Recall [[ H"(X; G) is an abelian group under addition.

(1?0, [@1]; (@], ) € an(X; G)

where ¢, : C, - G € ker(d) = Z}X;G) C C"(X;G)

¢~ e H'(X:G)iff ¢ =1+ dx for some y € C"™(X; G).

Defn: A is a graded ring if A= A,  where
k>0
A, are additive groups with multiplication m : Ay X Ay — Ajoy

Defn: a; € Ay has grade = degree = dimension = |a;| = k
Examples: Polynomial rings.

Rlz] = {ro+rz+..+ra"|r, € R ke N}

Rlz]/(x") = {rg+max+ ... +rah | r € R ke {0,...,n—1}}

where 'z’ = 2™ where m = i + j mod n.
R[z1, ..., xy) where raj'zd...x)" has grade 231 i
j:
Example: Exterior Algebras Ag|x1, ..., x,]

Basis for grade k: @, @4,...2;, where 17 < g < ... <y

and z;r; = —x,x; and .CI?ZQ = 1forall 7,7



Cup Product Let R be a commutative ring with identity.

Defn: For cochains ¢ € C*(X; R) and ¢ € CY(X; R),
the cup product ¢ — ¢ € C*(X; R) is the cochain defined by

where o € Cyio(X).

The cup product is associative:

¢ € C*(X;R)and ¢ € CYX;R), x € C"(X;R)

Similarly (¢ + 1) < X)(0) = (¢ ~ X)(0) + (¥ ~ X)(0)
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Thus if Ris aring, @ C"(X;R) is a ring.

If R has a multiplicative identity, 1, then ¢ : Cyp(X) — R, t(v) =1
for all vertices v is the multiplicative identity for @ C™"(X; G):

Proposition 1. For ¢ € C*(X;R) and ¢ € C*(X; R), we have
8¢~ ¥) = 06~ ¥ + (= 1)) ~ 0.

Note: The cup product of two cocycles is a cocycle.
0~ ) =0+ (=1)'¢~ 0y =0+0=0.
The cup product of a cocycle and a coboundary is a coboundary.
(—1)F¢ ~ oY = ¢ — P+ (=1)'¢ — 0y = 3(¢ — ).
The cup product of a coboundary and a cocycle is a coboundary.

0¢ = tp =0¢ ¥+ (=1)'¢ = 61 = 0(¢ — V).

Proof: 6(6 < ), ¢ 3(1), 66— € CH(X,R)
6p € C*H X R) and 6y € C*TH X R)

(66 ~ ©)(0) = DO jug,...vp1])) - (g yroiprra])

k+1

ZZ(_l)i¢<O‘[UO ----- Vjyeooy Uk+1]>'w(o-hvk:+1 ----- Uk:+f+1])‘

i=0
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