Recall [[ H"(X; G) is an abelian group under addition.

(1?0, [@1]; (@], ) € an(X; G)

where ¢, : C, - G € ker(d) = Z}X;G) C C"(X;G)

¢~ e H'(X:G)iff ¢ =1+ dx for some y € C"™(X; G).

Defn: A is a graded ring if A= A,  where
k>0
A, are additive groups with multiplication m : Ay X Ay — Ajoy

Defn: a; € Ay has grade = degree = dimension = |a;| = k
Examples: Polynomial rings.

Rlz] = {ro+rz+..+ra"|r, € R ke N}

Rlz]/(x") = {rg+max+ ... +rah | r € R ke {0,...,n—1}}

where 'z’ = 2™ where m = i + j mod n.
R[z1, ..., xy) where raj'zd...x)" has grade 231 i
j:
Example: Exterior Algebras Ag|x1, ..., x,]

Basis for grade k: @, @4,...2;, where 17 < g < ... <y

and z;r; = —x,x; and .CI?ZQ = 1forall 7,7



Cup Product Let R be a commutative ring with identity.

Defn: For cochains ¢ € C*(X; R) and ¢ € CY(X; R),
the cup product ¢ — ¢ € C*(X; R) is the cochain defined by

where o € C(X).

The cup product is associative:

The cup product is distributive:

Thus if R is aring, @ C"(X;R) is a ring.

If R has a multiplicative identity, 1, then ¢ : Cyp(X) = R, t(v) =1
for all vertices v is the multiplicative identity for @ C™"(X; G):

Proposition 1. For ¢ € C*(X;R) and ¢ € C*(X; R), we have
5~ ) =6~ Y+ (=1)"¢ — d¢.

Note: The cup product of two cocycles is a cocycle.
0o~ p) =0+ (=1)f'p 6 =0+0=0.

The cup product of a cocycle and a coboundary is a coboundary.
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(—1)F¢ — 6 = d¢ — ¥+ (—1)’¢ — 0¢ = (¢ — ).
The cup product of a coboundary and a cocycle is a coboundary.
0~ Y =0¢ P+ (—1)'¢ — oY = d(¢ — ¥).

Theorem 1. When R is commutative, the rings H*(X, A; R) are
graded commutative, that s, the tdentity

avf=(-1"8a
holds for all o« € H*(X, A; R) and B € HY(X, A; R).

Zi n=0,24

H”(S2 V 54;2) = H”(CPQ;Z) = {
else

But U: H*(S*V S%7Z) x H*(S*Vv S* Z) — H*S* Vv S* 7Z)
is the zero map,

while for U : H*(CP* Z)x H*(CP* Z) — H*(CP* Z), U(1,1) = 1.

[.e, the group structure does not distinguish S? v S* from CP?, but
the ring structure does.

Proposition 2. For a map f: X — Y, the induced maps
oo 'Y R) — H'(X: R) satisfy [*(a~ B) = f*(a) ~ [7(B),

and simailarly in the relative case.

Thus H*(—; R) is a functor from the category of topological spaces
to the category of graded R-algebras.
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H*(RP"; Z/2) = (Z/2)]a]/ ("), ol = (1)

H*(RP™;Z/2) = (Z/2)|a], |al=1 (2)
H*(CP", Z) = Z[a]/(a"*), o] =2 (3)
H*(CP*; Z) = Zla], |a| = (4)
H*(CP*; Z) = Zla], |a| = (5)
H*(HP": Z) = Z[a]/(a"™), |a| = 4H*(HP>; Z)

The cohomology of real projective spaces over Z are slightly more
delicate.

H*(RP™;Z)  Z[a]/ (20, a™Y), o] =2 (7)
H*(RP*™ 7) = Zfa, 8]/(20, ™, %, 08), o] =2, 5] = e
8

H*(RP™; Z) = Z[] /(20), |a| =2 (9)

Proposition 3. The isomorphisms
(L, Xo: R)—T1, H*(Xo: R)
H*(\, Xo: R)—T1, H*(Xo: B

whose coordinates are induced by the inclusions i,: Xo — | |, Xa
and io: Xo = V, X respectively are ring isomorphisms.

