@ Scalar Line@

Let C: [a,b] — R"™ be a smooth curve. f: R™ — R, a scalar field.

Asy = Iength of kth segment of path
= ;5 IS @ldt = |IC"EII(tk — te—1) = [|C(17)]| Aty
for some t;* € [tr—1, tk]

Jo f dr ~ XL, (C(t))Ask = S, F(CEHDIC (1)1 At

Thus fcfds_fiM NIIC(2)]|d¢

fo ds = area under curve f(C) _‘7\ i~/
/'v\/\————

where area is positive above xy plane

and negative below xy plane

https://brilliant.org/wiki/line-integral
htlyps: / /en.wikipedia.org/wiki/Line_integral



proto
Pencil

proto
Pencil


14.2 Vector Line integrals:

Let C: [a,b] — R™ be a smooth path. F': R™ — R", a vector
field.

C(t;) ~ e
Jo F-dr ~ S0 F(C(t;)) - ACy, = X7, F(C(t})) - C' () Aty
{ThustF dr = [* F(C(t))g C(t)dt

F is a vector field.

Work = Forcegy Displacement .
Y T T

/\F“—\
e TN .
' [ Sye———
0 _gcoso H T —— r'» > .
| N —” A
W =F.F=Frcosf o oy >
Ar s 7 9 4 9 » 2

d 4 4 » 4

L B N
A
%AM_
X

http://physicssimplifiedforyou.blogspot.com/ https://en.wikipedia.org/wiki/Line_integral


proto
Pencil


Thm: Let C: [a,b] — R"™ be a piecewise smooth path and
let D : [c,d] — R™ be a reparametrization of C. Then

Scalar line integral:

If f:R™ — R is continuous, then [p f ds= [ f ds

since area under curve does not de etrization.

Vector line integra

If F:R™ — R" is continuous, then

JpF dr= [oF-drifD is orientation-preserving.
b e
Jp F-dr :@fc F - dr if D is orientation-reversing.
e ———

—_——


proto
Pencil

proto
Pencil


i-v>0

https://math.libretexts.org/Bookshelves/Calculus/Book: Calculus (Apex)/10: Vectors/10.3: The Dot Product

7. d7 7. d7 = Wirl
F.dr F.dr = Wir
http://tutorial.math.lamar.edu/Classes/Calclll/LinelntegralsVectorFields.aspx \(\'Qq

A 4 A 4 1
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8



proto
Pencil


Anoth ion((differential formY: For simplicity, we will work

in R2, but the followng generalizes to any dimension.

Let C(t) = (z(t), y(t)). Letﬂw) = (P(x,y),

d
y(t) =%

Thus dx = x’!t)dt and dy = y/(t)dt. Also, dr = (dx.dy)

(4
[ rear = [ (Ple).QGwv) - (dndy
oy “



proto
Pencil


/—é;%)metz =path from (0, 0) to (1, 1) traveling

first along = axis to (1, 0) and then travellng vertlcally to (1, 1). >

G)= (1)6) pet= ]
Nm\cmon
Jo F-dr:fCF-drArLfC;% (0
= Jo F(C.0)) 1 CrlB)at I F(/(Eg\(f\)) Co(t
_fOFtO &dwfo

>f0 ,0)dt + [ ) |
_fotdt+f0tdt_2 t% Qé"(f ‘
c ()~ () )6>



proto
Pencil

proto
Pencil


= Ci(t) U Calt)

Y )
¢ =(1,t), 0<t<1
=(0,1), 0<t<1
. 04 Nia

'{'hus along Cy, dz = 1dt and dy = 0dt C /i (0

and along Cs, dx = 0dt and dy = 1dt 0[/L ((ﬂ,ﬁ 0(9

I Notation 2: differential form

derTFZfr—l—der
_Cfc d@"Cdy + Je, " (dz, A¥ (% 9\
k fclxy davdy—l—fc"?&A’;};1

\(\ = Jo, (Edz +dy) —i—@zdw—{—ydy

R V- [l idi + 0(0de)) J_LL (0dt)
Note: Both of these metho@gmbjralcally equivalent, so |t
\d_’_\_.

doesn’t matter which notation you use.



proto
Pencil

proto
Pencil


Let F'(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Can use any parametrlzatlon for the path C. For example

