1 j=4,3

Hy(T%7Z) = Z x Z with basis i = 1,2, ¢;(e;) =
0 else

Note: in terms of basis for O, ¢; = e, + e, fori=1,2.
Note: (0 0 ¢1)(07) = ¢1(9(03)) = ¢1(e1 + €2 — e3)

= dler) + dles) — es) =1+0— 1 =0
(61~ d1)(01) = ¢iler) - di(ez) = (1)(0) =0

(@1~ ¢1)(02) = ¢1(e2) - P1(e1) = (0)(1) =0
Thus ¢1 — ¢1 = 0. Similarly, g9 — @9 = 0.

(@1~ ¢2)(01) = P1(e1) - Pa(e2) = (1)(1) =

(@1~ ¢2)(02) = P1(ea) - Pa(e1) = (0)(0) =0
(@2~ ¢1)(01) = da(e1) - P1(e2) = (0)(0) = 0
(@2~ ¢1)(02) = @a(e2) - P1(e1) = (1)(1) = 1

Thus ¢1 ~ @2 # P2 ~ ¢y in C°.
H5(T* 7Z) = 7Z since C*® = 0 implies kerd = C* and

1 i=172

do ¢e¢(0j) — ¢e¢(a(0j>> - wez’(el T e — 63) - {1 1 =3

Thus 6 0 ¢, = Yy + Yy, for i = 1,2 and § 0 ¢, = —0 0 P,

Thus imd =< Yy, + 1y, >. Thus in H? Vo, = — Yo,



Theorem 1. When R is commutative, the rings H*(X, A; R) are
graded commutative, that is, the tdentity

avf=(-1)"8va
holds for all o € H*(X, A; R) and B € HY(X, A; R).

Zi n=0,24

H”(32 V 54;2) = H"((CIPQ;Z) = {
else

But U: H*(S*Vv S%Z) x H*(S*Vv S Z) — HYS* Vv S* Z)
is the zero map,

while for U : H*(CP* Z)x H*(CP* Z) — H*(CP*: Z), U(1,1) = 1.

[.e, the group structure does not distinguish S? Vv S* from CP?, but
the ring structure does.

Proposition 1. For a map f: X — Y, the induced maps
[ HYY; R) — H"(X; R) satisfy f*(a ~ B) = f*(a) ~ [*(B),

and stmilarly in the relative case.

Thus H*(—; R) is a functor from the category of topological spaces
to the category of graded R-algebras.



Poincaré Duality

Definition 1. Let X be a space. The cap product 1s a pairing

between certain homology groups and cohomology groups of X.
For k > (, we define

~ Ck(X, R) X CK(X; R) — Ck_g(X; R)
g ™ gb = ¢<U|[UO'“WDU‘[W“'%]'

Example (using simplicial instead of singular notation):
Suppose o = [vg---v] € Cp and ¢ : Cp — Z (ie, ¢ € CHX; 7))

If, for example, ¢|vy, ..., v = 5, then
g ™ ¢ = ¢([Uo . -Ug])[w . °Uk] = 5[2}g . °Uk] c Ck_g<X; Z).

[t is easy to check the following properties:

e ~ is bilinear (by definition)
¢ )0 ~¢)=(-1)(00~¢p—0~id)
o ~(Z x Z") C Zy_y, ie. cycle ~ cocycle = cycle

o ~(B; x Z") C Bj_y, i.e. boundary ~ cocycle = boundary
5(¢) = 0 implies (o ~ ¢) = (—1)" (0o ~ ¢)
o ~(Z;, x B C Z_y, i.e. cycle ~ coboundary = boundary
d(o) = 0 implies (o ~ ¢) = (—1)" o ~ §9)
These facts imply that the cap product descends to a bilinear map
~:Hy(X) x HY(X) — H,_(X).
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k
0o~ ¢ = ;)(—l)i[vo, s Uy ooy U] ™ P =

14

— Z(_U%([Uo, oy UG, --.,WH])[WH, ---,Uk]

+ %1( D)io([vg, ..., ve))[ve, ..., Dsy ... U]

0N =0d¢([vy- - ves]) Ve -+ - vi] = @O([vy - - vesa]) Ve - - - vy
(41

— Qb(Z( ) [UO» oy Vi ~-->W+1D[W+1 ' "Uk]

1=0
/+1

—Z( ) ([an--77/1\2',---,W+1D[W+1'“Uk]

Theorem 2 (Poincaré Duahty). Let M be a closed, R-orientable
n-manifold with fundamental class [M] € H,(M; R). Then the
map Dy H(M) — H,_;(M) is an isomorphism, where Dy is

defimed by Du([]) = [M] ~ [¢].
Corollary 1. Let M be a closed, connected, R-orientable n-

manifold. The top homology group H,(M) is isomorphic to 7Z,
and [M] is a generator.



