14.2 Scalar Line Integrals:
Let C: [a,b] — R"™ be a smooth curve. f: R™ — R, a scalar field.

Asy = length of kth segment of path
t * *
FIC@NdE = [|[C Itk — tr—1) = [IC'(t})]| Atk

Tt
for some t;* € [tr—1, tk]

Jo f dr ~ XL, (C(t;))As = Zin, F(CEDIC (1)1 At

)y A

[ Ths fo 1 ds = [f (€()

Jo f ds = area under curve f(C)

IC7()]]dt

where area is positive above xy plane

and negative below xy plane

https://brilliant.org/wiki/line-integral
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14.2 Vector Line integrals:

Let C: [a,b] — R™ be a smooth path. F': R™ — R", a vector

field.

AC,,

C'(ty) ~ Ax

Jo Frdr ~ T, P(C(8)) - AC, = TiL F(C(8)) - C' (1) Aty

ThnngF dr = [} F(C(t)
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https://en.wikipedia.org/wiki/Line_integral
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Thm: Let C: [a,b] — R"™ be a piecewise smooth path and
let D : [c,d] — R™ be a reparametrization of C. Then

Scalar line integral:
If f:R™ — R is continuous, then [p f ds = [ f ds.

since area und end on parametrization.

Vector line integral

If F: R" — R" is continuous, then
Jp F - dr = [ F -dr if D is orientation-preserving.

Jp F - dr :Q[C F - dr if D is orientation-reversing.
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Another notation (differential form):  For simplicity, we will work
in R?, but the following generalizes to any dimension.

Let C(t) =

t)). Let F(z,y) = (P(z,y),Q(z,y))
where = =4(t),y = y(t). Note 2/(t) = &, y/(t) = &

dx = 2/ (t)dt 3nd dy = ¢/ (t)dt. Also, dr = (dz,dy

M: /C (PW (d,dy),
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IIy to (1, 1).
(l, /)

Notation 1: Work definition Z

fCF-dr:fch-dr—i—fCF-dr 00)

s gy e g o 71 G o)
-l e e @f @y (L O)

D= LMt + [ (0,1)dt
= fo tdt-l—fo tdt = 2@&%@ ~_ |
—_— — [ l_)
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Ci(t) = (,0), 0<t<1
C{(t):&,@), 0<t<1

Notation 2: differential form/

fCF dr—fC F dr+f02

?fcl my)Jrfc )
= J¢,( ’é«ﬁJr@OJrfc :de-i— y{

fo tdt + 0(0dt)) +f0 S{(\{j— 12))8 @ ‘

Note Both of these methods are algebraically equivalent, so it
doesn’t matter which notation you use.
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Let F'(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Can use any parametrization for the path C. For example: /\C l, /

C;:[0,1] = R2, Cy(t) = (t2,0)

e ——

Cy:[0,1] = R2, Cy(t) = (1,13)

s — ('/0)

Notation 1: Work definition

fCF'dr:fch'dr+f02F-dr /0/0)
= fo -C(t dt—i—fo 2(1)) - Cy(t)dt
=hF (20, 0)dt + [y F(1,£%) - 0,3¢%)dt

= [ (t2,0) - (2t,0)dt + [ (1,4%) - (0, 3t)dt

= [} 263dt + f01 3t°dt = Le4|§ + 36 =1
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Let F(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Can use any parametrization for the path C. For example:

Cp:[0,1] — R2, Cy(t) = (t3,0)

Cy: [0,1] — R2, Cy(t) = (1,t%)
Notation 2: differential form

Jo F-dv= [ F-dr+ [, F-dr

= fc (dz, dy) "’fc (dz, dy)

= Jo, (@, y) - (dz, dy) + [¢,(2,y) - (dz,dy)

— fCl [xdx + ydy] + f02 [xdx + ydy]

= [y 22t)dt + 5 1(0) + £3t2dt = S5+ 3O @
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Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Methods for sgecial cases:
—>Method: 14.3 Suppose I' = V [/<—

Claim F' has path independent line integrals.

(/\y)dethod: 14.4 For closed curves, can use Green’s Thegrem
A path C: [a,b] — R"™ is closed if C(a) = C(b).

If curve is not closed("canNOT use Green's Theorem.

é’/
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In Calculus | we had the Fundamental Theorem of
Calculus that told us how to evaluate definite
integrals. This told us,

Suppose that C' is a smooth curve given by 7 (),

a<t<b. Alsgrstuppose that f is a function whose
gradient vecto @ continuous on C. Then, (",
c)—1F) 3

—

Pj (‘(m)

[ Vs a7 =1 E®) - £E (@)
C

http:/ /tutorial.math.lamar.edu/Classes/Calclll /Fund ThmLinelntegrals.aspx
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L?’J dl{p b

d
d_ f(7(t))] dt by the chain rule

&.

