6.6 Mobius inversions

Let X, ={1,2,....,n}

P(X,) ={AC X,}

P(X,) is partially ordered by the relation C.
Suppose F': P(X,,) = R

Define G : P(X,,) = R by G(K) =XrcxF(L)

Claim: we can invert this equation to recover F' from G:

F(K) = Ycr (=) HG(L)

Example: Let S be any finite set. Let A; C .S and
let A; be indexed by elements of X,
(ie, we have Ay, Ao, ..., Ayp).

Let ' : P(X,,) — R be defined by
FIK)=|{s|s€AVie K,s€ A;Vj & K}|
{s|s€¢A; VieK scAVjgK}
={s|s€eA;VieK,s€ A;Vje K}

= (Niex Ai) N (N Ai)



Suppose S = {a1,as2,as,a4}. Suppose X,, = {1,2}
Let Al = {al,ag,ag}. Let AQ = {Cbl,ag}.

F(0) = [(NiepAi) N (Niex, Ai)| = [A1 N A2| = [{a1, a2} =2

F({1}) = [(Nieq1y Ai) N (Niegay4i)| = [A1 N Az[ = [0] = 0
F({2}) = [(Niegay4i) N (NieqryAi)| = [A2 0 Av| = {as}] = 1
F({1,2}) = [(Nie(1.2yA) N (NicpAi)| = [A1 N A| = [{aa}] = 1
G(K) =XrcxF(L) = | Nz Ail

G(0) =F(0) =2

G{1}) =F(©0)+ F({1}) =2

G({2}) =F@0)+F({2}) =3

G({1,2}) =F(0) + F({1}) + F({2}) + F({1,2}) =4

By claim, F(K) = Spcx(=1)EI=EG(L)
Hence F(X,) = Xrcx, (—D)IX=IEG(L)
= Srex, (1) Nep A

— EZCX ( ) Ll‘ szL

=YKcx, (—1 )l wﬂz‘eK Al
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