
Let A ⊂ X . Cn(X,A) = Cn(X)/Cn(A), the quotient group (algebraic, not topological).

α ∈ Cn(A) implies ∂α ∈ Cn−1(A) and thus
∂X : Cn(X)→ Cn−1(X) induces a map ∂ : Cn(X,A)→ Cn−1(X,A)

Zn(X,A) = set of relative cycles: α ∈ Cn(X) such that ∂α ∈ Cn−1(A).

Bn(X,A) = set of relative boundaries: α ∈ Cn(X) such that
α = ∂β + γ for some β ∈ Cn+1(X) and γ ∈ Cn(A).

Thus as usual Hn(X,A) = ker∂n/im∂n+1 = Zn(X,A)/Bn(X,A)

where Cn+1(X,A)
∂n+1−−→ Cn(X,A)

∂n−→ Cn−1(X,A)

Ex: (R, {0, 1})

H1(R) = 0, H1({0, 1}) = 0, H1(R, {0, 1}) = Z

Obvious Lemma: 0→ Cn(A)
i−→ Cn(X)

q−→ Cn(X,A)→ 0 is a short exact sequence.

Pf: The inclusion map, i, is injective. The (algebraic) quotient map is surjective.
The image of Cn(A) in Cn(X) is sent to [0] in Cn(X,A).
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Thus this short exact sequence induces a long exact sequence:

· · · //Hn(A)
i∗ //Hn(X) π∗ //Hn(X,A)

∂∗ //Hn−1(A) // · · · .

If [σ] ∈ Hn(X,A), then σ ∈ Cn(X) and ∂σ ∈ Cn−1(A)

That is ∂∗([σ]) = ∂X(σ).

Cn(X) −−−−−−→
πn

Cn(X,A)

∂X
?

Cn−1(A)−−−−−−−→
in−1

Cn−1(X)

Ex:

· · · //H1({0, 1}) i∗ //H1(R) π∗ //H1(R, {0, 1}) ∂∗ // H̃0({0, 1}) i∗ // H̃0(R) // · · ·

· · · // 0 i∗ // 0 π∗ //H1(R, {0, 1}) ∂∗ //Z i∗ // 0 // · · ·

Thus H1(R, {0, 1}) = Z
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