Let U = {U,} such that X C UU?.

Then CY(X) = {>_r;o; | 0; C U, for some a} is a subgroup of
Ch(X).

O(CY (X)) c CY (X)) and §* = 0. Thus IHY(X)

n

Prop 2.2.1: The inclusion map i : CY%(X) — C,(X) is a chain
homotopy equivalence.

Le., 3p: C(X) — CYX) suth that ip and pi are chain homo-
topic to the identity:.

Hence ¢ induces an isomorphism HY(X) = H,(X).
(1) Barycentric subdivision of of (ideal) simplices.

Simplex [vg, ..., v, = D tiv; | D t; =1, > 0}
e

Figure 1: http://www.wikiwand.com/en/Simplex

n
The barycenter = center of gravity = b = n%l
i=0

U;

Barycentric subdivision: decompose |vy, ..., v,] into the
n—simplices [b, wy, ..., wy,_1], inductively.

Divide each edge [v1, vo] in half, forming 2 new edges [b, v1], [b, v3).

Note: diam|b, v;| = ||v; — b|| = %va — || = %(diam[ul,vg])
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http://drorbn.net /AcademicPensieve/2010-06/

Claim:
If bis a barycenter of [vy, ..., vg_1], then |[b—v;|| < (E2) [|vj—vy]]-

Thus diam [b, wy, ..., wi—1] < (E2) diamlvy, ..., vy

Note: Claim is true for kK = 2. Suppose claim is true for K =n —1.

Suppose all the faces of |vg, ..., v,] have been subdivided. For all
n—1-simplices |wy, ..., w,_1] in this subdivision, form the n—simplices
b, wy, ..., w,_1], where b is the barycenter of |vy, ..., vy)]

By induction |Jw; — wj]| < (%2) ||vr — vkl|-

Let b; be the barycenter of |vg, ..., 5, ..., U]

b= $5 b = () vk S () v = () v ) £ (B

el al

— (nnltl) v + (nLH) b’
Thus [|b — vl| = () [1bi — vil| < (25) |Jv; — vil|

Thus diam[b, wy, ..., w,—1] < ( +1) diam|uvy, ..., vp)

Thus repeated barycentric subdivision leads to simplices whose
diameter is arbitrarily small.



2. Barycentric subdivision of Linear Chains

For Y convex, define LC,(Y) = {\: A" = Y | A is linear }
A(LC(Y)) € LC,u1(Y).

For convenience, define LC_1(Y') = Z =< [()] > where O[v] = [{]

If b € Y, define homomorphism b : LC,(Y) — LC,1(Y),
b([wo, ..., wy|) = [b, wo, ..., wy], the cone operator.

Ob([wy, ..., wy]) = b, wy, ..., w,| = [wo, ..., wy] — bO|wy, ..., W]

Thusifa = 3" )i, then (9ob)(@) = a—(bod)(a), Var € LC,(Y).
—1

(D ob)(a) + (bod)(a) =a

That is 0ob+bod = id—0, where id = the identity homomorphism
and 0 = the constant zero homomorphism on LC,,(Y).

Thus b is a chain homotopy between the identity map and the zero
homomorphism on the augmented chain complex LC(Y).

Define subdivision homomorphism S : LC,(Y) — LC,(Y) by
induction on n.

Let A : A" — Y be a generator of LC,(Y).

Let by = A(b) where b is the barycenter of A",



Define S([0]) = [@] and S(A) = br(S(O(N)))
Ex: If A = |v], then by = v and

S([v]) = 0(S(([v]))) = v(S([0])) = v([0]) = [v].
Thus S is the identity on LC'_1(Y') and LCy(Y).
(

Ex: If A = [v,w], S([v,w]) = br(S(O([v, w])))
= b\(S([w]) = S([v])) = ba[w] — [v]) = [bx, w] — [by, v].
(

Ex: If A = [u,v,w], S(u, [v,w]) = bx\(S(O(|u, v, w])))

<

= 0\(5([v, w]) = S(lu, w]) + S([u, v]))
= bA([bv,wa w] — [bv,wa v] — ([bu,wa w)] — [bu,wa u)) + [bu,va V] — [bu,va u))

— [b)\a bv,un w]—[b/\, bv,wa U]_[b)\a bu,wa ’IU]—|—[b)\, bu,wa U]—l—[b)\, bu,va U]_
[b/\a bu,va u]

If A is an embedding, S(A) is the alternating sum of the simplices
in the barycentric subdivision of A.

Claim: .S is a chain homotopy between LC),(Y) and itself.
That is 05 = S0.
Proof by induction on n:

True for n = —1, 0 since S = 1d.

