
H1(T
2;Z) ∼= Z× Z with basis i = 1, 2, φi(ej) =

{
1 j = i, 3

0 else

Note: in terms of basis for C1, φi = ψe1 + ψe3, for i = 1, 2.

Note: (δ ◦ φ1)(σi) = φ1(∂(σi)) = φ1(e1 + e2 − e3)

= φ(e1) + φ(e2)− φ(e3) = 1 + 0− 1 = 0

(φ1 ` φ1)(σ1) = φ1(e1) · φ1(e2) = (1)(0) = 0

(φ1 ` φ1)(σ2) = φ1(e2) · φ1(e1) = (0)(1) = 0

Thus φ1 ` φ1 = 0. Similarly, φ2 ` φ2 = 0.

(φ1 ` φ2)(σ1) = φ1(e1) · φ2(e2) = (1)(1) = 1

(φ1 ` φ2)(σ2) = φ1(e2) · φ2(e1) = (0)(0) = 0

(φ2 ` φ1)(σ1) = φ2(e1) · φ1(e2) = (0)(0) = 0

(φ2 ` φ1)(σ2) = φ2(e2) · φ1(e1) = (1)(1) = 1

Thus φ1 ` φ2 6= φ2 ` φ1 in C
2.

H2(T
2;Z) ∼= Z since C3 = 0 implies kerδ = C2 and

δ ◦ ψei(σj) = ψei(∂(σj)) = ψei(e1 + e2 − e3) =

{
1 i = 1, 2

−1 i = 3

Thus δ ◦ ψei = ψσ1 + ψσ2 for i = 1, 2 and δ ◦ ψe3 = −δ ◦ ψe1

Thus imδ =< ψσ1 + ψσ2 >. Thus in H
2, ψσ1 = −ψσ2
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