= f(7(b) = f(F(a)) by FTC
=
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Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along z axis to (1, 0) and then traveling vertically to (1, 1).

e

]X Fin@uch that Vf = F(z,y) = (z,y)

If Fz,y) = Vf= (5,50, then

_ aNa
b= %'UVO = (z/%\_xj)&/—>:)(
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Let F'(z,y) —g y),/let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to’(1, 0) and then traveling vertically to (1, 1).

If F(:U,y) =Vf= (5,90, then

T,y

] 9f@y) _ 4 im 'sf%dxzfxdm impliesfif (z,y) = %

w=0+ ﬁ/@)}g: g
“«t»(‘o’L) = égf/f c



proto
Pencil


Let F'(z,y) = (
first along z a

C(t) =path from (0, 0) to (1, 1) traveling

of

7y):vf:(%78

=z implies [
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Let F'(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1). Cl (>
)

NONNNAN N f A
28 XXX
NN A

I I A
If F(z,y) = V.f = (3£, 5), then | AN
8féa;y) = x implies f%ﬁ’y)dl; — fa:d:zc implies f(z,y) = %2 + k(y)
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Let F'(z,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

af @ NN
If F(z,y) = Vf = (55, 50), then Z IR
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F'is called ggggervative if F'=Vf. In this case f is called a
—_—
potential function for the vector field F'.

Suppose F' is continuously differentiable in an open region. The

following are equivalent:

/5, Jo F-dr= f;f C(¢))||C'(t)||dt is independent of thg path
taken fr " Thatis [ F-dr= [, F-
paths C, D that begifiat r(a) and end at r(b).

) fCF'dr:f(“.l_)_fEB) path C' begins at p and i

nds at q

FE==C S
Sx 'By ) JYo¥ T ar o9
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Let F(x,y) :@\é let C(t) =path from (0, 0) to (1, 1) traveling

first along x axis to (1, 0) and then traveling vertically to (1, 1).

Method 14.3 Check if F' has path independent line integrals

S wirk

JoFdr = F(1,1) = F0.0) = b+ —0=1 ,()

submethod 1. Find f such that Vf = F
—_—

(0,0)


proto
Pencil


vechr (ine MW
Let F(z,y) = (x,y), let C(t) =path from

(0, 0) to (1, 1) traveling
first along = axis to (1, 0) g

ertically to (1, 1).

Method 14.3 Check i

Bxc Let C:[0,1] B2 C(t) = (1.1) OX _ %l

[ F-dr= [} F(C(t))- C/(t)dt S
¢ \C\O%L)\/
= [y ELt) - (1, 1)t

t) - (1,1)dt = [ 2tdt = 12|} @
et Jo f

1
= 0(t7
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P &

Let F(z,y) = (e ¥ — 2z, —xe™¥ — sin(y)) = (P(x,y), Q(,y))

Find/ [ (e7¥ — 2z)dx 4 (—xe™ — sin(y))dy, pwhere C'is a
piecewise smooth cu ;7 0) and ending at (0, 0).
°Y

X (0,d) (2,0)
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Let F(x,y) —a:e_y —sin(y)) = (P(z,y), Q(x,y))

Find [, (e7¥ — 2z)dx 4 (—xe™¥ — sin(y))dy, where C is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

9Q _ op
) - ay? 6

3 (ol
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Let F(.’L’,y) = (e_y — 2z, —ze ¥ — sm(y)) = (P((L‘,y),Q(.T,y))

Find [, (e7¥ — 2z)dx 4 (—xe™ — sin(y))dy, where C is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

0Q _ 8P7
Does 9 = Oy

0Q _ O(zze V=sin(y)) _ _ -y <LP oe™¥=2z) _ -y
oxr ) dy -

B oz
0,0
eg-g) (W es(2,0)

Thus F'is a gradient field and hence has path independent

s Coraswihue
F=vf
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F=Vf= (%, %) =(P,Q)=(e¥ =2z, —ze ¥ — sin(y))

Thus % =e Y -2

Hence f(z,y) = [(e7¥ — 2z)dz = e ¥ — 2% + c(y).
‘\

Thus G = 205l — gy 4/ (y)
\'


proto
Pencil


FZVf:@i,gg):(P,Q):(ey_z

Thus % =e ¥ -2z
Hence f(z,y) = [(e7¥ — 2z)dz = we ¥ — 2° + c(y).

