Math 2550 Matrix Algebra Exam 3 Form D
Dec. 4, 2014
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[18] 1.) Find the characteristic equation and diagonalize A = [ _62 —?8 |

NOTE: A is clearly not invertible (since det(A) = 0 or equivalently columns are linearly dependent or equ1va~

lently (since A square) rows or linearly dependent). Thus 0 is an eigenvalue of A. A Z\ - O
Find cigenvalues: Aoy =
l —
det(A—r1)=| 2 4;lx|:(—ZmKX—l&—M~36:36+%m+kz—%h:ﬂ+amw:MK+ﬂn:0

Characteristic equation of A = A(A+420) =0.

Find eigenvectors:

oo (3 85 e 2] [ 3]s
o [2 3] 2112
e 2 4] b 43 [ 2] [

1. _
Thus [ _15 } is an e. vector of A. Hence{ 3 }13 also an e-vector of A.
26 20 -1
omec [ 7 5 ][5 ]=] %o =3
detP =9+1=10 _ /
\ ~
3 1 - — \
pe |3 1] p_ |00 Pl 0 10 /)? ~
1 3 - LO -20 - L3 l
—16 10

Note: if you forgot the formula for P~ !, you could (either derive it or) notice that A is symmemc and P is
orthogonal. Thus we can normalize the columns of P so that for the new orthonormal P, P~! = PT (since
columns of new P are orthonormal). Thus alternative answer:
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[16]2.) Use Gram-Schmidt to find the QR factorization of M =

W O N

3
0
3

Note one can work with scaled veciors to find Q (think of the pictures relating to orthogonal projection and
orthogonal component), but not 8. For those not comfortable with scaling, we will work with the vectors as
given.

6 6 6 3
6 6 | =36+36+9=281 6 0| =1840+9=27
3 3 3 3
. 3 27 6 1 6 2
proj 6 0 ’—8—1 6 :—3— 6 — 2
3 3 3 1
6
3
3 2 1
Orthogonal component = | 0 2|1 =12
3 1 2
6 1
Normalize: lengthof | 6 | =v31 =9 lengthof | -2 | =v1+4+4=3
3 2
-6 1 r2 1 7
9 3 3 3
— 6 2 _ 2 2
ThusQ=|5 -3 |= |35 3
3 2 1 2
L 3 L3 3
M = QR implies OTM = QTOR=R
303 3|[3 rarasr 24041] [0 3
Ty [ 4+4+1 24041 | _
ThusR=Q'M=| |89/ =19_ 442 1-042 |—[0 3]
3 -3 31133 .

NOTE: Columns of Q are orthonormal and R is upper triangular.
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Assignment HW12fall14 due 12/11/2014 at 11:59pm CST

1. (2 pt} local/Library/Ul/Fall14/quiz2.9.pg
Supppose A is an invertible n % n matrix and v is an eigenvector
of A with associated eigenvalue —3. Convince yourself that v is
an elgenvector of the following matrices, and find the associated

e E. 1024

= [ 390625

o (G. 2000

= H. None of those above

2. A7l cigenvalue =

e Al
e B.
s C.
e D -
oEO
« F
s G.
s H,
e I

DI =

0.125 - 73 V
0.333
0.5 XCD
_ _ None of those above 6 ~
Coadame) A VERT
‘ gigenvalue = '
e A -8 -
e B -4 —
e C.-5
* D.O _ Lf j 4’)) v
e E.2 A
e F 4 —>
° G.9 = L{ I vV
e H. 10 A V - h
¢ 1. None of those above
4. 8A, eigenvalue = @ r) v e L[ V
e A, -36
s B.-28 Cq ‘-{) V
e C. -40
e D.-12
e EQ
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e F 24
e G. 36
o H. None of those above

2. (1 pt) Yocal/Library/Ul/Fall14/quiz2_10.pg
7

5. 1
and va = |

5 } : [ 0]

are eigenvectors of a matrix A corresponding to the eigenvalues

“ = 4, respectively, then

3] f
o Al 7 ~ J
.Bl=:2: /A .v| +A 2
oC.=-56=
.D"160'}

12
e F. 10

e (. None of those above

b. A{(=3v1) =

e A. : i; }

e B. : 82 }

o C : 'f }

cn 0]

R B

e G. ig

¢ H. None of those above
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Assignment ShortRequiredFinalQuiz_ due 12/11/2014 at 11:59pm CST
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| ¢ E. either no solution or an infinite number of solutions

Problem 1. 1. (1 pt) Library/TCNJ/TCNJ MatrixEquations- ¢ F. either a unique solution or an infinite number of so-
/problem4.pg - lutions
-:55 13 -4 ¢ G. no solution, a unigue selution or an infinite number
LetA= ‘2 i 52 and x = '3:5 of solutions, depending on the system of equations

¢ H. none of the above

I") —
1‘ What does Ax mean? Problem 5. Suppose A is a square matrix and AX¥ = 0 has

