Chapter 1 all sections

1.3

Defn: M is locally Euclidean of dimension n if for all p € M, there exists an open set U,
such that p € U, and there exists a homeomorphism f, : U, — V,, where V,, C R".

(Up, f) is a coordinate nbhd of p.

Let ge U C M. f(q) = (f1(q), f2(q), ----, fn(q)) € R™ are the coordinates of q.

fi is the ith coordinate function

Defn 3.1: An n-manifold, M, is a topological space with the following properties:
1.) M is locally Euclidean of dimension n.

2.) M is Hausdorff.

3.) M has a countable basis.

1.4

Let upper half-space, H" = {(x1, 22, ...,z,) € R™ | z, > 0},
OH™ = {(1131,1132, ---73771—1;0) € Rn} ~ Rn1

M is a manifold with boundary if it is Hausdorff, has a countable basis, and if for all
p € U, there exists an open set U, such that p € U, and there exists a homeomorphism
f:Up, — V), one of the following holds:

i.) V, C H" — OH™ (p is an interior point) or
ii.) V, C H" and f(p) € 0H™ (p is a boundary point).

OM = set of all boundary points of M is an (n-1)-dimensional manifold.

1.5
Ex: P"(R)=RP" =RP"=(R" — {0})/(x ~ tx)

= n-dimensional real projective space.

(M) = Upen T, (M)




Ch 2: all sections
2.1
Defn: Let f: R® — R™. Define g;; : R' — R,

gij(t) = filx1, ..., xj_1,t, 241, ..., 2y ). If g is differentiable at a, then the partial derivative
of f; is defined by
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Defn: Suppose A C R™, f: A — R™.

f is said to be differentiable at a point a if there exists an open ball V' such that
a € V C A and a linear function T such that

lf(a+h) - f(a) - T(h)|
||

=0

limh—>0

/(%) — f(a) -T(x—a)

=0
|Ix —al|

limx_.a

OR equivalently,

f is differentiable at a if and only if there is a matrix 7" and a function € : R™ — R™ such
that limp_pe(h) = 0 and

f(a+h)— f(a) =T(h) + |[h[[e(h)
Or equivalently, there exists an m-tuple, R(x,a) = (r1(x,a),r2(x,a), ..., " (X, Q)
such that limx_..||R(x,a)|| = 0 and
f(x) = f(a)+T(x —a) + |[x — a[|R(x,a)

Defn: Let V' be a nonempty open subset of R™, f: V — R™, p € N.
i.) fis CP on V is each partial derivative of order k£ < p exists and is continuous on V.

ii.) fis C* (or smooth) on V if f is C? on V for all p € N (f is smooth).

iii.) fis C¥ (or analytic) on V if for all a € V, near a, each component function can be
written as a power series (e.g. if f : R — R™, f(z) = f(a)—i—f’(a)(:v—a)—i—fZ—(ﬂ)(:I:—a)2+...
(its Taylor series)).



2.2

Defn: The Jacobian matrix of f at a is
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a—gi(a) %(a)
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2.3

Ta(R") = {(a,x) [ x e R"}, ¢(ax) = x — a,

canonical basis = {¢7!(e;) | i = 1,...,n}

Let 2(t) : R — R"™, a C! curve such that (0) = a
Ta(R™) = {[z(t)] | x € C1,2(0) = a} where x(t) ~ y(t) if 2i(t) = y.(t) for t € (—¢,€)

Let f([z(t)]) = x'(0) = (27(0), ..., 2., (0)), then
[z(t)] + [y()] = f~H(2’(0) +¥/'(0)) and afz(t)] = f~!(az’(0))

Let f: R™ — R and let v € R™ such that ||v|| =1

The directional derivative of f at a in the direction of v is Dy f(a) = limh_@w

= Dlf(a+t)lo=Dfav=Dfa-v= (g5 gh)lav=V/"v

24

C®(a) =A{[f]: X CR" >R eC>®|acdomf}

where f ~ g if JUP" s.t. a € U and f(x) = g(x)Vx € U.

If Xa = X & Eja, then X : C®(a) — R, X5(f) = =1, 62 |,
Note E}, = %La

The directional derivative of f at a in the direction of X, = X2 (f).

Let D(a) ={D : C*>*(a) — R | D is linear and satisfies the Leibniz rule }
D € D(a) is called a derivation

J: Ta(R") — D(a), j(Xa) = X,

o 1s an isomorphism.
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2.5
Defn: A wvector field is a function, V : U — UacuTa(R™), such that V(a) € T,(R™)

Defn: A vector field is smooth if its components relative to the canonical basis {E;a | i =
1,...,n} are smooth.

Defn: A field of frames is a set of vector fields {V1,...,Va} such that {V(a),...,Va(a)}
forms a basis for T,(R"™) for all a.

Note we can turn a vector field into a derivation by making the following definition:

If V(a) = a;(a)E;a, then V : C®° — O, V(f)(a) = Z?Ilai(a)%(a) is a derivation.

