SQUARE Co€F MATRIX A
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Thm 8: If A is aft hatrix, then the following —

are equivalent. - MK ’74, é
)| 4 55 mvertible] <3, x=pb E ol

b.) The row-reduced echelgn form of A is I, the identity

matrix N1 C /T

¢.}) An echelon form of A has n leading entries
=77 [Le., every column of an echelon form of A is & leading
/ entry column — no free variables]. (A square => A has
K

leading entry in every column if and only if A has leadmg A
entry in every row). _ O o ]

.) The column vectors of A are linearly independent. pivh £ 1 cac

“ho £\,

) Az = b has at most one sol'n for any o '
g} Az = b has. a{umque sol n for any A JRS :

- h.} Az = b is consistent for every n x 1 matrix b.

Uql

R .} Az = 0 has only the trivial solution.

i.) Az = b has at least one sol'n for any b.

i.) The column vectors of A span R".

levery vector in R™ can be written as a linear combination
0 of the columns of AJ.

&F\ ) There is a square matrix C' such that CA = I.
L) There is a square matrix D) such that AD=1. fs = A‘
: d
m.) AT is invertible. &2 - Samc ‘&"TZ pt/

n.) A is expressible as a product of elementary matrices.



410 + 55322 + 6$32

"

| 63311 721‘|‘777_33_3-1

So solve, ) )
2 3 41
4 5 60
_679/0_
2 3 4}40]
4 5 6f1
6 7 9lo0]
(2 3 4]0]
4 5 60
6 7 9(1]

413 + Sxos + fxas
63’:13 7.’523 4+ 93333
i 0 0
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for 219,292, 30.

for z13, a3, T33.
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Or shorter method, solve
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Thm: Let A be a square matrix. If there exists a
square matrix B such that AB =1, then BA=1
and thus B = A1 =)

Thm: If A is invertible, th%ts inverse is unigue.

Proof: Suppose AB = [ and CA = I. Then,
B=IB=CAB=(CI=C

Defn: AY = I, and if n is a positive integer
A" =AA---Aand A" =A"1471. . AL

Thm: If 7, s integers, A"A® = A" (A")® = A"

(AB)~' = B~1A-1

.s —1 f . 1 _1_ évlodj
ii.) A" isinvertible and (A=) ' =4 ) - o

Ap=T

iii.) A" is invertible and (A")~! = (471"
where r is any integer
iv.) For any nonzero scalar k,
kA is invertible and (kA)™t = £ A1
v.) AT is invertible and (A1)~! = (A—1)T






Example: T space of A is the solution set of Ax = 0. = ﬂuj(/‘o = ﬁwﬂ(/él)
' solve

2 3 474
A= 3 ? S 182 gRQ_2R1‘>R2, R3—3R1—>R3,'R4—R1—>R4\
1/2 3 4/° ]:
1 3 4 1 2 3 4 é
0 0 0 " iy 0 1 0 0 W
0/1 0 0] 2 7% 10o 0 00 -
0/0 0 O 0 0 0 0 00 y&ﬁw
1 2 3 4 X1
_ . 2 5 6 8 Ta |
Nullspace of A = Solution space of 2 7 g9 19 |7$3 =0
1 2 3 4 Xq
1[53 4
i 0 0 0 B
== gsolution space of 00 0 0l*™ 0
0 0 0 0
1 0 3 4
= solution space of 0 100 x=0 K gﬁ
- P 000 0|
0 0 0 0
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Suppose Avy = 0 and Avq = 0, w Alcivi +eave) =0 a[/\o”‘

Kot v,y ) = AlGTFAER) = ¢ Al + bR

NOTE: Nullspace of A = span{ "3 ~Y i
p
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2.8 Subspaces of R Vecfbr gpacC R &@ r\“
Long definition emphasizing important points: J o m
Defn: Let W be a nonempty subset of R”. Then W is a subspace 0
of R™ if and only if the following three conditions are satisfied: } v

i) 0isin W, OC" O“J

ii.) if vy, vg in W, then vy + vo in W, \ l(\‘g/

iii.) if v in W, then cv in W for any scalar c. U 9_,\

WD

Short definition: Let W be a nonempty subset of R*. Then W is a 9 f
subspace of R™ if vy, vy in W implies ¢;vq + cave in W, e

Note that if S is a subspace, then
if vi,va,...,vn in S, then czvy +¢cava + ...+ cpvp isin S,

ov=01s1n S.

Defn: Let S be a subspace of RF. A set 7 is a basis for § if

i.) 7 is linearly independent and
ii.) T spans S. T2 éd{_ I//‘l(??& . + eX 448
doh G ah forS

3
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AnY 51 cpan o vectors

Examples: Nullspace and Column Space. C Sy é Sf9 &~C c,)

r——r

Let A = [cq,¢€2,...,Cn), & k X n matrix.

Defn: The column space of A = span{cy,Ca,...,Cn} = ca.é (A)

——

Thm: The column space of A4 is a subspace of R”

Note: Suppose B is row equivalent to A, then the column space of
B need,nof-he the same as the column space of A.

Ry — 2R, — Ry, Rs —3R; = Ra, Ra— B1 — Ry

/4 A yartable €o lsmh o fée

. A_ throw ° tneanr mo(e,pe/m/”fcf
{ '- 1 2 3 4
t 0O 1 0 0
01 0 0
0 0 0 0
The column space of A = span
N \“\ . _
= gpan {




Note we took the leading entry columns in the ORIGINAL matrix.

Why are we so interested in the column space?

rl 2 3 4 T by
2 5 0 8 X N bg . 5
Does 5 7 9 19 25 | = | bs have a solution’
L1 2 3 4 Ta b4
17 2 3 4 by
2 5 6 2 by | '
Does 3 xi+ 7j| To + 9 T3+ [12 Tq b have a sol'n’
L1 2 3 4 by
1T 2 b
Does 2 T, + 0 To = b2 have a solution?
3 7 b3
L1 ] 2 ba
b1 1 2 1 2 3 4
by | . 2 5 B 2 5 6 8},
Is by in span {3 \ 7] = column space of s 79 19]°
by 1 2 1 2 3 4



1 2 1 9
] 2 5 xo | |22 o
Example 1:  Does s 7 9 2| = |31 have a sol'n’
1 2 4 L4 9
1 2 3 4 x 3
. 2 b 6 3 o 7 N R
Example 2:  Does 2 7 g 19 sl T |8 have a sol'n”

Long method for determining IF there is a solution:

1 2 4 3 9 3 12431**
25 8 7 122 7) |01 00 [x «
3 7 12 8 |31 8 0000‘**
1 2 5 4 | 9 4 00 0 0 |=x* =«

Shorter method for determining IF there is a solution WHEN you
know a basis for the column space:



