Math 2418 Linear Algebra Final
December 8, 2002 SHOW ALL WORK

[8] 1.) Solve the following system of equations (if the answer is no solution, then state ”no
solution”):
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lajIf {0 0 0 1 0 0 O0fx= |1/, then no solution.
[0 0 0 0 0 0 O 2
S _ v -
To 2—2u— 4t — 3s
01 2 0 4 3 0 2 T3 U
Ib)If [0 0 01 0 0 O|x=|1]|,thenx=|z4]|= 1
0 00O 0 O0O 0 Ts t
Ie S
L L7 B T _
0 2 0
[6] 2a.) The eigenvaluesof A= |1 4 3| are0,5,—1.
0 1 0
A -2 0
-1 A—4 -3 :)\‘)\_4 _3‘+2‘_1 _3‘:)\[()\—4)()\)—3]+2[—)\—0]
0 -1 -1 A 0 A

=AN A =3 =22 = A A2 —4XA -3 -2] =AM —4XA-5]=A(A=5)(A+1) =0.
Hence A = 0,5, -1

[3] 2b.) Is A diagonalizable? yes

since all eigenvalues have algebraic multiplicity one.

3] 2c.) Is A invertible? no

A =0 is an eigenvalue.

[2, extra credit from,9.5] 2d.) If ||x|| = 1, then xTAx > —1



3.) Suppose A is a 8 x 4 matrix with rank 3

[1] 3a.) Dimension of the Nullspace of A4 is 1.

[1] 3b.) The domain of T(x) = Ax is R*.
[1] 3c.) The codomain of T'(x) = Ax is RE.
[1] 3d.) Is T(x) = Ax one-to one? No.

[1] 3e.) Is T(x) = Ax onto? No.

For the following two problems, circle the best answer:
[1] 3f) Ax = 0 has
v.) infinite number of solutions

[1] 3g.) Ax = b where b is an arbitrary vector has
vi.) no solution or an infinite number of solutions

4.) Suppose C is a 3 x 3 matrix with rank 3.

[1] 4a.) Dimension of the Nullspace of C' is 0.

[1] 4b.) The domain of T'(x) = Cx is R3.

[1] 4c.) The codomain of T'(x) = Cx is R3.

[1] 4d.) Is T(x) = Cx one-to one? Yes.

[1] 4e.) Is T(x) = Cx onto? Yes.

For the following two problems, circle the best answer:
[1] 4f) Cx =0 has

iii.) exactly one solution

[1] 4g.) Cx = b where b is an arbitrary vector has

iii.) exactly one solution



[7] b5a.) Prove that T'(x,y) = (2y,0,z + 3y) is a linear transformation by using theorem 4.3.2.
T(z,y)+ T(a,b) = (2y,0,z + 3y) + (2a,0,a+ 3b) = (2y + 2a,0,z + 3y + a + 3b).

T((z,y)+(a,b)) = T((x4+a,y+b)) = (2(y+b),0, (x+a)+3(y+b)) = (2y+2b,0,z+a+3y+3b) =
(2y + 2a,0,z + 3y + a + 3b).

Hence T'(z,y) + T(a,b) = T((z,y) + (a,b))
rT(z,y) = r(2y,0,2 + 3y) = (2ry, 0,7z + 3ry)
T(r(z,y)) =T (rz,ry) = (2ry,0,rx + 3ry)
Hence rT(z,y) = T(r(z,y))

Hence T is linear.

[4] 5b.) Show that T'(z,y) = (2y,0,z + 3y) is a linear transformation by finding the matrix A
such that T'(x) = Ax

0 2y
0 [“’] = o0
. y

w o N

[6] 5c.) Show that T(z,y) = (2y,1,z + 3y) is NOT a linear transformation by showing that
theorem 4.3.2 does not hold for a specific example (use only real numbers).

T(0,0) = (0,1,0) # (0,0,0) hence T is not linear.
OR
T(1,1)+T(1,1) = (2,1,4) + (2,1,4) = (4,2,8) # (4,1,8) = T(2,2) hence T is not linear.

OR etc.



1 -1 1 -1
-1 1 -1 1
1 -1 1 -1
-1 1 -1 1
Find a matrix P that orthogonally diagonalizes A, and determine P~ and P~1AP.

[10] 6.) Suppose the characteristic equation of A = is A3(A—4) = 0.

A3(A —4) = 0 implies A = 0 is an eigenvalue with multiplicity 3 and A = 4 is an eigenvalue with

4 0 0 O
T 0 0 0 O
_ p-1 _
multiplicity 1. Hence D = P7*AP = 00 0 0
0 0 0 O
A=4
r 3 1 -1 1 1 3 1 -1 1 3 1 -1 1 3 1 -1
1 3 1—1_)3 1 -1 1_)0—8—44_)01 0 -1
-1 1 3 1 -1 1 3 1 0 4 4 0 0 -2 -1 1
L 1 -1 1 3 1 -1 1 3 0 —4 0 4 0 1 1 0
1l 3 1 —1'| [1 3 1 —1'| [1 3 0 —2'| [1 0 0 1'|
0 1 0—1_>010—1_>010—1_)010—1
00—1—1J {001 1J {001 1J {001 1J
[0 0 1 1 0 0 O 0 0 0 O 0 0 0 O 0
X1 —t —1
i) _ t _ 1
I3 o —t =1 -1
L T4 t 1

-1

1
—1 —1
Normalize: 1] _11 =4,v/4=2
1 1
1
2
Thus an orthonormal basis for the eigenspace corresponding to A =4 is { _51 }
K
2
A=0:
-1 -1 1 -1 1 -1 1 —17
-1 1 -1 1 0 0 0 0
1 -1 1 -1 0 0 0 0
[ —1 1 -1 1 0 0 0 0 .
[T r—s+1t 1 -1 1
To | r 1 0 0
3| s ~—"1o ts 1 +e 0
L T4 (4 0 0 | 1