(2

2.6
F'is a C"-diffeomorphism if

(1) F is a homeomorphism
(2) FFF-lecCr

F is a diffeomorphism if F' is a C'°°-diffeomorphism.
2.7

Rank of A = dim(span{ry,...,r;,}) = dim(span{cy,....,cm})
= maximum order of any nonvanishing minor determinant.

Rank of F/: U C R" — R™ at = rank of DF(x)

F has rank k if ' has rank k£ at each z.
Chapter 3: 1 -3

3.1 = Randell 1.1

Note: This is one place where Boothby’s and Randell’s definitions differ: Boothby’s atlas
= Randell’s pre-atlas, Boothby’s maximal atlas = Randell’s atlas. On exams, I will use
pre-atlas and maximal atlas when it makes a difference.

Defn: (p,U) is a chart or coordinate neighborhood if ¢ : U — U’ is a homeomorphism,
where U is open in M and U’ is open in R".

(p,U) is a coordinate nbhd of p.



Let g e U C M. ¢(q) = (p1(9), v2(q), ----, on(q)) € R™ are the coordinates of q.
©; is the ith coordinate function.

Defn: Two charts, (¢, U) and (1, V) are C°° compatible if the function @yp=! : H(UNV) —
e(UNYV) is a diffeomorphism.

Defn: A (pre) atlas or differentiable or smooth structure on M is a collection of charts on
M satisfying the following two conditions:

i.) the domains of the charts form an open cover of M
ii.) Each pair of charts in the atlas is compatible.

Defn: An atlas is a (maximal or complete) atlas if it is maximal with respect to properties
i) and ii).

A differential (or smooth or C*°) n-manifold M is a topological n-manifold together with
a maximal atlas.

3.2

Let ~ be an equivalence relation on X. Let 7 : X — X/ ~ 7w(x) =[z] ={y | y ~ =}
[A] = Usealdl

Defn: ~ is open if U°P™ C X implies [U] open in X/ ~.

3.3 = Randell 1.2

Defn: Suppose f: W — N where W C M and N are smooth manifolds. f is smooth if
for all p € W, 3 charts (¢,U) and (¢, V) and such that p € U, f(p) € V, f(U) C V and
@po fo¢tis smooth.

Defn: f : M — N is a diffeomorphism if f is a homeomorphism and if f and f~! are
smooth. M and N are diffeomorphic if there exists a diffeomorphism f : M — N.

Randell Chapter 1.3

Defn: G is a topological group if

1.) (G,x) is a group
2.) G is a topological space.
3.) x:GxG— G, *(g1,92) = g1 * g2, and
In:G — G, In(g) = g—! are both continuous functions.



Defn: G is a Lie group if
1.) G is a topological group
2.) G is a smooth manifold.
3.) x and In are smooth functions.
Defn: G = group, X = set. G acts on X (on the left) if 4o : G x X — X such that
1) ole,z) =x Ve X
2.) o(g1,0(g2,%)) = (9192, %)

Notation: o(g,x) = gzx.
Thus 1) ex = x; 2) g1(g2x) = (g192)(z).

If G is a topological group and X is a topological space, then we require o to be continuous.
If G is a Lie group and X is a smooth manifold, then we require o to be smooth.

Defn: The orbit of x € X =
G(x) = {y € X | dg such that y = gz}

Defn: If G acts on X, then X/G = X/ ~ where x ~ y iff y € G(x) iff g such that y = gzx.
Defn: The action of G on X is free if gx = x implies g = e.
Defn: G is a discrete group if

0.) G is a group.

1.) G is countable

2.) G has the discrete topology

Defn: The action of G on M is properly discontinuous if Vo € M, JUP¢" such that x € U
and UNgU =0 Vg € G.

Randell 2.1
Let p € M.

A germ is an equivalence class [g] where

gsmeoth . 7 — N, for some U°P¢" such that pe U ¢ M

and if g; : U; — N, where p € UP" C M,

then g1 ~ go if IV P" such that p € V. C Uy NU; and g1 (x) = g2(x) Yx € V.



G(p,N) ={[g] | g°™°°th : U — N, for some U°P*" such that p € U C M}

G(p) =G, R)

Let o : I — M where I = an interval C R, a(0) = p. Note [a] € G[0, M]

Directional derivative of [g] in direction [a] =

d(go «

T,(M)={v:G(p) — R | v is linear and satisfies the Leibniz rule }

v e T,(M) is called a derivation

Given a chart (U, ¢) at p where ¢(p) = 0, the standard basis for T,,(M) = {v1,...,vm},
where v; = D,, and for some € > 0, o; : (—e,¢) — M, a;(t) = ¢7(0, ..., ¢, ..., 0)

Suppose fem°oth . M — N, f(p) = q. The tangent (or differential) map, df, : TyM —
T,N, (df,(v)) =v([g o f]) for v € T,M, [g] € G(q)

Le., df, takes the derivation (v : G(p) — R) € T),M to the derivation in 7, N which takes
the germ [g] € G(q) to the real number v([g o f]).



