








Biology application: Suppose the number of bacteria grow at an aver-
age ratc or r = 10% per hour. If the initial population is 100 bacteria,
find the number of bacteria after 1 hour, after 2 hours, after T" hours.

Identical application, but in Finance:
P ]
Let P(t) = amount in an account at time ¢ (in years).

Ex 1: Suppose $100 is deposited in the account earning an interest
rate of r = 10% per year. Find the amount in the account after 1
year, after 2 years, after 3 years, and after T" years.

t =0: P(0) = $100
= 1: P(1) =100(1 +0.1) = 100(1.1) = $110
= 2: P(2) =100(1+0.1)(1+0.1) = 100(1+0.1)* = 100(1.1)° = $121
= 3: P(3) =100(1 + 0.1)3 = $100(1.1)® = 133.10

t=T: P(T) =100(1 +0.1)T = $100(1.1)T

The average interest rate earned is 10% per year,
-—-——.——

The average rate of change in the account btwn year 0 and year 1:

PALO _ 100(1.1) - 100 = 100(0.1) = $10/year. ,oz

The average rate of change between year ¢ and year ¢ + 1: A

P(t—l—li—P(t) — 100(1.1)#!—1 . 100(11)1& — $100(11)t(01)/year
Instantaneous rate of change at time ¢: t ID% n

() = [100(1.1)t]" = 100in(1.1)(1.1)* = (9.53102...) - (1. 1! {*

/At t=1: P'(1) = 100ln(1.1)(1.1) {1048/
(—g/%f 7
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Ex 2: Suppose $100 is deposited in the account earning an interest
rate of 7 = 10% per year, compounded monthly. Find the amount in
the account after 1 month, 1 year, 2 years, and T years.

t =0: P(0) = $100

t = 1 month: P(35) = 100(1 + O-1) = $100.83
RE

t =1 year: P(1)=100(1+ % 1)12\— $110.47

t =2 years: P(2) =100(1 + %5)1*?% = $122.04
t = T years: P(T) = 100(1 + %1)127 = $100(1.1047...)7

The average interest rate earned is 10% per month.

The average interest rate earned is 10.47...% per year.

p—

The average rate of change between year ¢ and year ¢ 4 1:

= $100(1 + %5)*2[(1 + 35)1% — 1] /year.

The approximate average ratc of change between year ¢ and year £+ 1:

— 100(1.1047)?

P —P
BAL=PU) — 100(1.1047)+!

= $100(1.1047)
The instantaneous rate of change at time ¢:
P'(t) = [100(1 + §5)™**) = 100In[(1 4+ 55)"?] - [(1 + F3) ")
= 1200in(1 + %) - (1 + $5)1#
ﬁg 95856...) - (1 + %5 )12%
Att=1:P'(1) = 1200in(1 + 2L1) - (1 + %)12 - 11.001...
At t ==, P'(%) =1200in(14+ %) - 1+ %) = 16.0416







Ex 3: Suppose $100 is deposited in the account earning an interest
rate of r = 10% per year, compounded daily. Find the amount in the
account after 1 day, 1 year, 2 years, and 1" years.

t =0: P(0) = $100
t =1 day: P(55) = 100(1 + 9-5) = $100.03
t =1 year: P(1) =100(1 + 21)%%® = $110.52

t =2 years: P(2) =100(1+ %)365'2 = $122.14

t =T years: P(T) = 100(1 + 21)355T = $100(1.10515578...)"
The average interest rate earned is 365% per day.
The average interest rate carned is 10.515578...% per year.

The average rate of change between year ¢ and year ¢ + 1:

P(t+1) P) _ 100(1 + g615)365(t+1) 100(1 + _3(%}5)36515
= $100(1 + 2L)%6%[(1 4 9:£)3%° — 1] /year.
The instantaneous rate of change at time ¢:
P'(t) = [100(1 + 21)365) = 100In[(1 + 95£)%°] - [(1 4 355 )¢°]"
= 36500In(1 + 365) (1+ 365)365t

= (9.99863...) - (1 + 1365
At t=1:P'(1) = 36500in(1 + g55) - (1 + 555)%%° = 11.05...

At t = 2k, P'(5k) = 36500in(1 + &2) - (1 + &1) = 10.00...

365 ! 365)




Ex 4: Suppose $100 is deposited in the account earning an interest
rate of r = 10% per year, compounded n times per year. Find the
amount in the account after 7' years.

t = T years: P(T) = 100{1 + %) 7

Ex 5: Suppose $100 is deposited in the account earning an interest
rate of r = 10% per year, compounded continuously. Find the amount
%__

e

in the account after 7' years.
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t=1T years[;-:"(P(T) iﬂlimn_)gom(il 4+ Qni)?ﬂ?: 10060.1{11 r

Definition € = lim (1+ )" =2.7
B _ B n—0c0 T | ——ﬂ
ZFYI E By Taylor series approximation from Calculus I1

==

,,6/&—1-? = limn—oo(l + l)n(o'l)T = liMp—oo[(1 + %)O'l]nT

= l?}mn_ﬂ)?o [1 + 0 1 0 045 + 0. 0285 “']'H,T — lzmnwﬁoo [1 “l‘—%]nT
Ex 6: Suppose $F; is deposfced in the account earning an interest
rate of r e—pe ——2) compeundeg-continuously.

t years; | P(t )/?= l@mn—)»ooPO(l + )" :/ 129_625_,//

Ex 7: Suppose $1 is deposn;ed in the a;ﬁ‘ceﬁﬁlgaming an interes
of r = 10% per year (r = 100 1) _compounded continuously.

t years: ’_L = lzmnﬁoo(l + ) —

That is P’( y=le 0. 1t] — (.10 S / {

Ex 8: Suppose $1 is deposited in the account earning an interest rate
100 1) cmounded contmuously a

of r = 100% per year (r = m
t years: P(t) = limp_oo(l +

Note the mst . an
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