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6.1: Inner Products.

Defn: Let V' be a vector space over the real numbers. An
inner product for V is a function that associates a real

number u - v to every pair of vectors, u and v in V such
that the following properties are satisfied for all u, v, w

in V' and scal :
I Vv and scalars ¢ py %O7erﬁ/,%m

dYyu-u >0and u-u=0if and 0 | |

A vector space V together with an inner product is called
an inner product space.

Thm 6.1.1": Let V be an inner product space. Then for all
vectors uy,us, v in V and scalars cq, ¢s:

a.) (c1ug +couz) v = v-(ciug + coug)
=c1(uy - v) + ca(ug - v)



Inner Product Example: Dot product on R"™.

Defn: 7% jap = a1 + a2+ ... + anm

Defn:
The dot product of u = (uy, ..., Um) & v = (U1, ..., U, ) is
u-v=2"  UpUk.

In words, u-v is the sum of the products of the corre-
sponding components of u and v.

Note that/u - v is a real number (not a vector).

Examples:

W - ity = (D01) + 015D + 3 6)

T1] [—2 =Ytio L€
{2} ' {_1} = (N2) + (2)01) 32
i = 242 = 0

Defn: Let v be a vector in an inner product space V. The

length or norm of v = ||v|| = /< Vv,V >. Ve v
;’) 3

113, 4)]] = +L/ W = e - S

Defn: The vector u is ector if HUH :@
y {/Aa 70 Vo= o) %C’/ orem ! 1 Bif
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Note that{|| ! iIs a unit vector.

Create a unit vector in the direction of the vector (3, 4):

Create a umt vector in the d1rect10n of the vector (1, 2):
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Defn: u and v are orthoional (or perpendicular) if

~1(-2) 4 2(1) = 0 — D0

Example

e

Example:
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Orthonormal Bases.

A set of vectors, S, is an orthogonal set if every pair of
distinct vectors is orthogonal.

A set T, is n rmal set if it is anlorthogonal 'set N ;\?
and if every vector in 7 [has norm equal to 1. 9/ v \Jr\;v“

=
ZJ 5
Thm: Let 7 = {vi,Vva,...,va} be an orthogonal set of /
nonzero vectors in an inner product space V. Then 7T is . —
Cilgiy independen@ /} = v l Sl /4 Y = @,
— R 1 Y D
. }wf%&go\gfaho’ﬁormal é}gt of vectors is linearly independent.

V/ a(-\-/_: X, -I-VL X, + .. 4-7,,‘ )(4\)::09(/1

(V.7 )x, 4—@@&1#,-. H 0 )= O
(&) :

= (Rh)X =0 5 -0

Defn: Let V be an inner product space If& S C-QO
vV
)1) if 7 is an orthogonal setly then 7 is an orthogonal L > $O
- "4basis for V. CoNss {'nj ¢ hon zero =V, Y,
ii.) if 7 is orthonormal set, then 7 is an orthonormal <,/ arty
basis for V. O
M= aﬁ/ .
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Thm: Let g{vl,vi, ...,;\Lrn} be an orthogonal baﬁé'fgﬂan

inner product space V. Let a be an arbitrary vector in V. P
, - = ! G('
) A =C1Vy+ ...+ CpVn ):Vc—fvﬁ.}[: =/
. : v |/ 6%\

WsT v

wherg c; = 4 for 7 = 1,2, ..., n.
&) (g 1) (4wl
Jote if {v1,Vva,...,vp} is an orthonormal basis, then . —
|vil| =1 and ¢; =< a,vj > A X = L
. L — —
Thm: Let a, v be nonzero vectors in R”. \/ - = OO
The vector component of a along v
. = ~ =/orthogonal projection of a on v
a = tGWtg U jo/j\::j
vl
GV =
c ”S{’r’b The vector component of a orthogonal/to v
TR =a—projva:a—||‘1ﬁv

e ———

Thm: Let {vi,va,...,vy} be an orthogonal basis for sub-
space W of an inner product space V. Let a be an arbitrary
vector in V. Then

)\

proj,a=civy+ ...+ cpvy
C'_—_—“—'*-—_ﬁ__

<a,vi> .
where ¢; = WH‘—Q for j =1,2,...,n.
J

\h’Note if {v1,va,..,va} is an orthonormal basis, then
Cr
Cl\{" |vjl| =1 and ¢; =< a,vj >

The vector component of a orthogonal to W = a—projwa
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Thm (Gram-Schmidt process for constructing an orthogo- 7
nal basis):

I
Let 7 = {aj,az2,...,an} be a basis for an inner product
space V. Let T’ = {v1,Va,...,vn} be defined as follows:

7

vy — ay q*
&

<a2,v1> JI

Vo = ag — 22Vl g, .‘

<Vi,Vvi> )

plaat, 4 ’V\Q

_ <33,V1> _ 3
VS T a3 <V1,V1>
TE— ‘

3 SPAN )Y, I/L?
_ _ <an,vi> _ <ap,v2> - _ <an, vt
Vn = dn <V1,V1> 1 <V2,V2>V2 <Vn,vn>’vn’\’

Then the set 77 is an orthogonal basis for V. RN

DV, = 4. — pred o,
" " sﬂﬁ“"{vu-"ym"’?

An orthonormal basis for V' is given by
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