:[0,1] - RA 3
:[0,1] — R?,

Notation 1: Work definition

fCF-dr:fCIF-dr+fCQF-dr 0) ’{’L

—fo -C(t dt—i—fo 2(t)) - CH(t)dt

= Jy F(t%,0) @t + [ F(1,83) - (0,36%)dt

= [ (t2,0) - (2t,0)dt + [ (1,4%) - (0,3t)dt

= [} 263dt + fol 3t%dt = Le4|§ + 16| :@


proto
Pencil


Let F(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling

first along x axis to (1, 0) and then traveling verticall , 1).
(

uuse any parametrization for the path C.|For example:

C1:[0,1] — R? Ci(t) = (£2,0)

Cy: [0,1] — R2, Cy(t) = (1,t%)
Notation 2: differential form

J. F-dr:fc F-dr—i—fc F-dr

C 1 2
= Jo, F - (dz,dy) + [o, F - (dz,dy) O\/\M
= Jo,(@,y) - (dz,dy) + [o, (2, y) - (dz, dy) WM

= Jo,lpdz + ydy] + [o, [vdz + ydy]

= fo‘ﬂ 2t) dt+f0 0) + t33t2dt = $t4|} + 35§ :@


proto
Pencil


Let F'(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0)-and then traveling vertically to (1, 1).

for special cases:

ethod: 14.3 Suppose F =V f
Claim F' has path independent line integrals.

Wg«Method: 14.4 Fon use Green’'s The

A path C: [a,b] — R™ | a) — C(b).

If curve is flot. cIose , canNOT use Gr 's Theorem

JZ ®)=01



proto
Pencil


In Calculus | we had the Fundamental Theorem of
Calculus that told us how to evaluate definite
integrals. This told us,

F' (z dng@xF@
9L—J =

Suppose that C' is a smooth curve given by 7 (), @
a <t < b. Also suppose tha@ a function whoseZ\

gradient vector, Vf is continuous on C’ Then, f

Ag) - E)

fed7 =f(r (b)) G (a))
Jisgrsfee —fe@ ]

http:/ /tutorial.math.lamar.edu/Classes/Calclll /Fund ThmLinelntegrals.aspx


proto
Pencil


dek

/.,
/.df‘—/ [Vf(m).f/(t)dt )
/@J

f"
F(7(b) — f(F(a)) by FTC
\’\

by the chaln rule



proto
Pencil


I \

= —
\ 2.

" '\"/ /

Let F(z,y) = @y), let C(t) =path from (0, 0) to (1
first along = axi$ to (1, 0) and then traveling vertically,

f Find f such that Vf = F(z,y) = (2, y) i

If F(x,y) =



proto
Pencil


AQ ”aﬁ,é

Let F(.’L’,y) @m

first along x axis To

et C(t) =path from (0, 0) to (1, 1) traveling
, 0) and then traveling vertically to (1, 1).

Y11 AAA
INER VI 4
IRV

XXXXAA Y
HEBRSSAARS
wWRNNNAY

If F(z,y) = Vf = (3£. 5, then

”‘p“es [ 2t = [ ad implie f(2.9) = % +

"
)o)
O >
>
Lo
o~
S


proto
Pencil


(2, ) 25
Let%ﬁ‘ '67

T, y) =
first along = axis to

3
let tg‘path from (0, 0) to (1, 1) traveling
(1, 0) and then traveling vertically to (1, 1).

NN
2EONNNNNN NN f A A
AN NN

8

If F(z,y) =Vf= (%78 ), then

de = [ zdx impIie%(x,y

8fg;’y) =z implies [ Bféa;,y
22
g—; = M%yk(y)) = k'(y) =)y Hence k(y) = %—i— constant

) ) 0
Thus if we let f(x,y) = X l
L

then Vf =
2 ZJ, /( y
<— ZX{—O )O/f > 7 W


proto
Pencil


If F(x,y)=Vf= (81‘ ﬂ), then . %,;Q

oz’ dy
8féa;y) = x implies f%i’y)dl; — fa:d:zc implies f(z,y) = %2 + k(y)

St =222 —[/(y) =y. Hence k(y) = %2—1- constant

Een Vf=

2

2
T
=9+%

)


proto
Pencil


Let F'(z,y) = (z,y), let C(t) =path from (0, 0) ¢ (1, 1) fraveling
first along = axis to (1, 0) and then traveling vert|caIIy (1 1).

