
Steenrod five-lemma: Given the following commutative diagram
of abelian groups where the horizontal sequence are exact, show
that if f1, f2, f4, f5 are isomorphisms, so is f3.

A −→ B −→ C −→ D −→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −→B′ −→ C ′ −→D′ −→ E ′

Claim 1: f2, f4 onto and f5 1:1, then f3 onto.

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′
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Claim 2: f2, f4 1:1 and f1 onto, then f3 1:1

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′

A −−−−−→ B −−−−−→ C −−−−−→ D −−−−−→ E
f1

?

f2
?

f3
?

f4
?

f5
?

A′ −−−−−→B′ −−−−−→ C ′ −−−−−→D′ −−−−−→ E ′
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