1 -1 1
. . . . 1 0 0
Hence a basis for the eigenspace corresponding to A =0 is { ol 11110 }
0 0 1
We must now use G.S. and normalize to find an orthonormal basis.
1 1 1 -1 -1 1
1 11 1 0| _ . 0 1|1
0 ol = 2, 0 1= 1. Hence proj -1 1 1=721)
0 0 0 0 1 0 0
0
0
-1 1 -1 1 ~1 1
Th O __1|L 2 % is perpendicular t 1 Th L is also L t 1
us | s lol = | ] s perpendicular to | . Thus | s also °1lo
0 0 0 0 0 0
1 1 -1 -1 M —1 1
1 0 1 1 1 0
0 o| =1 2 g | =0 2 o| = 7!
0 1 0 0 ) 1
1 17 ~1 2
. 0 111 101 %
Hence proj 17 r—1 ol =2 ol T76| o |= -1
1 1 1 0. 0 0
span{ ol'l 2 }
0 0
2 1
1 3 3 1 -1 1
0 . -1, 1 1 -11.
Thus —| 3| =1 13| isLtospan{ , }. Thus is also L to span{
0 -3 3 0 2 1
1 0 1 0 0 3
1 1
. 1 -1
Normalize: 1= 12
3 3
1 _L L
1 73 -1 /6 1 V12
1 1 1 1 -1 —\/L_
— | v2 [, — | Ve |, — V12
0 0 2 2 1 ev
0 0 0 ‘66 3 _3
V12
-1 1 _ 1 _1 1 1 1 1
2 V2 V6 V12 2 ? 2 2 4
i1 1 1 5 7 0 0 0
p=|7 v 2 YP|\p'=P'=| i X o |PTAP=|
? VI A S 0
1 3 - 1 1 3
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[10] 7.) The least squares straight line fit to the three points

(0,2), (1,0), (2,1)isy =

y=b+mzx
2=0+0m
0=0+1m
1=5b+2m
A
1 2| L™ 1

To find the least squares solution:
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[5] 8a.) Write —2 + t2 as a linear combination of 4t + 2t2, 1 + 3t + t2, and —1 + ¢ + t2.
[0 1 -1 -2 2 1 1 1 2 1 1 1 2 1

43 1 O0|—143 1 0|—=[(01 -1 =-2|—=1/(01
21 1 1] |01 -1 -2 0 1 -1 -2 0 0

(1 0 1 3]

o1 -1 -2|—

00 0 o0

Hence 3 (4t + 2t%) — 2(1 + 3t +1?) = 6t + 3t? — 2 — 6t — 2¢2 = —2 + 2,

Answer 8a: 2(4t+ 2¢%) —2(14 3t +t%) + 0(—1 + ¢ + t?)

—1

1 1

0 0

(3] 8b.) Is {4t + 22,1+ 3t +t2,—1 +t + 12} a basis for P,?No.
[4] 9.) Find an LU factorization of A = [3 g}
3 6 1 2 1 2
HHRI R
1 0] _[30]_[30]_,
0 1 0 1 2 1|
3 01 2 3 6
Check: LU—[2 1] [0 4]—[2 8}

Answer: L =

2 1]

-2 =10 1



[23] 10.) Let W = span{1+2z+22, 1+2zx—>5z}. Use the inner product < f, g >= f_ll fodx
and some of the following information to solve problems 10a - 10h.

<142z + 22, 1+2x+x2>=%—2 <142z —52% 1+4+2z—522>=8 <3,3>=18

< 3022, 3022 >= 360 < 3,30z% >= 60 < 30z2, 1+ 2z + 22 >=32

<142z —5z2, 30x% >= —40 <1+2zx+2% 1+2r—522>=0
2| /32

2] 10a.) || 142z +2° || =4/%

(6] 10b.) projw3 = 3 + Sz + 1222

<3, 14+2c+a2>=[' 3+60+32>=3c+322+4%1, =6+2=38

<1+ 2z — 522, 3>:f_113+6:c—15$2:3x+3x2—5a:3|1_1:6—1O:—4
%(1—{—235-!—%‘2)—%(1—}—2:6—5562):g(1+2$+x2)—%(1+2x—5x2)=%—i—gx—i— 1542
(2] 10c.) projw 3022 = 3022

%(1+2$+5L‘2)— W1+ 2z — 52%) =5(1 + 2z + 2%) — 5(1 + 2z — 52?) = 3022

[2] 10d.) If possible, write the 3 as a linear combination of {1 + 2z + 22, 1+ 2z — 522}. If not
possible, state not possible.

Not possible

[4] 10e.) If possible, write the 3022 as a linear combination of {1 + 2z + 22, 1+ 2z — 5z2}. If
not possible, state not possible.

5(1 + 2z + 22) — 5(1 + 22 — 5z?)

[2] 10f.) If W = span{l + 2z + 2%, 1+ 2z — 52%}, find a basis for W.
3— G+ %z + 2% =2_ 584 15,2

Thus a basis for W is {2 — 8z — 1342

[2] 10g.) Find an orthogonal basis (according to the given inner product) for P, which contains
the polynomials 1 + 22 4+ z2 and 1 + 2z — 522

{1+2z+2% 142z —52?% § — Sz — LBz}

[1] 10h.) Is your answer to 9g an orthogonal basis for P, according to the inner product
< ag,a17 + a2x2, bo +bix + b2.’172 > = (l()b() + a1by + asbs.

. 2 9 _ 6 15,2 _ 9 12 15
NO since < 1+2z+2%, 7—32— Fa*>=7—F— 7 #0



