Randell A1l:

Defn: Suppose f : M — N where M and N are smooth manifolds. f is smooth if for
all p € M, 3 charts (¢,U) and (¢, V) and such that p € U, f(p) € V, f(U) C V and
@po fo¢!is smooth.

Note this definition is equivalent to:

Suppose f: M — N where M and N are smooth manifolds. f is smooth if for all p € M
and for all charts (¢, U) and (o, V) such that p € U, f(p) € V, f(U) C V, then po fog™!
is smooth.

Suppose g : M — W and f : W — N are smooth. Let M be an m-manifold, W a
k-manifold, and N an n-manifold.

Claim fog: M — N is smooth.

Let p € M. g smooth implies 3 charts (¢1,Uy) and (1, V1) such that p € Uy, ¢1(p) € Vi,
g(Uy) C Vi and py0go ¢yt : ¢p(Uy) € R™ — ¢1(V1) C RF is smooth.

Let (2, V) be a chart such that f(g(p)) € Va. Let V3 = f|y;/ (Va) N V1. Then g(p) € V3
and f(Vg) c Vs

f smooth implies f is continuous. Thus V3 is open in W and (p1]v;, V3) is a chart.
f smooth implies 3 0 f o' : p1(V3) C RF — ¢o(V3) C R™ is smooth.

Thus (p20 fopi )o(progod;) =0 fogodi' : ¢(U1) C R™ — ¢o(V2) C R™ is
smooth.

Thus f o g is smooth

A2
T,(M)={v:G(p) — R | v is linear and satisfies the Leibniz rule }

Given a chart (U, ¢) at p where ¢(p) = 0, the standard basis for T,(M) = {v1,...,Um},
where v; = D, and for some € > 0, a; : (—€,¢) — M, a;(t) = ¢71(0, ..., t, ..., 0)



B1) Let U =I(f), ¢ : T(f) — R?, ¢(2,y,2) = (z,y).
Since the domain of f is R?, T'(f) is onto.

L(f) C T(f), T(f) is open in T'(f), and R? is open in R?, thus if ¢ is a homeomorphism,
{(¢,T(f))} is a pre-atlas.

Suppose @(z1,y1,21) = ¢(x2,¥2,22). Then (z1,41) = d(x1,y1,21) = G(w2,92,22) =
(z2,72). Also 21 = f(z1,y1) = f(w2,22) = 2z2. Thus z1 = x2,y1 = y2,21 = 22. Hence ¢ is

1:1.

Let 7y : R® — R?, myy(2,y,2) = (2,y). If U is open in R?, 7, /(U) = U x R which is
open in R3. Thus Tzy is continuous and ¢ = w4y |r(y) is continuous.

Let V be open in R?. Then may|rs) (V) = (V x R) NT(f) is open in T'(f).
Thus ¢ : T'(f) — R? is a homeomorphism.

Since I'(f) has a pre-atlas, I'(f) is a smooth manifold.



