Second order differential equation:

Linear equation with constant coefficients:
If the second order differential equation is

ay” 4+ by’ +cy =0,

then y = € is a solution
Need to have two independent solutions.
Solve the following IVPs:

1) y" =6y +9y =0 y(0)=1, y'(0) =2

2) 4y —y' +2y=0

3.) 4y +4y +y=0

4) 29" — 2y =0

ay” +by +cy=0, y=-e", then
ar?e™ 4+ bre™t + ce™ = 0 implies ar? + br +c =0,

Suppose r = 71,79 are solutions to ar? 4+ br +c =0

—b++vb2—4ac
2a

r1, T2 =

If r1 # ro, then b —4ac # 0. Hence a general solution
is y = cre"t + coe”??

If b — 4ac > 0, general solution is y = c1e™t + cpe™?.

If b2 —4ac < 0, change format to linear combination of
real-valued functions instead of complex valued func-
tions by using Euler’s formula.

general solution is y = cie®cos(nt) + caesin(nt)

where r = d £+ in

If b* — 4ac = 0, r; = rq, so need 2nd (independent)
solution: te™?

Hence general solution is y = c1e™'? + cote™t.

Initial value problem: use y(to) = yo, ¥'(to) = y{ to
solve for ¢i, co to find unique solution.



Derivation of general solutions:

If b2 — 4ac > 0 we guessed e’ is a solution and noted
that any linear combination of solutions is a solution
to a homogeneous linear differential equation.

If b2 — 4ac < 0, :

Changed format of y = c1e"'* + cpe™? to linear com-
bination of real-valued functions instead of complex
valued functions by using Euler’s formula:

et = cos(t) + isin(t)

Hence eld+m)t = edteint — ¢dt[cos(nt) + isin(nt)]

Let i =d+in, ro =d—in

y = cre™?t + cpe™?t

= c1e¥[cos(nt)+isin(nt)]+cae®[cos(—nt)+isin(—nt)]|}

= cre¥cos(nt)+icie sin(nt)+coecos(nt)—icoedt sin(nt)]
=(c1 + c2)etcos(nt) 4 i(cy — cz)e sin(nt)

= kiedtcos(nt) + koedtsin(nt)

If b2 — 4ac = 0, then r; = 7.

Hence one solution is y = e™? Need second solution.
If y = €™ is a solution, y = ce™ is a solution.

How about y = v(t)e"?

y' = (t)e"™ + v(t)re™

y// ?J”(t)ert + U’(t)?“@rt + U’(t)?“@rt + v(t)rze”

V" (t)e™ + 20 (t)re™ + v(t)rie™
ay” + by +cy=0

a(v”(t)e"t 420" (t)re"t+u(t)re™)+b(v' (t)e "t +u(t)re™) +Hj
c(v(t)e™) =0

a(v" () + 20" (£)r+v(t)r2) +b(v' (£) +v(t)r) +cv(t) = 0
av” (t)+2av’ (t)r +av(t)r2 +bv' (£) + bo(t)r +cv(t) = 0
av” (t) + (2ar + b)v'(t) + (ar® + br + c)v(t) =0
av” (t) + (2a(52) + b)v'(t) + 0 =0

SincearQ—i—br—i—c:Oandr:;—f



av”(t) + (=b+b)v'(t) =0
av’(t) =0

Hence v”(t) =0

o(t) = kit + ko
Hence v(t)e™? = (kit + ko)e™! is a soln

T'1t 3

Hence te™" is a nice second solution.

Hence general solution is y = cie"tt + cote™!

3.6 Nonhomogeneous Equations: ay” +by'+cy = g(t)

Method of Undetermined Coeflicients.