Problem 2. 2. (1 pt) local/Library/UL/Falll4/HW7_12.pg an infinite number of solutions, then given a vector b of the
Suppose that A is a 5 x 9 matrix which has a null space of di- appropriate dimension, AX = % has
mension 6. The rank of A=
s A -4 ¢ A. No solution
« B -3 e B. Unique sclution
e C. -2 s C. Infinitely many solutions
e D -1 e D, at most one solution
e« E O e E. either no solution or an infinite number of selutions
¢« Fi e F either a unique solution or an infinite number of so-
e (G.2 lutions
e H.3 s (3. no solution, a unique solutien or an infinite number
o 14 of solutions, depending on the system of equations
e J. none of the above e H. none of the above
Problem 3. 3. (1 pt Library/WHFreeman/Holt linear_algebra- Problem 6. The vector b is in ColA if and only if AV = b has
{/Chaps_1-4/2.3.42,pg a solution
Let A be a matrix with more columns than rows. AT
Select the best statement. * A Tue
¢ B, False
e A. The columns of A are linearly independent, as long Problem 7. The vector ¥ is in NulA if and only if AV = 0
as no column is a scalar multiple of another column in
A e A True
¢ B. The columns of A are linearly independent, as long e B. False

as they does not include the zero vector.

o C. The columns of A could be either linearly dependent
or linearly independent depending on the case.

¢ D. The columns of A must be linearly dependent.

¢ E. none of the above

Problem 8. If % and % are solutions to AX = 0, then
—-2%) 4 245 is also a solution to AX = 0.

= . e A True
Problem 4, Suppose éfc = 0 has an infinite number of solu- e B. False
tions, then given a vector b of the appropriate dimension, AX=b
has Problem 9. If ¥} and % are solutions to A¥ = b, then
| —7x) 4+ 34 is also a solution to AX = b, - .~
e A. No solution — Z- - _
¢ B. Unique solution | A- X( = A K'Z« - é
o C. Infinitely many solutions [ o A True
e D. at most one solution |
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Thm 8 If Alis &

- 2
. SQUARE 3 X n matrix, ¢ Tollowing are equivalent.
a.) A is invertible. e > CZE]L A :;(: O

b.) The row-reduced echelon form of A is I,,, the identity matrix. /\

c.) An echelon form of A has n leading entries

[Le., every column of an echelon form of A is a leading entry column - no free
variables]. (A square => A has leading entry in every column if and only if A
has leading entry in every row).

d.) The column vectors of A are linearly independent. N

e.) Az = 0 has only the trivial solution.

f) Az = b has at most one sol'n for any b.

g.) Az = b has a unique sol’'n for any b. P e —

e - )
h.) Az = b is consistent for every n x 1 matrix b.

1.) Az = b has at least one sol'n for any b.

j.) The column vectors of A span K™,
[every vector in R™ can be written as a linear combination of“ﬁ columns of A].

k.) There is a square matrix C' such that CA = I.

L) There is & square matrix D such that AD=T. /g "M&J cvery

m.) AT is invertible.

y 0
n.) A is expressible as a product of elementary matrices. [ S & fg !

0.) The column vectors of A form a basis for R"™. rohl
[every vector in R™ can be written uniquely as a linear combination of the columns

of Al. ﬁ
T
p.) Col A = Rn./ &= :/) U2

q.) dim Col A =/n.}

)
)
. Vo
r.; raM< of A —fn \ {t;’ a{ Q.M
)

s.) Nul A = {0},

dim Nul A = (4 n{jr’@?ﬁ Vartauéé( 2@//0 ff /1 =
u.) A has nullity O‘//
-

) "\ = 0 is NOT an eigenvalue g

t.
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Assignment sect?_2optionalProblems due 12/31/2014 at 03:15pm CST

1. (1 pt) Library/Rochester/setLinearAlgebra23QuadraticForms-
furJa 23 5.pg

2 -6 9]
FA=| -6 6 -5 |andQ(x)=x-Ax, — )(T/-\f X

9 -5 7 — T —,
Then Q{xi,x2,x3) = &= x%+éﬁ x%+"'& x§+‘i2x1xz+ ZX :
JC})C3+"DJC2I3.

2. (1 pt) Library/Rochester/setLinearAlgebra23QuadraticForms-
furda_23_1.pg
dratic form
1x1x2 4+ 3x1x3 — 9x0x3.

3. {1 pt) Librarleochester/sethearA1gebra23Quadrat1cFurms-

furla 23 4.pg Hml:‘, e — C’ O) i

IfA—[ ; g } and Q{x) = x- Ax,
Then Q(e;) = — and Q(e2) = . &2_"" (O I)

4. (1 pt) Library/Rochester/setLinearAlgebra23QuadraticForms-
furla 23 2.pg
Find the eigenvalues of the matrix
~
M [ =55 5 }
5 =55

Enter the two eigenvaluesf/separated by a comma:
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Classify the quadratic form Q(x) =xTAx:
< O
(x) is indefinite
(x) is negative definite > &
(x) is positive definite << O
(x) ts positive semidefinite 2, O
E. Q{x) is negative semidefinite S o

AQ
B. @
C.o
D.Q

5. {1 pt) Library/Rochester/setLinearAlgebra23QuadraticForms-
furlda 23 3.pg

The matrix
2 -1 0
A=1 -1 2 ¢ "
0 0 4|
has three distinct ¢igenvalues, Ay < Ay < Aa,
A=,
A=,
Ay =__

Classify the quadratic form Q(x) = xT Ax :
Q(x) is positive definite

((x) 1s positive semidefinite
Q(x) is indefinite

Of{x) is negative definite

Q(x) is negative semidefinite

e & & @ 9
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