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Suppose Avy = 0 and Avy = 0, @ Ale1vy + cave) =0

N
Alav ra ) =pleT A(c,_vz): Chi e f7 = 0+0
=0

NOTE: Nullspace of A = span{ —Y }
o
o .
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2.8 Subspaces of R*". — (/& =t r g C €. 7
Long definition emphasizing important points: NS {‘{\ 7
Defn: Let W be a nonempty subset of ™. Then W is a subspace (/D /
of R™ if and only if the following three conditions are satisfied: } f J/

i) 0isin W, @ J _/

i) if v, ve in W, then vi + v in W, \

iii.) if v in W, then c¢v in W for any scalar c. g_,\

i

Short definition: Let W be a nonempty subset of £*. Then W is a kS ()
subspace of R™ if vy, vg in W implies ¢1vy + cave in W, &7

Note that if S is a subspace, then
if vi,va,...,vy in S, then ¢1vy + ¢cava + ... + ¢, vy I8 in S.

Ov=0isin S.

Defn: Let S be a subspace of RF. A set 7 is a basm for S if [ / l.
i.) T is linearly independent and <5 7[ oV er ‘{ v 3
i) 7 spans S. fowL "f oA extre
et & gor's
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2.9: Basis and Dimension

Defn: Let S be a subspace of R*. A set 7 is a basis for S if LA Qé)g

i.) 7 is linearly independent and < ol To¢
ii.)TSpansS.z N CS’/MPL/F/ED
Examples LARG & ENOUaH A\f ircj:" VS

1 0 CK
a) {12 (04010 CKS
0 AP PROVE]
1] [3] Y4 , 1] [3
by {|2]|,]4], }is NOT abasis forspan{ | 2| , | 4|}
o] o] /N Too [LA265 (o) (o
o hot L+ C.
1 1 3
c.) {|21]}is NOT a basis for span{ |2, 4]}
0] Too smpc 0] |0

Do@s ret Spem
Defn: A vector space is ca‘ﬁed /ﬁanite-dimensio 1 if it has

a basis consisting of a finite number of vectors. Otherwise,

V is infinite dimensional. E" [) .é J ,{-’L) —6’3) e }

Thm: All basis for a finite-dimensional vector space have the

same number of elements.
————

Defn: dimn (V) = the dimension of a finite-dimensional vec-
? .

tor space V = the number of vectors in any basis for S. If

dim(V) = n, then V is said to be n-dimensional.
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rank A = Rank of a matrix A = dimensi A
#—qw—a ) .
= number of pivot columns of A.

nullity of A = dimension of Nul A = number of free variables.

Basis theorem: Let H be a p-dimensional subspace of R™.
i)If H = span{wi,...,w,}, then {w., ..., wy} is a basis for H.

ii.) If vy,...,v, are linearly independent vectors in H,
then {v1,...,u,} is a basis for H.

Rank(A) + nullity(A) = Number of columns of A.
2t pf(fo:f‘ 4+ # frRe V“""M —_— ﬁ'—uﬂ c_@[(/hf\/’lg ‘%4
Ex. 1) Suppose A is 7 matrix.

If Rank(A4) = 4, thed nullity(4) = 2 — Y = 3
AXZ@has L solutions. Q 3 _f e J/{”
Ax =b has 191€ o <2 solutions. Vot

If Rank(A) _fé\hen nllity(4) = L~ S = "/

Ax = 0 has o0 solutions. ¢y c< Aomoj r;-M
_— y Epex vl

Ax = b has " < ~golutions.

-ns
If Rank(A) = 5, the column space of A = R

(n each row c% éoe? ”"Cﬁ”}l’
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Thm &': If Ais a SQUARE 5 X n matrix, then the following
are equivalent.

a.) A is invertible.

b.) The row-reduced echelon form of A is I,,, the identity
matrix.

c.) An echelon form of A has n leading entries

[Le., every column of an echelon form of A is a leading
entry column — no free variables|. (A square => A has
leading entry in every column if and only if A has leading
entry in every row).

d.) The column vectors of A are linearly independent.
e.) Ax = 0 has only the trivial solution.

f.) Az = b has at most one sol’n for any b.

g.) Axr = b has a unique sol’n for any b.

h.) Az = b is consistent for every n x 1 matrix b.

i.) Ax = b has at least one sol’'n for any b.

j.) The column vectors of A span R".
levery vector in R™ can be written as a linear combination
of the columns of Al.

k.) There is a square matrix C such that CA = I.
1.) There is a square matrix D such that AD = I.
m.) A’ is invertible.

n.) A is expressible as a product of elementary matrices.



0.) The column vectors of A form a basis for R™.
__;2. . - .
[every vector in R™ can be writte iquely as a linear

combination c[)i mns of AJ. C Lin (nad=? ~

p.) Col A= R™. ol 0

q.) dim Col A = n. N P“fmﬁj F QG:O

't |
: k of A = n.
(r)ram o n QUARE
- Ns.) Nul A={0}, /9 [/O 7/~S .
/.// t.) dim Nul A = 0. 4 {(/0 (N EAcC _

1.) A has nullity 0. | ~ /70 .

) &O/L//)’\/’] _ﬁjn froe VW”/“'@{

Rank(A) + nullity(A) = Number of columns of A.

Ex. 2) Suppose A is a 9X4 matrix.
JIf Rank(4) = 4, then nullity(A) = L -Y
" f Ax=0has _ (/N (j_ v< solutiong, Ne
g:;d o Ax=bhas_ad~ moest one solution.

o— 0

-

G % Kl oA € of {Ka&'{‘(y 0/1—'6
| If Rank(A) = 3, then nullity(A) CLf,-— 3

Ax = 0 has > solutions:
Ax =b hasfjont v <O  solutions.
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Note: In ch. 3 all matrices are SQUARE.

3.1 Defn: detA = X £ a1, a04,.--0nj,

2 % 2 short-cut: det | “2 50“12]: A, _ —
x 2 short-cut: de [a21)<a22 GM '2_7_‘. q/l G(LI

El

a11 Gl2 Q13 air  ai2
3 X 3 short-cut: det | a1 age a3 | as1 G99

31 Q32 @33 31 aszg

Note there 1s no short-cut for n X n matrices when n > 3.

Definition of Determinant using cofactor expansion

Defn: A;; is the matrix obtained from A by deletlng the
ith row and the jth column. ‘

Defn: Let A = (a;;) by an n X n square matrix. The
” . .
determinant of A is

1.) If n= 1, detA = 11.

2.) If n > 1, detA =37, (~1)"*aypdet Ary

= alldetAll — algdetAlg + ...t (—1)1+”a1ndet}l1n

Note the above definition is aordef—

mnition.
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Thm: Let A = (a;;) by an “matrix, n > 1.
Then expanding along row’:
detA = X7
Or expanding along column j,
detA = X7_ (=1)"ay det Ay,;.
e mgre oW Lo
Defn: e 1, j-minor of A. colvmh J_

(—1)*"7detA;; is the i, j-cofactor of A.
e —

3.2: Properties of Determinants

Thm: If A 7,5 B, then detB = c(detA).

Warning note: det(cA) = c"detA.







