2.1: Operations on Matrices
A= (aiz), B = (bij), C = (cy).

Defn: Two matrices A and B are equal, if they
have the same dimension and 95) = b;; for all
Z'Zl,...,’n,j:l,...,m \ r\abj v

Defn: A+ B = (a;; + bi;). column 6_
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Defn: —B = (-1)B.

Defn: A— B = A+ (—B).

Defn: The zero matrix = 0 = (a;;) where a;; = 0
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Defn: The identity matrlxi__l = (a;;) where
a;; =0 for all 4 # j and a;; = 1 for all 4 and 1 is

a square matrix - _
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Supposec A is an m x k matrix, B is an k X n.
AB = C where
c;j = row(i) of A-column(j)of B
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2.1 cont: Note
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It is also possible that AB = AC, but B # C.

In particular it is possible for AB =0, but A # 0
AND B #0

Defn: If A is a square (n x n) matrix, A% = T,
Al — A AF — AA. A,
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( The transpose of the mxn matrix A)— AT = (aj;).
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m b.) (A+ B)T = AT + BT
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c) (kAT = kAT d.) (AB)T = BTAT
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Thm 1 (Properties of matrix arithmetic) Let A, B, C}j
be matrices. Let a,b be scalars. Assuming that
the following operations are defined, then

a) A-B=DB+ A [J( 16
A+ (B+C)=(A+B)+C ) m Y

etk e
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| c) A+0=A N\ [(/\e_‘,.
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e) A(BC) = (AB)C B
£)/AI=AIB = Bj A (" LC)

g.) A(B+C)= AB+ AC, (4 3
(B+C)A—BA+CA — PV

h.) a(B+C)=aB+aC F‘% ¥ Vo
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i) (a+b)C = alC +bC ~ Y\ 3 e Lﬂ/&b{

j.) (ab)C = a(bO) e’ re 3
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k.) a(AB) = (aA)B = A(aB) r %

1) 1A= A Defn.) —A4 = —14
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2.2:

Defn: A is invertible if there exists a matrix B
such that AB = BA = I, and B is called the
inverse of A. If the inverse of A does not exist,
then A is said to be singular.

Note that if A is invertible, then A is a square

matrix. 8 A
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Thm: If A = {i cbij[’ then A is invertible if and
only if ad — bc # 0, in which case B (}\/6
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ad=—be = (1)(Y)-302) = Y-6= 5
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Thm: Let A be matrix. If there exists a
square matrix B such that AB =1, then BA=1

and thus B = A~1 @
Thm: If A is invertible, then its inverse is unigue.
Proof: Supsze AB = I and CA = I. Then,

B=1IB :(CA)B): cr=c.

Defn: A° = I, and if n is a positive integer

AM = AA.Aand A" = A71ATL AL,

Thm: If r, s integers, A" A% = A™T%, (A")% = A"®

Thm: If A~! and B~ 'exist, then. R
AB is invertible and (AB)™! = B~1 A1

vi
ii.) A~ is invertible and (A~1)"t1=A4 £ © b

Apt=T
iii.) A" is invertible and (A™) ' = (A 1)"
where 7 is any integer

iv.) For any nonzero scalar k,
kA is invertible and (kA) ' =+ A™!
v.) AT is invertible and (AT)™! = (A~1)T



Find the inverse of |4 5 6
6 7 9
Long method: |2 3 4| |21/ 212 [Z13
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6 7 9 T3l £39 r33

2211 + 3oy + 4wy 2719 + 3To0 + 439 2713 + 3xos + 4233
Axy1 4 8%o1 + b6x31 >4x19 + Sxos + 632 4xy3 4+ Dxaz + fras
6211 + TTo1 + 9231 /6210 + T2os + 9232 6293 + Txo3 + Ox33
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So solve, _ -
2 3 491
4 5 60 for I11,%X21,4L31.
6 7 9)0]
2 3 4)0]
4 5 61 for T192,X29,XL392.
6 7 90|
2 3 410
4 5 670 for L13,%23,4L33.
6 7 9\ 1
Or shorter method, solve
2 3 431 0 0
4 5 6§0 1 0
6 7 910 0 1
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J, (R2 — 2R1 — RQ,R3 — 3R1 — Rg)

J, (—RQ — Rz)

J, (R3 + 2Ry — R3)

J, (Rl — 4R3 — Rl,Rg — 2R3 — Rg)
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2 3 411 1 0 0|2
Thus |4 5 6 |0 isrowequivalentto |0 1 0 [ 0 |,
6 7 9]0 0 0 1/ 1
80 (211, %21,731) = (—3,0,1).
2 3 40 1 0 0}-1
4 5 6 1| isrowequivalentto |0 1 0 | 3 |,
6 7 9 0 0 0 1 ]-2
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is row equivalent to | 0
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so (213, Tas, ¢33) = (1,—2,1). /2 '
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Elementary matrices and linear systems.

Definition: A matrix is called an elementary matrix if it can
be obtained from an identity matrix by exactly one elemen-

tary row operation. — —
Examples:

1 0 0 0 1 0

0 1 0| Rie< Ry |1 0 0

0 0 1 0 0 1

1 0 0] [k 0 0

0 1 0| Ri<kR/ |0 1 0

0 0 1| 0 0 1

1 0 0 11 00
0 1 0 R2+I€R1<—>R2( k1 0
0 0 1 0 0 1
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