Define h : H*(C; G) — Hom(H,(C),G), h([¢]) = ¢y as follows:
If [¢p] € H"(C;G), then ¢ € Z" = Ker(6).
e, ¢ : C, — G such that 6¢ = ¢p0 = 0. Recall that B, = 0(C,11).
Note: ¢ € Ker(d) = Z™iff ¢(0(C,11)) = ¢(B,,) = 0.
Since ¢(B,) = 0, ¢y = ¢|z induces quotient homomorphism:
oo Zy/B,=H, = G.
Thus ¢y € Hom(H,(C),G)
Claim: h is onto:

Suppose ¢q : £, — G. B,_1 free implies the following SES splits:

O%Zn$0n8—>3nl—>0

Thus dp : €}, = Z,, such that poi =1dy,
Let g =¢gop:C, — Z, — G. Then ¢|z, = ¢o.
If ¢o(B,) =0, then ¢(B,,) = 0. Thus ¢ € Ker(9).

Hom(H,(C), G) — kerd — S = H'(C, G)

Hom(H,(C), Q&)
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Thus we have a split exact SES:
0 — Ker(h) — H"(C;G) LN Hom(H,(C),G) — 0
Ker(h) ="

The dualization of the following chain map between split SES

O—>Zn+1%(]n+1i> B, — 0

o

gives us the following chain maps between split SES:

0«— 2, «—C, +— B <—0

LI/

0¢— 2} P C* #B;;_l%o

Note that the following is a chain complex with % =X
e X X X

Thus the chain maps above imply the LES:

e B g G) B e 7 e

LES implies SES:

0 «— Ker(ii) «— H"(C;G) <— Coker(i}_,) = Dy

ZZZ‘l 4 0

n—1
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Ker(it) = {60 20— G | 6o(B.) =0}
={¢y: Z,/B,=H, — G} =Hom(H,(C),QG)

0 — Coker(if_,) = 22=L — H"(C;G) — Hom(H,(C),G) — 0

n—1

The following is a free resolution of H,_1(C'):

0 — Byt —— Zy1 —— Hy_1(C) — 0

with (non-exact) dualization

04— B}y« Zy 1+ Hy; 1(C) +— 0
By 1 _ B

Thus Fxt(H,—1(C),G) = -
Thus we have the SES:

0 — Ezt(H,1(C),G) — H'(C;G) — Hom(H,(C),G) — 0

Ext(H_1(C),G) =0 since H_; = 0.
Ext(Hy(C),G) = 0 since Hy is free abelian

Thus forn =0,1: H"(C;G) = Hom(H,(C), G) since
0—0— H'(C;G) — Hom(H,(C),G) — 0



Section 2.3: The Formal Viewpoint (Homology)

Definition 1. A (reduced) homology theory is a sequence of co-

~

variant functors h, from the category of C'W complexes to the
category of abelian groups which satisfy the following arioms.

~

(1) If f ~ g, then f, = gy: hp(X) = hp(Y).

(2) There are boundary homomorphisms 9: hy(X/A) = hn_1(A)
defined for each CW pair (X, A), fitting into an exact se-
quence

~

oD B (A) Sy (X)) 2 By (X A) =2 gy (A) - -

)

where i: A — X and q: X — X/A are respectively the evi-
dent inclusion and quotient maps. Furthermore, the bound-
ary mas are natural: for f: (X, A) — (Y, B) inducing a
quotient map f: X/A — Y /B, the diagrams

hn(X/A) -2~ hy1(A)
T N |
ho(Y/B)-2~h,_1(B)

commaute.

(3) For a wedge sum X = \/_, X, with inclusions i,: X, — X,
the direct sum map

D lia): @ hn(Xa) = hu(X)
15 an 1somorphism for all n.
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