The second isomorphism above provides us with a tool to reject
spaces as being homotopy equivalent to wedge products.



Defn: Let (A,+) and (B, +) be abelian groups. Then the tensor
product is the abelian group (A ® B, +) such that

1. There is a bilinear map i: A x B -+ A® B and

2. Given any bilinear map f: Ax B — (', there is a unique linear
map Ly: A® B — C such that Lyo¢ = f.

Defn: A B=<a®b|(a1+a) ®b=0a1 @b+ as® b,
a@(b1+62):a®b1+a®b2>

Defn: Let R be a commutative ring and (A, +) and (B, +) be R-
modules. Then the tensor product is the R-module (A ®z B, +)
such that

1. There is a bilinear map 7: A x B -+ A ®z B and

2. Given any bilinear map f: Ax B — (', there is a unique linear
map Ly: A®pr B — (' such that Lyov = f.

Defn: A®Rpr B=<a®grb| (a1 +as) ®pb=0a1 ®@r b+ as Qg b,
a®pr(b1+b) =a®R®rb1+a@pby,ra @pb=aQ@grb >

Ex: If R has an identity 1, R ®r A = R.
¢(ry ® a) = ria. with inverse ¢ : R - R®r A, ¥(a) =1 ® a.

o(Y(a)) = p(1®a) = a.
YV(p(r®a)=1(ra) =10 ra=rQx a.

Useful facts:



1) A® B= B® A.
2.) (@Az) ® B = @(A@'(X)B).

3) (AR B) @ C = A® (B® ()
4.) Z @ A= A via isomorphism ¢(n ® a) = na.
with inverse v : A - Z ® A, ¢¥(a) =1 ® a.
¢(¢(a)) = o(1®a) = a.
Y(pn®a) =v(na) =1 na=n® a.
5.) Zn, @ A= A/nA via the isomorphism ¢(n ® a) = na.
Ex: Z, ®Z = Z, while Z, ® Q = 0

6.) Homomorphisms f; : A; — B; induce a homomorphism
fi®fr: Ai® Ay = B1® By, (fi® fo)(a1 ®a) = fila1) ® falaz).

7.) A bilinear map ¢ : A x B — (' induces a homomorphism
A® B — C,sending a ® b to ¢(a,b).

AxB%C

®\ =[1%)
A®B

8.) A 5 B2 0 = 0 exact implies
AoG L2 Bo G 225 0 ® G — 0 exact
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Let R be a commutative ring. In cohomology, we can create a prod-
uct via the cross product . Recall induced maps:

pr: X XY — X. P X XY —=Y
p: HH(X: R) — HHX X Y R),
Ifa € H*(X;R), then a: Cp(X) = R
Thus pi(a) =aop; : Cp(X xXY) = R
AFL X xY S X SR
(AP 25 X) 5 Rimplies (A" 5 X xY) =5 R
That is pj(k—cocycle in X) = k—cocycle in X x Y.
Thus we can define the cross product = external cup product:
HYNX) x HY(Y) — HY(X x Y).
@ x b pi(a) < pi(b)
(pi(a) ~ p5(b))(0) = P1(a)(0uy,...op)) - P2ONO g,y )
forc e Cp( X xXY), a:Cy(X)— R, b:C)(Y)— R

pi(a) : Co(X xY) = R, pi(b): Cy(X xY) = R
pila) ~ ps(b) : Cr( X xY) = R

<Ak+€ i> X X Y) — pT(CL)(O-’[UO ..... 1%]) p;(b>(a|[0k ----- Uk;+£]) < R



U distributive implies x is bilinear.

Note if s € R,
s(pila) ~ p3(b)) = (spila)) ~ p5(b) = pi(a) ~ s(p3(D))

We have a ring homomorphism: H*(X)®@zrH (YY) — H¥ (X xY).
H*(X;R) x H(Y;R) —— H*(X xY;R)

®\ Tl
H*(X;R)® H*(X;R)

Let ula®b) =a xb
Defn: (a®b)(c®d) = (—=1)ac @ bd where |x| = dimension of z.

u(a@b)(c®d) = (=) ulac @ bd) = (=)l (ac) x (bd)



Theorem 2 (Kiinneth formula). The cross product
H*(X;R)®r H*(Y;R) - H*(X X Y;R) is an isomorphism of
rings if X and Y are CW complexes and H*(Y; R) is a finitely
generated free R-module for all k.