If F(z,y) =V f= (%, %), then

=K' (y) = y. Hence k(y) = 72—1- constant

2

Thus if we let f(z,y) = % + %, then Vf = (2,y) = F.

Hence [ F.d7 = [Vf.d7= f(7F (b)) — f(F(a))
(& C

f&;)f&@%ﬁh@


proto
Pencil


F'is called conservg%’ ifi; = Vf.} In this case f is called a
potential function for the vector field F'.

Suppose F' |SM9ML/_(§N&M|3[DI(§ in an open reglon The

following are equivalent:
@ F' is conservative |{ S- A ? ’
P S — f [Q'
N/ & [ F-\ir (C(1))||C'(t)]|dt is independent of the path

€ /\ taken ftom ) Thatis [, F - dr—FF dr for any(



proto
Pencil


Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Method 14.3 Check if F' has path indepen

F(nd f such that

F(z,y) = (=,9) = (55> 3, 27+ 2y%). M
le, f(z,y) = 322 + 342 & _1'7\K(O§ gwé I \é

[oF-dr=f(1,1) - f(0,0)=2+1-0=1

nt line integrals



proto
Pencil


Let F(x,y)% let C'(t) =path from (0, 0) to (1, 1) traveling
first along z ‘axi (1, 0) and then traveling vertically to (1, 1).
Method 14.3 Check i has path independent line-integrals _

here F' =

Ex: Let C:[0,1] — R2?, C(t) = (t,1).
_—

Jo F-dr = [§ F(C(1)) - C'(t)dt

= folF(t,t) (L 1)dt
= [[(t,1)- (1,1)dt = [, 2tdt = 1

._\


proto
Pencil


Let F(z,y) =

Find [ (e

P

X

(e7¥ — 2z, —we™ — sin(y)) = (P(z,y), Q(z,y))

Y —2x)dx + (—x

xe Y — sin(y))dy,

where C'is a

piecewise smooth curve starting at (2, 0) and ending at (0, 0).

AR _ P07

X

@g .

& <o
(O) D> @/ O)


proto
Pencil


Let F(a,y) * (e~ — 22) “ze — sinly)) = (P(z,1), Q. 1))

Find [ (e7¥ — 22JdT + (—xe™¥ — sin(y))dy, where C is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Does 8Q = 6P ?

a(Xe §//§,

\\g
89 %Oﬁw


proto
Pencil


Let F(I‘,y) = (e_y — 2z, —ze”V — Sln(y)) = (P(l"y)a Q(az,y))

Find [, (e7¥ — 2z)dx 4 (—xe™ — sin(y))dy, where C is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

0Q _ 8P?
Does 3= = ay !
9Q _ O(—we Y—sin(y)) __ ey oP _ O(e"¥—2x) _ e Y
or Or - oy — dy -
2Q _
Thus e = ay.

Thus F'is a gradient field and hence has path independent
integrals.

F=ve



proto
Pencil


Find +
F=vy :%5> = (P.Q) xey ~ sin(y))

Thus % =eY-2

@g@g%@i’(&y )i)( :((g%b&*j?
W y) =X %X i@


proto
Pencil




proto
Pencil


F=Vf= (%, %) =(P,Q)=(e¥ =2z, —ze ¥ — sin(y))
Thus % =e ¥ -2z
Hence f(z,y) = [(e7¥ — 2z)dz = we ¥ — 2° + c(y).

Thus G = 205l — gy 4/ (y)



F=Vf= (%, %) =(P,Q)=(e¥ =2z, —ze ¥ — sin(y))
Thus % =e ¥ -2z
Hence f(z,y) = [(e7¥ — 2z)dz = we ¥ — 2° + c(y).

Thus G = 205l — gy 40/ (y)

Th)é_y —sin(y) = % =—g€ Y+ (y).


proto
Pencil


F=Vf=(%.50)=(P.Q) = (¥ — 22, —we™¥ — sin(y))
Thus % =e¥Y—2
Hence f(z,y) = [(e™¥ — 2z)dz = ze™ — 2% + c(y).

