6.2 Green’s Theorem

Suppose F': R* — R?, F(x,y) = (M(z,y), N(z,y)).
S C R? is a nice compact surface.

faSF-ds = faS(M,N) - (dx,dy) =

Jos Mdz + Ndy = [ [([55 — G1dA = [ [[V x F] - kdA

7.3 Stoke’s Theorem

Suppose F' : R? — R?, F(x,y, 2) = (M(x,y, 2), N(z,y,2), P(z,y,2)) ]
S C R? is a bounded, piecewise smooth, oriented surface.
Jos Feds = [ [[V x F]-dS

= [ [x[(V x F)(X(s,t))] - N(s,t)dsdt

Ex: Suppose 0S = ()

J[yIV x F|-dS = [, F-ds =

Ex: Suppose 9S = {(z,y,0) | 22 +y> =1} = 9S
[ [V xF]-dS= [, F-ds= [ [§[V x F]-dS
Suppose S = {(z,y,0) | 22 +¢% < 1}

A parametrization for S

X (s,t) = (s(cost), s(sint), 0)

Ts(s,t) = (cost, sint,0)

Ti(s,t) = (—s(sint), s(cost),0)

N(s,t) =(0,0,s)

Suppose F(z,y,z) = (y*, 2z, 2°%)



Another parametrization for S

Y(s,t) = (s,t,0)

Ts(s,t) = (1,0,0)

T:(s,t) = (0,1,0)

N(s,t) =(0,0,1)

Suppose F(z,y,2) = (y?,2, 2?)

V x F =(0,0,—2y)

[ J5[V x F]-dS = [ [5(0,0,—2y) - dS

= [ [, [(V x F)(X(s,t))] - N(s, t)dsdt
— YIS (0,0,-20) - (0,0, 1)dsdt

= —f f /—1 2 Qtdet

f 2t$ | ! 1t2t2

= — [ AT dt
Let u=1—t?, du = —2tdt, t = +1 implies u = 0

:—fOO—Q\/ﬂdu:O



6.2 Divergence Theorem in the Plane

Suppose I : R? — R?, F(z,y) = (M(z,y), N(z,y)).
S C R? is a nice compact surface.
n C R?, outward unit normal to 0S.

Jos F-nds = [ [([V - FldA

7.3 Gauss’s Theorem

Suppose I : R® — R?, F(z,y,2) = (M(x,y,2), N(2,y, 2), P(z,y,2))}
D C R3 is a bounded, solid nice 3-dimensional region.

JJop F-dS = [ [ [p[V - FlaV

Calculate [ [4 F' - dS where

F(x,y,2) = (zy?,y3,42%2), S =51US,US3 and
S1={(w,y,5) | 2* +y° < 4}

So = {(z,y,2) | 2> +9y* =4,0< 2 <5}

Sy = {(x,y,0) | 2> +y* < 4}



Let S, = sphere of radius a centered at the point P = Let C, = the circle of radius a centered at the point P =
(P, Py, Ps3) (P1, Py, P3) lying in the plane perpendicular to the unit vec-

tor n and containing the point P.
Prop 3.4. Divergence of F' at P=

Prop 3.5. The component of the curl of F' at P in the direc-

(V-F)(Pl,szps):limﬁffsaF'dS tion of n =
im0 IJs. f-ds n-(Vx F)(P) =limg_o+ === [ F-ds
a— 4mas

3
= lim,_o+ == [y (F - T)ds
Aux
volume of ball of radius a

= limg_o+ = flux density
circulation of F' along C|,

~ area of surface bounded by C,




