i}

P AP = D A =PDp

] 1 2][5 0 -2 I
N p e
A=PDF —{3 4”{} (;HI%;"- —'f'?}

| 512 -2 1] [-10+18 5-—6
|15 24 3/2 —1/2 | " | =304+36 15-12

" : 1 2 50
Suppose AP = PD where P = {'i -I] and D = [ }

0 6
P-lAP = D A= PDpP"!
1 2][5 0 -2 | 8 —1
A — P =1 _ —
S "{:; 4]_{1 (;H:z;z -1;2}_[5 :3}
8§ —1 1] 8—-3 5 .
Check | ¢ 3”:; _{(sw}‘[m}_"[x]
answer: )
8 ~1][2]_[16-4]_[12]_¢[2
6 3[4 |12+12)|7 |24]77|4

To diagonalize a matrix A:

Step 1: Find eigenvalues: Solve the equation: det (A—AI)=0
for A.

Step 2: For each eigenvalue, find its corresponding eigenvectors by
solving the homogeneous system of equations: (A—ADx =0

for x.
Case 3a.) IF the geometric multiplicity is LESS then the
algebraic multiplicity for at least ONE eigenvalue of A, then A is
NOT diagonalizable. (Cannot find square matrix P).

Matrix defective = NOT diagonalizable.

Case 3b.) A is diagonalizable if and only if
geometric multiplicity = algebraic multiplicity
for ALL the eigenvalues of A.

Use the eigenvalues of A to construct the diagonal matrix D

Use the basis of the corresponding eigenspaces for the
corresponding columns of P. (NOTE: P is a SQUARE matrix).

NOTE: ORDER MATTERS.
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4 For more complicated example, see
A= [ i 9} video 4: Eigenvalue/Eigenvector Example
£ o—a & video 5: Diagonalization

Step 1: Find eigenvalues: Solve the equation: det (A—Al)=0

for .
4-x 1 orn

A= M| = . 5 ‘:(4—,\)(_2—/\)— .-

= B =24 —-T=-22~15
=(A+3){(A=5)=0

characteristic equation: (A + 3)(A —5) =0

A =-3 : algebraic multiplicity =
geometric multiplicity =
dimension of eigenspace =

A = 5 : algebraic multiplicity
geometric multiplicity
dimension of eigenspace

1 < geometric multiplicity < algebraic multiplicity

characteristic equation: (A + 3)(A —5) =0
A =-3 : algebraic multiplicity =1 Matrix is not
geometric multiplicity = 1 defective.
dimension of eigenspace = 1

A = 5 : algebraic multiplicity =1
geometric multiplicity = 1
dimension of eigenspace = 1

1 < geometric multiplicity < algebraic multiplicity

characteristic equation: (A + 3)(A —5) =0
A =-3 : algebraic multiplicity =1 Matrix is not
geometric multiplicity = 1 defective.
dimension of eigenspace = 1 Thus A is

diagonalizable

A = 5 : algebraic multiplicity = 1
geometric multiplicity = 1
dimension of eigenspace = 1

1 < geometric multiplicity < algebraic multiplicity

characteristic equation: (A + 3)(A —5) =0
A =-3 : algebraic multiplicity =1

Matrix is not
geometric multiplicity = 1 defective.

dimension of eigenspace = 1 Thus A is

diagonalizable

A = 5 : algebraic multiplicity = 1 D -3 0
geometric multiplicity = 1 - 05
dimension of eigenspace =1

1 < geometric multiplicity < algebraic multiplicity

Find eigenvectors to create P

Nul(A + 3]) = eigenspace corresponding to eigenvalue A = -3 of A

e 438 4 1071
"1_(_'5)!_[ 7 =048 _[Tl]

¥ 1 1 1/%
00 0 0
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Basis for eigenspace corresponding to A = -3:

()

Basis for eigenspace corresponding to A = -3:

L [l Tt et}

Find eigenvectors to create P
Nul(A - 5I) = eigenspace corresponding to eigenvalue A = 5 of A

‘..1—,,1_{ . _2_5]—{ 7 _7}’”[0 ()}

Basis for eigenspace corresponding to A = 5:

(I EI A HIE ISR ()

-3 0
Dz{ 0 ;]

Basis for eigenspace corresponding to A = -3:

Basis for eigenspace corresponding to A = 5:

P —

-3 0
Dz{ 0 ;]

Basis for eigenspace corresponding to A = -3:

Basis for eigenspace corresponding to A = 5: { [ T ] }

o[
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i 1 P~'AP = D Note: You can easily check your answer.
Note we want =, to be invertible. ) : :
i [ 71 ] P~'AP = D implies AP = PD
Note P is invertible if and only if o o
the columns of P are linearly independent. AP = {4 1 ] [ =1 1 ] _ [ 3 J}
i 7T =2 71 —21 5
We get this for FREE!!!!!
Thm: Suppose A;, i = 1,...,n are DISTINCT S0 1 ~3 0 3 5
eigenvalues of a matrix A. If B; is a basis for the PD = [ 7 1 } [ (}‘ ' ] - [ b')] £ ]
eigenspace corresponding to A;, then 2 il
B = B, U...UB, is linearly independent.
Diagonalize 4 — [i 10} Note there are many Diagonalize 4 — [i 10} Note there are many
(R correct answers. (R correct answers.

[—30] ., [-11] [-30) ., [ w0 = [-30] ., [-11] [-30) ., [ 10 =
”: 0 5 l\';l= 7 1 ”__” I_]‘\\f—h_l__”:] JU: 0 5 l\fz 7 1 ”__” -hl_l\!_h—l-'“T]
(3 0] M9 1] [-30),., [-11 (-3 0] [—2 1] ] =0T g [ 1
H:_“ -"J_l\-'“:_l-l]_ !)—_” '_’_l\r__“_ [] D= 0 -"J_l\'uz_l-l]_ !)—_” '_’_l\r__“_ []
(3 0] [ =1 4] (5 0 ] (1 -1 (3 0] [ =1 4] (5 0 ] [1 -1
= 5[ =] w4 | R=E Sa BPS3 T] = s [ E=] 4| | B | #PS3 T]

ORDER MATTERS!!!




