Thm 2.10: If f,¢g: X — Y are homotopic,
then f, = g, - HX) — H,(Y).

Proof: Let F': X X I — Y be a homotopy from f to g.

Let 0 € Cp(X). Le., 0 A" — X.

Note Fo(oxid): AxTZ% X xT 5y
But F o (0 X id) is not a singular simplex.

Thus define prism operator P : C,(X) — C,11(Y).

P(o) = >_(=1)'F(o X id)|juy,...05050,] € Cry1(Y)

i
Claim: P is a chain homotopy from g to fu.

That is OP + PO = gu — fu.

(00 P)(0) = 0(3_(=1)'F (0 X id)luy,...0;05,.0.])

— ;(_]‘)Z<_]‘)JF(O- X Zd)’[?) ..... ?5} ..... vi,wi,...wn]
j<i
+ Z( ) < )]_HF(O- X Zd)h ..... Vi, Wi, Wy, Wiy

]>Z



Thus P + PO = Y (=1)(=1)"F(0 X id)|jsg....00_yr....100]
1=0

+ ;)<_]‘>Z(_]‘>Z+1F<O- X Zd)‘[v() ..... Vi, Wig-15--0, wn]

= Fo (O’ X Zd)hwo,,wn] — Fo (J X id)‘[vo,wl,...,w

]
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Defn: - — Gy 25 G 25 Gy — -
This sequence is exact at G, if im(f) = ker(h).

If the sequence is everywhere exact, then the sequence is said to
be an exact sequence.

A long exact sequence is an exact sequence indexed by the
set of integers.

If the sequence 0 — G4 i) Go LN (G3 — 0 is exact, then it is a
short exact sequence.



1.) G, X Gy — 0 is exact iff h is onto.
2) 0 — Gy L Gy is exact iff £ is 1:1.

3.) Given the short exact sequence 0 — G i> Go LN Gs — 0
GQ/f(Gl) = Gg/kGT(h) = Gg

Example of a short exact sequence if h is onto:

O%k@r(h)%GggGgﬁo

1) TG L Go I Gy B Gy s exact
TFAE
(i) f is onto (epimorphism).
(iii) A is the O-map.
(ii) k£ is 1:1 (monomorphism).

5.) The exact sequence G4 i> Gy = G £> Gy LN (G5 induces
short exact sequence (Go/Im(f) = cok(f) = cokernel of f):

0 — cok(f) Lt Gs Z, ker(h) — 0



Defn: The short exact sequence 0 — G4 i> Gy i> Gy — 0
splits if Gy = f(G1) @ B for some group B.

G
0—>G1%9 g\h*G3—>O
~__ __—

nclusion Gl D G37T

0(g2) = (f~'(g2), h(g2)).

Thm: If0 — Gy 25 Gy & G — 0 is exact, then TFAE
i) The sequence splits.
ii.) 3p : Go = G such that po f =1idg,
iii.) 37 : G35 — Gq such that h o j = idg,

Cor: Let 0 — Gy 4 G'o LN G3 — 0 be exact. If G5 1s free
abelian, then the sequence splits.

Defn: Let C,D, & be chain complexes. Let f : C — D and
h : D — & be chain maps. Then the sequence

O%CQD@E%O

is a short exact sequence of chain complexes if in each
dimension n, the sequence

00 LD N E 50

is an exact sequence of groups.