Thus % — B(ate_yg—f—i-c(y)) —ze Y + c'(y)

I

Thus —ze™ — sin(y) = 5, = —ze™¥ + ' (y).
-
R
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F=Vf=(%.50)=(P.Q) = (¥ — 22, —we™¥ — sin(y))
Thus % =e¥Y—2
Hence f(z,y) = [(e™¥ — 2z)dz = ze™ — 2% + c(y).

=—ze ¥+ (y)
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F=Vf=(59%)=(P.Q) = (e7¥ — 22, —we ¥ — sin(y))

Thus M
Hen%f(m y) = [(e7¥ —22)dx = ze™¥ — 2? 4 c(y).

— __—_

97 _ Oae—*+c(y))
Thus 51 = Oze o))

_8y

m = —ze ¥+
(0,0
Thus —ze ¥ — sin(y) = 2L = —ze ¥ + ¢/( y (Z/)
Thus d(y) = —sin(y ) and c(y) = f(—sin(y))dy =cos(y) + k
Henck f(z,y) . /( - O

Since F |sagrad|ent\fleld ole™ yk’) VP —sin(y
- 100720 —m:f—[ “ETy @



proto
Pencil


Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively,



Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively, let X : [0,2] — R?, X (1) = 2t 0) = (z(t),y(t)).
Then X (0) = (2,0) and X (2) = (0,0)
x(t) =2 —t implies doz = —dt

y(t) = 0 implies dy = 0.

Jo(e™¥ = 2x)dx + (—ze™¥ — sin(y))dy
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Find [,(e™¥ — 2z)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively, let X : [0,2] — R2?, X(t) = (2 —,0) = (z(¢),y(?)).
Then X (0) = (2,0) and X (2) = (0,0)

x(t) =2 —t implies doz = —dt
y(t) = 0 implies dy = 0.
Jo(e™¥ = 2x)dx + (—ze™¥ — sin(y))dy

= [2A-202—t)(~dt) = [Z(3-2t)dt =3t — 22 =64 =2.



Find [, (e7¥ — 2z)dx 4+ (—xe™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (2, 0).



Find [, (e7¥ — 2z)dx 4+ (—xe™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (2, 0).

ch -dr = 0 since C'is a closed curve and F' is conservative.



If a force is given by F(z,y) = (0, z),
compute the work done by the force field on a particle that moves
along the curve C that is the counterclockwise quarter unit circle in
the first quadrant. In the below picture, the curve C' is plotted by th
long green curved arrow. The vector field F is represented by the

vertical black arrows.

Choose a
parametrization of
the curve:

c(t) = (cost,sint), 0<t<

|y

A

A

A ! I l !
0.2 0.4 0.6 0.8 1

1ttps://mathinsight.org/line integral vector examples




w/2
= / F(cost,sint) - (—sint,cost)dt
0

/2
= / (0,cost) - (—sint, cost)dt

0
/2
:/ cos? t dt
0
/2 1
— / —(1 + cos2t)dt
0 2
1 sin 2t \ |2

t
2 i 2

https://mathinsight.org/line integral vector examplés




Suppose F(x,y) = (0,z2) = (P, Q)

@ _ 0.
8$ - 0.
oP _ 0.
oy

A

. .
0.2 0.4 0.6 0.8 1



Suppose F(x,y) = (0,z2) = (P, Q)

@ _ 0.
8‘2: - 0.
oP _ 0.
oy

0Q oP 2o i o608 1
Thus e # 87y



Suppose F(x,y) = (0,z2) = (P, Q)

@ o 0.
ox 0.
orP _ 0.
oy

A

Thus %% # %—5. Thus fDF - dr depends on the path.o'2 Treene



Suppose F(z,y) = (0,z) = (P, Q)
Q

or 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

fp F-dr =



Suppose F(z,y) = (0,z) = (P, Q)
Q

or 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0



Suppose F(z,y) = (0,z) = (P, Q)
9Q _

ox 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0

Let E(t) =path from (1, 0) to (0, 1) traveling first vertically to (1,
1) and then traveling horizontally to (0, 0).

Jp F-dr =



Suppose F(z,y) = (0,z) = (P, Q)
9Q _

ox 0.6
op _ 0.
dy 0.2

N A
A
0.2 0.4 0.6 0.8 1

Thus %—? #* %—5. Thus fD F' - dr depends on the path.

Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
(0, 0) and then traveling vertically to (1, 1).

JpF-dr=0+ [0-dr=0

Let E(t) =path from (1, 0) to (0, 1) traveling first vertically to (1,
1) and then traveling horizontally to (0, 0).

[gF-dr=;(0,1)-(0,1)dt +0=1