The hypothesis X and Y are CW complexes is unnecessary.
The result also holds in a relative setting.

Example: H*(X, A; R) ®@r H*(Y; R) —» H* (X xY,AX Y R)
AP L AXY 5 A= R

Theorem 3 (Relative Kiinneth formula). For CW pairs (X, A)
and (Y, B) the cross product homomorphism

H* (X, A;R)®pr H*(Y,B;R) - H* (X xY,AxY UX x B;R)
is an isomorphism of rings if H*(Y, B; R) is a finitely generated
free R-module for each k.



Example: The continuous map f : X — X x X, f(x) = (x,x)
induces a homomorphism f*: H"(X x X; R) — H"(X; R) by
if o : Cp(X x X)— R, thengpo f:C,(X)— R.
*( Y. *( Y. X * : A *( Y.
H*(X:R) x H*(X;R) —— H*(X x X;R) —— H*(X;R)
®} ¢
H*(X;R)® H*(X;R)
AFL X L xxx B x5 R
pio f =1d, thus f*op’ =1id
Thus H*(X) x HY(X) — H"YX x X) — H"(X).

axXb—awb

Poincare duality
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A Portlon of three dimentional
cubic lattice and its unit cell

https://www.excellup.com/class_12/chemistry_12/SolidState_CrystalLattice.aspx
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Poincaré Duality

Definition 10. Let X be a space. The cap product is a pairing

between certain homology groups and cohomology groups of X.
For k > (, we define

~ Ck(X, R) X CK(X; R) — Ck_g(X; R)
g ™ gb = ¢<U|[UO'“WDU‘[W“'%]'

Example (using simplicial instead of singular notation):
Suppose o = [vg---v] € Cp and ¢ : Cp — Z (ie, ¢ € CHX; 7))

If, for example, ¢|vy, ..., v = 5, then
g ™ ¢ = ¢([Uo . -Ug])[w . °Uk] = 5[2}g . °Uk] c Ck_g<X; Z).

[t is easy to check the following properties:

e ~ is bilinear (by definition)
¢ )0 ~¢)=(-1)(00~¢p—0~id)
o ~(Z x Z") C Zy_y, ie. cycle ~ cocycle = cycle

o ~(B; x Z") C Bj_y, i.e. boundary ~ cocycle = boundary
5(¢) = 0 implies (o ~ ¢) = (—1)" (0o ~ ¢)
o ~(Z;, x B C Z_y, i.e. cycle ~ coboundary = boundary
d(o) = 0 implies (o ~ ¢) = (—1)" o ~ §9)
These facts imply that the cap product descends to a bilinear map
~:Hy(X) x HY(X) — H,_(X).
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k
0o~ ¢ = ;)(—l)i[vo, s Uy ooy U] ™ P =

14

— Z(_U%([Uo, oy UG, --.,WH])[WH, ---,Uk]

+ %1( D)io([vg, ..., ve))[ve, ..., Dsy ... U]

0N =0d¢([vy- - ves]) Ve -+ - vi] = @O([vy - - vesa]) Ve - - - vy
(41

— Qb(Z( ) [UO» oy Vi ~-->W+1D[W+1 ' "Uk]

1=0
/+1

—Z( ) ([an--77/1\2',---,W+1D[W+1'“Uk]

Theorem 4 (Poincaré Duahty). Let M be a closed, R-orientable
n-manifold with fundamental class [M] € H,(M; R). Then the
map Dy H(M) — H,_;(M) is an isomorphism, where Dy is

defined by D([g]) = [M] ~ [¢].

Corollary 1. Let M be a closed, connected, R-orientable n-
manifold. The top homology group H,(M) is isomorphic to 7Z,
and [M] is a generator.
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