/ Z'U>|<

[gluny € m(U N V) 2 7 (X)) 5 [g]x

(V) 2 lglv

w«(i1([glvnv)) = ww«(l9lv) = lglx = ivavs(lglunv)

iv«(i2((glunv)) = iv<(lglv) = l9]lx = tvav«(lg]lunv)

n,(U) =<a, b> [gl,=b

T[1(V) = {e} [g]v =€ [g]u vy = €
n(UNV)=<b>  [g],ny=b



By group theory, given homomorphism ¢; : G; — H, then
there exists a unique homomorphism ®; : GG; x Gy — H such
that the following diagram commutes.

¢,
G * G then IO [
G

® is defined by defining it on its generators:
®(gi) = ¢i(g:) where g; € G, i =1 or 2.

We extend to arbitrary words in GG * G5 using the definition of
ogroup homomorphism:

: 1 G
Dgrgs- -+ gu) = 34 (91)01,(92) - -~ 6, (ga) whereiy, = § = 7
2 gr € Gy

Since ¢; are homomorphisms, if w; = wy are two equivalent
words in Gy % Go, then ®(wy) = (wo).

Thus @ is a well-defined homomorphism.



Thus we have the following:

T (U)

W if 361
m(U)s«m(V) 2220 g

iV if 3¢

T (V)

We also know from group theory that if NV is any normal sub-
group in GGy * Go, then IF & exists for the following diagram,
then @ is ! since ®(|g;]) = ¢i(g;) where g; € G, i =1 or 2

G
Z'1| P1

If 3P, then @ is !
> H

G1 B GQ/N
\ ;

G



m(X) = m(U) * m(V)/ker(j)

Thus if ® exists, then ® is unique.

771<U)

if Joq

If 30, then & is ! Nz

m(U) x m (V) /ker(j)

iof 3¢

iV*

m(V)

We know how to define ® IF & exists:
O(lgi]) = ¢i(gi) where g; € Gj, i =1 or 2

To determine if this ® is well-defined, we only need to check if

P(N) = {e}. G

Z'1| P1

If 3P, then & is !

Gl*GQ/N

:

G

s H

<



Let N = least normal subgroup generated by

{i1<01>_1i2<61),.”,i1<Cn)_li2<Cn>}

Le., N is generated by {gd1g™!,...,gd,g7 | g € G}
where d, = i1(c;) " Lia(cy)

and where the ¢;’s are the generators of w(U N'V)

So that ® exists, we need to expand our commutative diagram
to include 27 and 7o as below:

1 (U)

/ v if 301
m(UNV)  ndusion o (@ sy (V)N 222 g
\\\\\\;;\\\\\\\\ ik of Jdo

(V)

O(ir(cx) aler)) = [D(ir(ex))] ™ Plialer))
= [p1(ia(cr))] " dalialer)) = [d1(ir(er)] " drlir(cr)) = e

Ogdrg™") = 2(g)P(di)2(g7") = D(g)P(g~") =€

Since ® sends the generators of N to e, ®(NN) = {e}.

Thus Thm 70.2 [7(X) = 7 (U) * m1(V')/N] implies Thm 70.1.



Thm 70.1 implies Thm 70.2:

T (U)
" e i 30
mUNV) ndwion o xy B0 (U) s (V)N
b i if 3¢
(V)

g m(U) xm (V) — 7 (X) induced by the two inclusion maps
1s surjective.

Le., m(X) =m(U) xm (V) /ker()
Claim: N C ker(j).

j(ix(er)aler)) = [ (er)] g (ia(cr) = [ivav(er)] Vivav(c)

Thus 5 induces a map
k - 7T1<U) >|<7T1<V>/N — 7T1<U) *7T1<V>/]€67“(]> = 7Tl<X>

since if N C M are normal subgroups of GG, then
i:G/N — G/M,i(gN)= gM is a homomorphism.

By taking ¢; to be inclusion maps in Thm 70.1, 3 ® = k1.

Thus £ is an isomorphism.



g m(U) xm (V) — m(X) induced by the two inclusion maps
1s surjective.

Thus m(X) = m(U) x m (V) /ker(j)

Thm 70.1: U, V, U NV open and path-connected.

T (U)
@' i if 31
(U NV) inclusion m1(X) t_he_n_ﬂ!g> H
5 iV if 3¢
m (V)

We need to show that ¢ is well defined.
Note the definition of ® is obvious.

Recall that if g € m(X),
then g : I = U[tj,tj11] = X isaloopin X =UUV.

We can take g; = 9‘[tj_1,tj] to be paths in either U or V.

For each ¢;, choose paths a; from xy to g(¢;) such that

(If g(t;) eUNYV, choose a; €eUNV
®q1fg(t;) e U -V, choosea; €U
It g(t;) € V —U, choosea; €V

Then g = (g * g1 * a1 ) (ar x gaxan™b) -+ (qp_1 * g x i, Y)
where for each j, (aj_1 * g; x a;7 1) is in m (U) or in m (V).



Claim: Given g = g1 ---gn ~ f1--- J1, with specified paths «;
from the basepoint zy to ¢(¢;) and paths §; from xy to f(s;)
satistying conditions ®, then

(g1 gn) = O(f1--- f1)-

Sub-Claim: If we subdivided the path g; into Ay and hg, then
we can replace g; with hyha.

Le, ®(g1---gn) = (g1~ gj—1hihagjs1- - gn)

WLOG g, : [tj_1,t;] = U. Let y € [t;_1,1;] such that
h| = gj‘[tj—by] and hy = gj|[y’tj].

Let v be any path from xj to y satisfying conditions &.

Then ¢1(cj_1 x gj * ;') = ¢1(aj_1 * hihg x a7 1)

= ¢1(Oéj—1 * h17_17h2 * Oéj_1> = ¢1(O{7‘—1 * h17_1)¢(7h2 * Oéj_l)

Thus ®(g1---gn) = P(g1- - gj—1h1h2gjs1 - - - gn) With the asso-
ciated paths «a; and 7.

g = (ogh;h, o) (08,0, ) (0,85005) (0138,01y)

where o, and o, are constant maps.



Proof continued from chalkboard:

ho ~ Y1 2oy

b, (rhoayt) = @i, (cqyy P zayeay )

= Qi Y e vageey )

= Gin( V)i (M227; ) Biy(vaya0s )

Thus ®(hy -+~ hy) = P(z1y1ha - - hy) = (D<2’1yly1_122y2 P
vy = Gn(yeg i (aayy )

If 71 = 19, then

di (w107 )i (aryr ) = ¢ (nyiar e (anyr )
= ¢ (0 - aayr ) = dile) = e

If i1 # 4o, theny CUNV. Thus o,y CUNV.

Thus d = iyt € m(UNV).

G (Y107 )iy V) = ¢ (d)diy(d) ™ = e

Thus ®(hy -+~ hy) = P(z1y1he - - hy) = P(z12292 - - - by
R — (flfm)

Thus g ~ f in U UV implies ®(g) = O(f)



