14.2 Scalar Line Integrals:
Let C: [a,b] — R™ be a smooth curve. f : R" — R, a scalar field.

Asi = length of kth segment of path
= Ju, IC'@)ldt = IC"(#)I1(tx — ti1) = |C' (1) || At
for some ;" € [t—1. ;]
Jo f dr~ i f (C(t) Ase = L f(CEDIIC ()| At

Thus Jo f ds = [ £ (C(t)||C/(8)de
Jo f ds = area under curve f(C)

where area is positive above ay plane | l
and negative below xy plane . i’ ~

s brilint o v lne-integrs!
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Thm: Let C: [a,b] — R” be a piecewise smooth path and
let D : [c.d] = R" be a reparametrization of C. Then

Scalar line integral:
If f : R" = R is continuous, then [, f ds = [, f ds
since area under curve does not depend on parametrization.
Vector line integral
If F: R™ — R" is continuous, then

Jp F-dr= [oF-drif D is orientation-preserving.

Jp F-dr = — [ F-dr if D is orientation-reversing.

14.2 Vector Line integrals:

Let C: [a,b] — R" be a smooth path. F': R™ — R", a vector

field.

) ~ A%

Jo F - dr ~ S F(C()) - ACk = 1, F(C(7) - €)Mt

Thus [ F-dr = [* F(C(t)) - C'(t)dt

Fis a vector field.
————
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Work = Force x Displacement
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Another notation (differential form):  For simplicity, we will work
in R?, but the following generalizes to any dimension.

(). y(t)). Let F(z,y) = (P(,y), Q(x,y))

where & = x(t),y = y(t). Note a'(t) = %, y/(t) = %

Let C(t) =

Thus de = 2/(t)dt and dy = y/(t)dt. Also, dr = (dz,dy)

[pede= [P0 @y
o Je

/F»dr: / Pla,y)de + Q(a, y)dy
c Jo

"
= / PG(t).y(0)e' (0t + QU(t). (1) (1)t

Let F(z,y) = (2,y), let C(t) = C1(t) U Ca(t)

Ci(t)=(t.0), 0<t<1  Cot)=(L1), 0<t<1
Ci(t)=(1,0, 0<t<1  Cyt)=(0,1), 0<t<1

Thus along C1, dr = 1dt and dy = 0dt
and along Cy, dz = 0dt and dy = 1dt

Notation 2: differential form
JoF- drffc F dr+fL]F dr
= Jo, F - (dw,dy) + [, F - (dz,dy)

= Jo, (2.9) - (do.dy) + Je, (2.y) - (do,dy)
= Je, (adz + ydy) + ¢, (wdz + ydy)
,ju (tdt + 0(0dt)) +ju (0dt) + tdt) = 2(3t2)[3 =1

Note: Both of these methods are algebraically equivalent, so it
doesn't matter which notation you use.

Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1)

Notation 1: Work definition
JoFrde= [ Fdvt [, Fdr

= Jy F(Ci(t) - CL(0)dt + [y F(Ca(t)) - Ch(t)dt
= [y F(t,0)- (1.0)dt + [y F(1,1)- (0,1)dt

= [0 (£.0) - (1,0)dt + [ (1,1) - (0, 1)dt

= [y tdt + [ tdt =2(32)[5 =1

Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1).

Can use any parametrization for the path C. For example:
[0.1] = R2, C1(t) = (12,0)

Cy:[0,1] = R?, Cao(t) = (1,1%)

Notation 1: Work definition

Jo Frde= o Fodvt o, Fodv

= [y F(Cy(1) - Ci(t)dt + [} F(Ca(t)) - Ch(t)dt

= [3 F(2,0) - (2¢,0)dt + [} F(L.%)-(0,3¢2)dt

= [0(2.0) - (26,0)dt + [} (1,£3) - (0,3t2)dt

1 105
= [o28%dt + [ 3t%dt = Li[5 + L) =1



Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1)

Can use any parametrization for the path C. For example:
C; 1 [0,1] = R?, Cy(t) = (¢2,0)

Cy:[0,1] = R?, Caft) = (1,t%)

Notation 2: differential form

Jo Fodr

o F o+ [, Fodr

= Jo F - (dz,dy) + [, F - (dz,dy)

= Jo, (@) - (de.dy) + [, (2. y) - (dw, dy)
= Je,lodx + ydy] + [o, [xdx + ydy]

= [y ()t + [3 1(0) + 3362t = L)y + LSl =1

In Calculus | we had the Fundamental Theorem of

Calculus that told us how to evaluate definite
integrals. This told us,

b
/ F' () de = F (b) - F(a)

Suppose that C'is a smooth curve given by 7 (t),
a <t < b. Also suppose that f is a function whose

gradient vector, V £, is continuous on C. Then,
[vi-ai=1G®) - 16 @)
@

Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1)
Methods for special cases:
Method: 14.3 Suppose I =V f
Claim F has path independent line integrals.
Method: 14.4 For closed curves, can use Green’s Theorem
A path C: [a,b] — R™ is closed if C(a) = C(b)
If curve is not closed, canNOT use Green's Theorem

f
Vfedi= [ VfEE®).F @) dt
Jrrar-

b
c‘iii[ (7(t))] dt by the chain rule

=S () - f(F(a) by FTC



Let F(x,y) = (z,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along x axis to (1, 0) and then traveling vertically to (1, 1)

Find f such that Vf = F(x.y) = (z,y)

If Fz,y) = V] = (3£, 9), then

Yes) — o implies 2z x
Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling

first along  axis to (1, 0) and then traveling vertically to (1, 1).