A(S(A) = (bA(S(A(N)))) = (1 = 0r9)(S(I(N))))

A



= 5(0(A) = bA9(5(0(A))) = S(O(A) = bAS(A(D(A))))
= 5(0(A) = bA(5(0) = 5(0(N))

Define a chain homotopy between S and id,

T : LC,(Y) = LCy41(Y) inductively:
T =0forn=—1, and T(\) = by(A — TON).
Thus T'([v]) = v([v] = TO]) = v([v] = T(0)) = v([v]) = [v,v].
T([v,w]) = ba([v, w] = TO, w]) = bx([v, w] — T([w] — [v]))

= by([v, w] — [w, w] + [v,v]) = [by, v, w] — [bx, w, w] + [by, v, V]

T(lu,v,w]) = bx(lu, v, w] — TOu, v, w)

from: Hatcher



A(T(N)) = Oby(A—TON)
= A —TON — b0\ —TON) since 0b) — i1d = b)0
=\ —TO\ — by|O\ — 0T (0ON)] since 0 is a homomorphism.
=\ —TO\ —by[S(ON) — TO(ON)] by id — 0T = S — T0 for dim(n-1).
=\ —TO\ — b)[S(ON)] since 0% = ()
= A—ToN—S(\) since S(A) = by(S(A(N)))
Thus OT(N) = A —=TO\) — S(A). Le.,, 0T +T0 =1id — S.
In other words, 1" is a chain homotopy between id and S.
3. Barycentric subdivision of general chains:
Currently S is only defined on convex subsets Y.
For example: S : C,(A") — C,(A").
For example if n = 1, A" = [v, w] with barycenter by, then
S(idyw) = idjp, w) — iy, )

We can extend S to C,(X) as follows:

S Cp(X) = Cp(X) by S(o) = axS(A").
For example, if 0 : [v,w] = X € C,(X) with barycenter by,

S(O’) — O'#S<An) =00 (id[b%w] — id[bA,v]> = U[b)\,w] — U[b)\,v]-
G



Note 05 = S0:
@(SO’) — (80'#)5An = a#(é’S)A” = J#S(é‘A”)

=04 S(> (—1)'A?) by defn of @ where A” is the ith face of A"

7

= (—=1)'o4S(A?),  since o4 and S are homomorphisms.
= Z(—l)iS(J\A?) by defn of S.

= S(3_(=1)'(o|ar))  since S is a homomorphism.

[

= S5(0o) by defn of o

Similarly, extend T : C(X) — Chst(X) by T(0) = o4 T(A™).
For example, if o : [v,w] — X € C,(X) with barycenter by,
T(0) = o4T(A")= 0 o (bA([v, w] = TOv, w]))

=0 0 (ba([v, w] = T([w] — [v])))

=0 0 (ba([v, w] — [w, w] + [v,v]))

= 00 ([by, v, w] — [by, w,w] + [by, v, ])

— O'|[bA,v,w] - J’[bA,w,w] + O|[blﬂ%“]'



T is a chain homotopgy between S and id.

0To = 004T(A") = 040T(A") = o (A" — SA" — TOA")
=0 — So—T(0o)

Hence 0T +T0 =1id — S.

4. Iterated Barycentric subdivision

Dy, : Ch(X) — Chy1(X) defined by

m—1 _
D,, = > TS" isa chain homotopy between id and S™:
i=0

m—1 m—1 m—1
0D, + D,,0 =0(>. TS+ (> TSHY9 = > (0TS"+TS5'0)
i=0 i=0 i=0
m—1 ' ‘ m—1 o om=l1 :
= > (OTS"+ToS")= > (0T +T0)S"= > (id—S5)S"
i=0 i=0 i=0

=1d — S™.

Let U = {U,} such that X C UU?.

For each singular simplex o : A" — X, choose the smallest m,,
such that the diameter of the simplices of S™7(A") is less than the
Lebesgue number of the cover of A" by {o~1(U?)}.

Define D : C,(X) — C,11(X) by D(o)= D, (0)
Define p : Cp,(X) — C,(X) by p=1id— 0D — Do.

Q



p is a chain map:
dp(o) = 0o — d0Do — 0DOo = do — 0DJo.
p0(c) = 0o — 0DIJo — DIOo = do — Do

Thus D is a chain homotopy between id and p.

Claim: p(C, (X)) C CY(X)
plc)=0c—0Do — Ddo =0 — ID,,,0 — DOo
= S" (o) — Dy, 0(c) — DOo  since id — 0D,,,, = S™ — D,, 0

= 8"7(0) = D, (3_(=1)'0i) = D(3(—1)'0s)

where o; is the i1th face of o

— §7(0) = Dy ((=1)07) = Dy, (= 1)'0r)

Since 0; C 0, My, < My Thus each term is in CY(X)

Define p': Cp,(X) = CY(X) by p=p.  Thenp=ioyp

Thus D is a chain homotopy between id and i o p'.

Note if 0 € CY(X), then
D(o) = (id — 8™) (o) = (id — id) (o) = 0.

Thus p' = id — 0D — DO = id and p’ o1 is the identity on C%(X)

Thus p’ is the chain homotopy inverse of .
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