Theorem [JN, theorem 1.5]

Two generalized Seifert fibrations where a; > 0 for all 7 are
equivalent (up to fiber preserving homeomorphism) if,

1.) They have the same genus.

2.) They can be obtained from each other by the following
operations:

i.) Add or delete any Seifert pair (a, 3) = (1,0).
ii.) Replace any (0,=£1) by (0,F1).

iii.) Replace each («y, 3;) by ((«, B; + K;«;) provided X K; =
0.

A Seifert fibration has a unique normal form

M(Q? (17/60)7 ((11,61), seey (anaﬁn)) where 0 < ﬁz < ;.

A generalized Seifert fibration can be uniquely represented as

M(g7 (07 1)7 e (07 1)7 (041761)7 LS (@naﬁn)) where 0 < 6@ < Q.

Defn: The euler number of a generalized Seifert fibration is
e(M — F) = —Z%

The euler number # oo iff M — F' is a true Seifert fibration.

M(g5 (041751)7'"7(0%76%)):_]\4( (ala 61) (am_ﬁn))



Theorem [JN, theorem 6.1] The following following determine
the classification of closed Seifert fiberable manifolds up to
(not necessarily fiber preserving) orientation preserving home-
omorphism:

1) M(—1; (o, 8)) = M(0,(2,1),(2,-1), (=05, ))
M(_Q; (17 O)) - M(07 (27 1)7 (27 1)7 (27 _1)7 (27 _1))

2.) The diffeomorphism in (1) and the Seifert fibered struc-
tures on lens spaces are the only examples of 3-manifolds have
non isomorphic (true) Seifert fibrations.

3') M(ga (O 1) (041751) (anaﬂn))
{[ (S" x SAHHL Los, —B;)] ifg >0
[#Lg_' (ST x S%)|#[#7, L(ai, —53)] ifg<0

The only (true) Seifert fibered manifold which is not prime is
M(—1;(1,0) = RP>#RP>.

Theorem [JN, theorem 5.2] (Waldhausen)

Let My, M5 Seifert fibered and not in the following list:
1.) lens spaces

2.) M(0; (1, 51), (o2, B2), (3, B3))

3.) M(1;(1,0)) =1

4.) As is part one of theorem 5.1

Then any homeomorphis M; — M is isotopic to a fiber pre-
serving homeomorphism.



Theorem [JN, theorem 6.1] Let M = M (g; (a1, 81); -5 (Qn, Bn)) -}

1.) If g > 0, i.e., the orbifold is orientable:
7T1(M) =< aiabi7Qj7f | [faai] — [fabz] — [f7QJ] — 17Q?jhﬁj — 17'
Q192 -+ - Gnla1,b1] - - lag, byl = 1,0 =1,...,9,7 = 1,...,n >.

2.) If g <0, i.e., the orbifold is non-orientable:

7T1(M) =< aianaf ‘ ai_lfai — f_17 [f?Q]] — 17Q?Jfﬁj — ]-7
D quad oy =i =1, gl =1 >

Orientable Manifolds:

Oo: All curves have value +1; punctured surface xS*.
On: All one-sided curves have value -1.

Non-orientable Manifolds:

No: There are curves of value -1.

Nnl: All curves have value +1; punctured surface x.S*.

Nnll: There are one-sided curves of value -1 and of value +1;
each orientation producing simple closed curve has value -1.

NnlIlIl: There are one-sided curves of value -1 and of value +1;
each orientation producing simple closed curve has value +1.