Thus g_i _ 8(16_y552+0(y)) — eV +C/(y)

Thus —ze ¥ —sin(y) = g—]yt = —ze Y+ (y).
T'@ C’(ymm(ymd cy) = [(=sin(y))dy = cos(y) + k
) /
) 2
ﬂwg? =Ye 1 COO(OUQJF{



proto
Pencil


F=Vf= (%, g—:{;) =(P,Q)=(e¥ =2z, —ze ¥ — sin(y))
Thus % =e ¥ -2z
Hence f(z,y) = [(e7¥ — 2z)dz = we ¥ — 2° + c(y).

Thus G = 205 — gy 4 (y)

Thus —ze ¥ — sin(y) = % = —ze Y+ (y).

Thus ¢ (y) = —sin(y) and c(y) = [(—sin(y))dy = cos(y) + k
Hence f(z,y) :26*0—¢2 + cos(p)+ k
Since F is a gradient field, [ (e™Y —2z)dx + (—ze ¥ —f’ (y))dy

— f(0,0) — f(2,0) =0—0+1+k—[2—4+1+K]
— o -

eg—®
(6,0) (z/0)


proto
Pencil


Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively,



Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively, let X : [0,2] — R2?, X(t) = (2 —,0) = (z(¢),y(?)).
Then X (0) = (2,0) and X (2) = (0,0)

x(t) =2 —t implies doz = —dt
y(t) = 0 implies dy = 0.

Jo(e™¥ = 2x)dx + (—ze™¥ — sin(y))dy



Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively, let X : [0,2] — R2?, X(t) = (2 —,0) = (z(¢),y(?)).
Then X (0) = (2,0) and X (2) = (0,0)

x(t) =2 —t implies doz = —dt
y(t) = 0 implies dy = 0.
Jo(e™¥ = 2x)dx + (—ze™¥ — sin(y))dy

= [2A-202—t)(~dt) = [Z(3-2t)dt =3t — 22 =64 =2.



Find [, (e7¥ — 2z)dx 4+ (—xe™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (2, 0).



Find [, (e7¥ — 2z)dx 4+ (—xe™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (2, 0).

ch -dr = 0 since C'is a closed curve and F' is conservative.



If a force is given by F(z,y) = (0, z),
compute the work done by the force field on a particle that moves
along the curve C that is the counterclockwise quarter unit circle in
the first quadrant. In the below picture, the curve C' is plotted by th
long green curved arrow. The vector field F is represented by the

vertical black arrows.

Choose a
parametrization of
the curve:

c(t) = (cost,sint), 0<t<

|y

A

A

A ! I l !
0.2 0.4 0.6 0.8 1

1ttps://mathinsight.org/line integral vector examples




w/2
= / F(cost,sint) - (—sint,cost)dt
0

/2
= / (0,cost) - (—sint, cost)dt

0
/2
:/ cos? t dt
0
/2 1
— / —(1 + cos2t)dt
0 2
1 sin 2t \ |2

t
2 i 2

https://mathinsight.org/line integral vector examplés




Suppose F(x,y) = (0,z2) = (P, Q)

@ _ 0.
8$ - 0.
oP _ 0.
oy

A

. .
0.2 0.4 0.6 0.8 1



Suppose F(x,y) = (0,z2) = (P, Q)

@ _ 0.
8‘2: - 0.
oP _ 0.
oy

0Q oP 2o i o608 1
Thus e # 87y



Suppose F(x,y) = (0,z2) = (P, Q)

@ o 0.
ox 0.
orP _ 0.
oy

A

Thus %% # %—5. Thus fDF - dr depends on the path.o'2 Treene



Suppose F(z,y) = (0,z) = (P, Q)
Q

or 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

fp F-dr =



Suppose F(z,y) = (0,z) = (P, Q)
Q

or 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0



Suppose F(z,y) = (0,z) = (P, Q)
9Q _

ox 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0

Let E(t) =path from (1, 0) to (0, 1) traveling first vertically to (1,
1) and then traveling horizontally to (0, 0).

Jp F-dr =



Suppose F(z,y) = (0,z) = (P, Q)
9Q _

ox 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0

Let E(t) =path from (1, 0) to (0, 1) traveling first vertically to (1,
1) and then traveling horizontally to (0, 0).

[gF-dr=;(0,1)-(0,1)dt +0=1





