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Area and Volume

a.) The area of the parallelogram in 2-space deter- - ’/ﬁ
mined by the vectors (u, us) and (vy, ve) K \ l
det [ul UQJ
(5l V9

b.) The volume of the parallelepiped in 3-space de-
. e
termined by the vectors (uq,us,us), (v1,v2,v3), and

(’wl , Wa, w3)
Uy Uz
= |det | v1 U9

w1  Wo

Example: Find the area of the parallelogram deter-
mined by the vectors (1, 2) and (

’L/) ﬂét/-é) 42

| B &LJ(L/ ()= abs(-2)

ZV = 42

vokm
Example: Find the @wea of the parallelepiped deter-

mined by vectors (1, 4, 5), (2, 10, 0), & (3, 0,
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Recall how row operations affect the determinant:
If A R Scr,’ B, then detB = c(detA).
If A R &R, B, then detB = —(detA).
It A Ri+cR; —>Ri/B7 then detB = detA.

Note how row operations affect area:

Area of square determined by vectors (1, 0) & (0, 1):

=1 - [.7

1 ‘ \©'ﬂf

Area of rectangle determined by vectors (a, 0) & (0, b) l é /2

Area of rectangle determined by vectors (0, a) & (b, 0):§

A/ = a,é;/Qé) =S O 5
a o



Ch 2 partial review:

Recall W is a subspace of R™ (vector space) if W is

closed under scalar multiplication and vector addltlon 0/
L.e., W is a subspace of R" if Ote/h 4
vi,Vve in W implies ¢;vy + CQViIiIl W. ,{!m kf”
= —

Note it W is a finite dimensional subspace, <bhen for

some vectors wi, wg, ..., Wi in W: "F

W = span{wy,wa, ..., Wi}

= {c1w1 + oWy + ... + Wi | ¢ € R}

= the set of all linear combinations of the vectors
Wi, Wao, ...

Examples: A’ /f 2 7/’ . w

Theécol'umn space/of A = |a; ag ... an|

— {Clal + codg + ... + ChaApn | C; € R}

== {b| Ax :b has at least onc solution }
is a subspace. -

= re < by
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[Zd TA) = span Lo 4y 1]
= [-C/ %i” t (%E:\ E - éﬂ%

§'{' ft[\ere ‘Q—)((S'ﬁf
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Nullspace of A = solution set of Ax = 0 is a subspace:

MO Ax =0, the@s

alsoasolutionr],aAﬁ =0 AU'L = O
A (¢ V, *Cmajﬂﬁr(cfﬁ)nb/r(cj:) A
- cifép)J—CL(C

The solution set of Ax = b is NOT a subspace unless\___ ~
b =0: = = Z ,/4‘,6 =0 I¢5 Qv
oL = O X = -

P’lﬂ ' A 2 # ho’f_/ n fb/(/ fron ‘Cl/% b /4/;[

If v1,v2 are solutions to Ax = b, then ¢1vy +cava i8] 77,0 < nod.

a solution to (C ~/—C7,) ;
{

Alc, v+ czl'f’z):: cl<;4 W)* Cz@@)
cabral =2 (e ra)s F4

onless [=0 o~ ¢;+Cz,’;i

Ch 5: The eigensgace corresponding to an eigenvalue

A is a subspace.
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ﬁ 5.1: Eigenvalues and Eigenvectors @

Defn: A is an ei_g_enval;;_e of the matrix A if there exists a

nonzero vector x such that Ax =

The vector x is said to be an }eigen ector corresponding to
the eigenvalue A. '

Example: Let A = {5 OJ' . —

/AV;-IV

welt J[1)- 53] B A2

__,_.

Thus -1 is an eigenvalue of A and { 5} is a corresponding

eigenvector of A.

e[ EEE ) A% 5 W

Thus 5% an eigenvalue of A and “] is a corresponding

e

eigenvector of A.

Note .[il } {16-‘ {2-‘ for any k.
|9 3 |

_ [2]

Thus |8J1 s NOT an eigenvector of A. /'E ° /
- not 4 mulltipl<€
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MOTIVATION: /

2 —1 1
Note [8}_[ 5]—% 1

Finding eigenvalues:

Suppose Ax = Ax (Note A is a SQUARE matrix).
Then Ax = Mx where I is the identity matrix.
Thus Ax — AMx=(A-A)x=0

Thus if Ax = Ax for a nonzero x, then (A — AI)x = 0 has a
nonzero solution.

Thus det(A — A )x = 0.

Note that the eigenvectors corresponding to A are the nonzero
solutions of (A — Al)x = 0.



Claim =0 X | AX - 2?}

oy,
'S Qo 5(/45/&‘1"C€ for 'Q;\f
DL Suppese 7 and & aenS
AT =2V AT =W
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A (C»)V *‘?5) = ,GM’) + Cl(/}j
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= c vV o+ Sy
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