Example: T pace of A is the solution set of Ax = 0. = 41(/[ (/4') = 7}{,0&/ (/4 }
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Suppose Avy = 0 and Avg = 0, @ Alcivy +egva) =0 é‘hom
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NOTE: Nullspace of A = span{ "§ -4 }
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2.8 Subspaces of R". —= Ve, cfb/‘ sp4 C € »@ r\f\
Long definition emphasizing important points: J N m |
Defn: Let W be a nonempty subset of ™., Then W is a subspace O
of R™ if and only if the following three conditions are satisfied: } (//
s
i) 0isin W, A2
i) if vi,vp in W, then v4 +vp in W, \ \(\@/
iii.) if v in W, then cv in W for any scalar c. U g_,\-
A
Short definition: Let W be a nonempty subset of R, Then W is a .5 lﬂ
subspace of R if vy, vy in W implies ¢;vy + cova in W, #)s

Note that if § is a subspace, then
if vi,v2,...,vn in S, then ¢1vy +epve + ...+ ¢ vy isin S.

Ov=0isin S.

Defun: Let S be a subspace of R*. A set T is a basis for S if

i.) T is linearly independent and <D ,)L
.. O
it.) 7 spans S. édfh f\L an ’f_ eX ¥k






AnY

be Wk tren &

. {{\ML o W?// Z—Q ~

Sﬂﬁc ‘% W,Gﬁfg

& SpP*N cC—
4 lrec 7%/ 277
Examples: Nullspace and Column Space. C Su é 0 pﬁﬁ &)

Let A = [cq,Cg,...,Cp), & k X momatrix.

Defn: The column space of 4 = span{cy,ca,...,Cn} = Colé CA')

——————e

Thm: The column space of A is a subspace of R”

Note: Suppose B is row equivalent to A, then the column space of
B neednothe the same as the column space of A.
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Example 1: Does \i
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Example 2: Does 3 7 g 12} [Cﬁs} = liS} have a sol'n’ N
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Lone method for determining IF there is a solution: 7
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?)( Shorter method for determining IF there is\a solution WHEN yeu (
Q) ‘know a hasis for the column space: r
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2.9: Basis and Dimension /]/ _
Defn: Let S be a subspace of R*. A set T is atbas1s!for S if 0 p/}ﬂéé

G——
1.) 7 is i lv independent and
) 7 is linearly independept and <) 551 TY ev)
ii.) 7 spans S. (. S(M
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~ U Defn: A vector space is called finite-dimensional if it has
::é Q a basis consisting of a finite number of vectors. Otherwise,
V is infinite di si 1. 2 3
" is infinite dimensiona E’)ézt/éa o 3
: \K { Thm:ZAll basis for a finite-dimensional vector space have the

p————
same number of elements.
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Defn: dim(V) = the dimension of a finite-dimensional vec-
tor space V = the number of vectors in any basis for S. If
dim(V) = n, then V is said to be n-dimensional.
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Thm 8: If A is a‘SQUAREIn X . matrix, then the following
are equivalent. ok

a.) A is invertible.

b.) The row-reduced echelon form of A is I,,, the identity
matrix.

¢.) An echelon form of A has n leading entries

[Le., every column of an echelon form of A is a leading
entry column — no free variables|. (A square => A has
leading entry in every column if and only if A has leading
entry in every row).

d.) The column vectors of A are linearly independent.
T

.

e.) Ax = 0 has only the trivial solution.

f.) Az = b has at most one sol’n for any b.

g.) Az = b has a unique sol'n for any b.

h..) Ax = b is consistent for every n x 1 matrix b.
i.) Ax = b has at least one sol’'n for any b.

j-) The column vectors of A span R™.
levery vector in R™ can be written as a linear combination
of the columns of AJ.

k.}) There is a square matrix C such that CA = I.
1.) There is a square matrix D such that AD = I.
m.) AT is invertible.

n.) A is expressible as-a product of elementary matrices.
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0.) The column vectors of A form a basis for R™.
[every vector in R™ can be written uniquely as a linear
combination of the columfid ef /A Al. /

p.) Col A = R™. row

q.) dim Col A = n.

r.) rank of A = n
s.) Nul A = {O}

t.) dim Nul A = 0.

u.) A has nullity 0.

“ VR + bty (4) \A\fﬂ
Rank(A) + nullity(4) = Number of columns of A:
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Ex. 2) Suppose A is a 9X4 matrix. l’{ ,ﬁIVO
If Rank(A) = 4, then nullity(A) = L ¥ = aﬂ V.
Ax=0has (s AN/ i U &E solutlons- ]\)0
Ax = b has solutions.

If Rank(A) = 3, then nullity(A4) =

Ax = 0 has solutions.

Ax = b has solutions.




