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ﬁ 5.1: Eigenvalues and Eigenvectors ¢7

Defn: A is an eigenvaly_.e of the matrix A if there exists a

nonzero vector x such that Ax =

‘The vector x is said to be an leigen ector corresponding to
the eigenvalue A. | |

Example: Let A = {4 1]. N

o PyraaT
e[ 1] 2] [ ,{ 7%%@

Thus -1 is an eigenvalue of A and [ 5] is a corresponding

eigenvector of A.

Note {4 1} L !5} :_53{1} A= 5 W

o 0|1 D 1

A

1

Thus 5 is an eigenvalue of A and [1

} 1s a corresponding

eigenvector of A.

4 1][2] r16'| 2
Note {5 O} {8} =110 #kLSJ for any k.
97
Thus |8J is NOT an eigenvector of A.
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Area and Volume

mined by?he vectors (uq,us) and (vi,ve)

«bs

= |det {ul u2”
V1 U9

b.) The volume of the parallelepiped in 3-space de-
termined by the vectors (uj,us,us), (v1,ve2,vs), and

(wh o wg) abj { U1 U9 Ug :|
det

U2 U3
wy Wog Wy

Fxample: Find the area of the parallelogram deter-
mined by the vectors (1, 2) and (3, 4). )

3&/2) ﬂég*cy

s |3 ____&45(4/,5) abs(-2 )

N bm e 42

Example: Find the «sea of the parallelepiped deter-
mined by vectors (1, 4, 5), (2, 10, 0), & (3, 0,

g4 10 O — /L/ /0 :3//
ST o 6 1/33—2@, 3 -9 -1
' -“)2/33 -0 +0




9 1 3 92
917 171
det {o 3 _9 1}
47177 27
| (Ra — Ry SlRy), (R4 — 2R, —>jﬁ4)
29 1 3 2
0 0 -4 —1
det[o 5 _9 1
0 -1 —4 -2
| (Ry & Ry)
2 1 3 2
0 —1 -4 -2
det[o 357 _9 1]
0 0 -4 —1

|| (RB ‘|‘3R2 _>R3)

2 1 3 i
0 —1 —4 -9
0 0 -4 -1
2 1 3 5
Vet 0 —1 -4 —9 C/
0 0 1 3
) P X4

14
_4)?_\_1

|| {Rgy+ 4Rg—:>}fR4) >

LY

e

2 1 3 5
14det |:0 / 5 } = 14(2}(—1){1)(%) S 19
0



=
|
b = W
il o)
Y |

P oo (A )

det {

det

12a 4ec
= det [12&) 4d] det{e- |
3a 3b g h] a b (g R
_ 42 _ 2 I
_4d6t[c d]dette fj_3X4det[c d}det‘tLe fJ

i 1
= —3 x 4%2det . det e f = —3x4% x5 x2=—480
c d g h




Thm 8": If A is a SQUARE n x n matrix, then the following
are equivalent.

a.) A is invertible.

b.) The row-reduced echelon form of A is I,,, the identity
matrix.

c¢.) An echelon form of A has n leading entries

[l.e., every column of an echelon form of A is a leading
entry column - no free variables]. (A square => A has
leading entry in every column if and only if A has leading
entry in every row).

d.) The column vectors of A are linearly independent.
e.) Az = 0 has only the trivial solution.

f.) Az = b has at most one sol’n for any b.

g.) Az = b has a unique sol'n for any b.

h.) Az = b is consistent for every n x 1 matrix b.

i.) Az = b has at least one sol’n for any b.

j-) The column vectors of A span R™.
levery vector in R™ can be written as a linear combination
of the columns of A4].

k.) There is a square matrix C such that CA = I.
1.} There is a square matrix D such that AD = I.
m.) AT is invertible.

n.) A is expressible as a product of elementary matrices.

0.) The column vectors of A form a basis for R".
?49% <mo_uoH in B™ can be written :E.pcmq as a _Emms, -

p.) Col A= R".
dim Col A = n.

Nul A = {0},
dim Nul 4 = 0.
u.) A has nullity 0.

)

r.) rank of 4 = n.
)
)

Rank(A4) + nullity(A) = Number of columns of A.

Ex. 2) Suppose A is a 9.X4 matrix.
If Rank(A) = 4, then nullity(A) =

Ax = 0 has ~ solutions.

Ax = b has solutions.
If Rank(A) = 3, then nullity(A4) =

Ax = 0 has solutions.

Ax = b has solutions.