If F(z,y) = Vf = (2, %), then

% 9y i
UCED — o implies [ YW dr = [ wdz implies f(r.y) = & + k(y)

o A=k >
o = U5 W) _ () = y. Hence k(y) = %+ constant

Thus if we let f(z,y) =

then Vf =

Let F(x,y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1)

If Paz,y) = Vf = (4£.9), then

2Ues) — ¢ implies [ 22D gy = [ wde implies f(z,y) = & + k(y)

of _
y

Let F(x.y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along x axis to (1, 0) and then traveling vertically to (1, 1).

If Fa,y) = Vf = (3£, 9L). then

AUes) — y implies [ 2LLD 4y = [ wdx implies f(x,y) =

o= ﬁ# = K/(y) = y. Hence k(y) = %+ constant

y)=F

Hence [ F.d#= [Vf.dF=f(7(b) - f (7 (a)
(e} (e}

Thus if we let f(2,y) = % + % then V[ =

= f(1,1) - f(0,0)




Fis called conservative if F' =V f. In this case f is called a
potential function for the vector field F.

Suppose F'is continuously differentiable in an open region. The
following are equivalent

» [ is conservative

> F=Vf

> [, F-dr = ["f (C()[|C'(t)||dt is independent of the path

taken from r(a) to r(b). That s [, F'-dr = [, F - dr for any
paths C, D that begin at r(a) and end at r(5).

> [, F-dr = f(q) — /(p) where the path C begins at p and
ends at q

> If F = (P(2,9),Q(z,1)), then 32

Let F(z.y) = (x,y), let C(t) =path from (0, 0) to (1, 1) traveling
first along x axis to (1, 0) and then traveling vertically to (1, 1)

Method 14.3 Check if F* has path independent line integrals
submethod 2: Check if 52 = 9L where F = (P,Q).

r-h =0= di
Thus can choose any path starting at (0, 0) and ending at (1, 1)
Ex: Let C: [0,1] — R?, C(t) = (t,1).
Jo F-dr = [ F(C(t) - C/(t)dt
= [y F(t.t) - (1,1)dt

= Jo (6 (L 0)dt = [ 2tdt = £} =1

Let F(z,y) let C(t) =path from (0, 0) to (1, 1) traveling
first along = axis to (1, 0) and then traveling vertically to (1, 1)

Method 14.3 Check if F' has path independent line integrals
submethod I: Find f such that Vf = F
Fa,y) = (0,y) = (35, 5) =V = V(3a2 + 1y?)

le, f(z.y) =

Let F(x,y) = (e~ — 20, —ze¥ — sin(y)) = (P(z.9), Q(x,1))

Find [, (e™V — 22)dz + (—ze™¥ — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

2_ oy

Does

oP _ a2 _ oy
k7

Thus F is a gradient field and hence has path independent
integrals.



F=Vf=35L5)=(P.Q) = (e - 20,—xe™¥ — sin(y))

Hence f(x,y) = [(e™¥ — 2z)dz = ze ¥ — 2° + c(y).
: o

Thus 5 = w = —zeV +d(y)

Thus —ze™ — sin(y) = 55 = —we ™V + ¢(y).

Thus ¢(y) = —sin(y) and c(y) = [(~sin(y))dy = cos(y) + k
Hence f(z,y) = ze™¥ — 2? + cos(y) + k

Since F is a gradient field, [,(¢™¥ — 2z)dx + (—xe™ — sin(y))dy
=[(0,0) = f(20)=0-0+1+k—-[2-4+1+k=2

Find [(¢™¥ — 22)dz + (—ze" — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (2, 0).

Jo F-dr = 0since C'is a closed curve and F is conservative.

Find [(e7¥ — 20)dx + (—ze? — sin(y))dy, where C'is a
piecewise smooth curve starting at (2, 0) and ending at (0, 0).

Alternatively, let X : [0,2] — R2, X(¢) = (2 £,0) = ((t), y(t))
Then X (0) = (2,0) and X(2) = (0,0)

(t) =2 — t implies dx = —dt

y(t) = 0 implies dy = 0.

Jole™? = 22)da + (—we™¥ — sin(y))dy

= [J1-2Q2-1)(~dt) = [J3-20)dt =3t — 3 =6-4=2.

If a force is given by F(z,y) = (0,2),
compute the work done by the force field on a particle that moves
along the curve C that is the counterclockwise quarter unit circle in
the first quadrant. In the below picture, the curve C'is plotted by th
long green curved arrow. The vector field F is represented by the
vertical black arrows.

Choose a
parametrization of
the curve:

c(t) = (cost,sint), 0<t< g

integral vector examples




/2
B ,
/Cp.ds_ﬁ F(e(t)) - ¢ (t)dt Suppose F(z.y) = (0.2) = (P.Q)

/2 90 _
:/ F(cost,sint) - (—sint, cost)dt 7
0 P _
/2 » 1.
= / (0,cost) - (—sint, cost)dt Thus 52 # 92 Thus [, I dr depends on the path.
0
/2 Let D(t) =path from (1, 0) to (0, 1) traveling first along x axis to
= / cos? tdt (0, 0) and then traveling vertically to (1, 1).
Dn/zl JpFrdr=0+[0-dr=0
= / 5 (1 +cos2t)de Let B(t) =path from (1, 0) to (0, 1) traveling first vertically to (1,
o " 1) and then traveling horizontally to (0, 0).
1 sin2t ' |” 1/m ™ 1
=—(t+ :_(_ﬁo):_, JpFdr =[10.1)-(0,1)dt +0=1
2 2 ), ~2\2 1 “ !

line ihtegral vector exdmplds




