6.6 Mobius inversions

Defn: The Euler function ¢(n) = |S,|
where S, ={k : 1 <k <n,GCD(k,n) =1}

Ex: ¢(1) = , 9(6) = , 9(15) =

N is partially ordered by k < n iff k|n

Let F: N — R, F(n) = ¢(n)

Then G(n) =

By thm 6.6.1 ¢(n) =

Ex: G6) =¢(1)+¢(2) +¢(3)+¢9(6)=1+1+2+2=6
Note that G(d) = d.

Hence ¢(n) = $rq . ainyd pu(d,n).

1 ifz<y
0 otherwise

C(:L‘,y)Z{l i

0 otherwise

Let C(z,y) = {

The Mobius function, g = ¢!



Suppose f(x,x) # 0V € X

Then f_l(x,l') = %

f_l(xay) — _E{z : :1:§z<y}f_1(ajaz) ;E;:g% for x < Y,
f~Hz,y) =0 for z > y.

Since ((z,z) = 1Vz € X, Mobius fn, u = ¢! exists.

() = =S aceap i@, 2) 5§28 = =S pcacyp i@, y)
w(l,d) = =3¢ 1<zcayi(l,2) = =30 ¢ 2ja 2y (1, 2)
n(1,2) = =2 1<ecnyp(l, 2) = —p(1,1) = —1

n(1,3) = =2 1<zl 2) = —p(1,1) = -1

p(l,4) = =2, 1<z<4}M(1az) =

1w(1,5) = =% 1<zesypp(l, 2) = —pu(1,1) = —1

u(1,6) = =S¢ 1<zcepmll, 2) = —p(1,1) = p(1,2) — p(1,3) =

) =

/,L(l, 12) — _Z{z : 1§z<30}:u(17
—u(1,1) — w(1,2) — pu(l,

M(1730> — _Z{z : 1§z<30}:u<172> —
—p(1,1)—=p(1,2)—p(1, 3)—p(1, 5)—p(1,6)—pu(1, 10)—p(1, 15) =i



Suppose d = p]flp];Q....pf?”

1 ifd=1
u(l,d) = (—1)" if k; = 1Vi

0 otherwise
Suppose kx =y, then u(z,y) = (1, y/z)
Hence qb(n) — Z{al : d|n}d :u(da TL) —



Let S¢=1{k : 1<k <n,GCD(k,n)=d}
Lemma: If d|n, then |S?¢| = ¢(n/d)

Proof: Let f: Sao — SY, f(k) = dk

Claim: f is well defined:

Claim f is onto:

Hence f is a bijection and |S¢| = ¢(n/d)