Nullspace of A = solution set of Ax = 0 is a subspace:

mo Ax =0, the@

also a solutlonb A 7 =0 AU, v, = O

A6V, +el)= flai W AlR) = <k ral

= <, (D) +c (¢

The solution set of Ax = blls NOT a subspace unless™___ T~

b= 0' ] K O s LY
o -. : _ O X

A :’é not 1 n o/ toa sjé /4/‘,—5;

If vl, vg are solutions to Ax = b, then ¢;vy +cova i8] 740 < nod
a solution to ( 7

vn al{ r 1(’) t’ﬁ

vnless L=0 o~ c,tc, =

Ch 5: The cigenspace corresponding to an eigenvalue
A 18 a subspace.
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Mol o [&]0 6l o [8] 0o
Determine the nullspace of B where B ~ llol 0 @ i-6] 0 Solve: Bx =0 where B ~ lip| 0 /1) |-6] 0|l

olo o || 0] 0 o | ofd@ie

- X A B =

"

ol 0 [8] 0] ol o [8] 0]ic
Solve: Bx =0 where B ~ |lg| o I |-6| 0|0 solve: Bx =0 where B ~ |ig| o 1) |-5| 0 Lo
L]J 00 L;il] 0 M 0010 1}%
Xk £ ¥, ¥y 1
%, 1 [0 [ﬂ 1 0
% 0 -8 X 0 -8
x| = ol% + |-6]% NulB = g% + |-6|% ] x%nR
X, 0 1 X4 0 1
. 0 | 0 LSJ 0 0
ﬁ ‘10 [8] 0]je ol o |8] 0]fe
Solve: Bx =0 where B ~ ligl g 13 |—6| 0o Solve: Bx =0 where B ~ |lg o /1:|—gl ol
0j o 0 {0 aIJ @ H@, C 00 -(:1\,]'
1 [0 [1] ol
0 -8 0| -8
NulB = 0% + {-61% | % xinR NulB = span 0|, {—6
0 1 |
e L O L
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S
Eiate O

. - - . ]
Solve: Ex = 0 where E ~ 3 [1) [1) [75 g 8 J ] 0
oo o|o|d o ls= g;ﬂdn ;
N 0 ; ,5
olo o|o|od 5
gi 0 0olgloag P ) ~1 3
. 1] 0] 0] 0 ' yi9
z 5%, - 3%y 0 5 -5 P g
- -7%, + 3% 0 -7 3
xq' = 4X4 = olx + |1 + gl .0 t
¥ 0 0 0 o O
L%y Xy | C] | 0] | 1]

Determine the column space of E UREH 0 =51 00 5 Determine the column space of B 00 [ 8{0D
wierefrv g g (1) ; ? g _(f where B ~ [|0] 0 1} |-6 [)
0l o o |o0]|d;
-1 POSSIBLE , :
5 IF POSSIBLE g AN . IF POSS % oy
/5 i ¥, = Note: We don’t know the original matrix B. We only know REF of 8,
4

Notg® We don’t know the originat matrix E. We only know REF of E. But p (o ‘(_ A - A rd'b\f

L/uo’r' /70§§/ﬂf7/ a

e

Row ops affee? th

Colvmn space

I =10 =24 —42 1 %‘-’:i’t)l -4 —42
Determine the columnspacecf A = | 1 _g¢ _18 —3» Determine the column spaceof A = |} ] gl 1y -3
-2 9y 8l 8T -2 1201 [51] 87
If
Column space of A =col A= - /6
1 ~10] [-24 P E‘?’“‘I i .2
col A = span R S I I R~ R, R, E“ | o
o) L2 Ly 1 R R DR (3 3
- asis for col A consists of the 3 pivot columns from the
1 |'—10" —24 iginal matri r ‘
» i ariginal matrix A. L =101 |24
= {Cli l' J + c; ‘SJ + C3i-:]s R - - Thus basis for col A = I— | ] ! -8 ——18-!
[-2 | 20 L&l |_—2J L20] [51]




Defn: Let W be a subspace of R*. A set T is a basis
for W if .
i.) 7 is linearly independent ‘and

) Topans We €)  tecoribes  (J @

le.,
T is the smallest collections of vectors that span W.
]

Basis thm: Let- W be ap@mensmnal subspace of R".

i.) If W = span{wn,..., wp‘» then {wy,..,w,} is a
basis for W. 50 G

ii.) If vy, ..., fupre linearly independent vectors in W,= ¢ ”{m‘&
: : Y
then {v1,...,vp} is a basis for W. e %

s‘lmp I(Q&aj

Thm: All basis for a finite-dimensional vector space
have the same number of elements.

Defn:
dim (V') = the dimension of a finite-dim vector sp V'
= the number of vectors in any basis for V.

If dim(V') = n, then V is said to be n-dimensional.

rank A = Rank of a matrix A = dimension of Col A
— — number of pivot columns of 4.

< -

nullity of A = dimension of Nul A
= number of free variables.

s —— —




Rank(A) + nullity(A) = Number of columns of A.

That is,
The number The number The number
of pivots + of free variables = of columns
of A of A of A

e[|
3 40

Ex. 1) Suppose A is a 5X7 matrix.

If Rank(A) = 4, then nullity(4) = # - 1 =
>

Ax = 0 has solutions.

Ax =bhas &L o7 7oA T golutions.

If Rank(A) = 5, then nullity(A4) = ? -S=172 £y ﬁ

oL

Ax = 0 has solutions.

Ax = b has <O solutions. oGC

K If Rank(A) = 5, the column space of A = &j /-




