
Thm: Let T : V →W be a linear transformation. Then T (0) = 0

Pf: T (0) = T (0 + 0) = T (0) + T (0)

Thm: Let A be an m× n matrix. Then the function

T : Rn → R
m

T (x) = Ax

is a linear transformation.

Thm: If T : R
n → R

m is a linear transformation, then T (x) =
Ax where

A = [T (e1)...T (en)]

Ex: If T : R2 → R
2 and
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Change of basis:

Suppose S = {
(

1
0

)

,

(

0
1

)

}

Suppose B = {
(

2
3

)

,

(

1
4

)

}

1

Defn:
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Basis for T(1,0)(S
1) (polar coordinates):

φ : S1 − {eiπ} → (−π, π), φ(eiθ) = θ

Note: φ(ei0) = 0,

The standard basis for T(1,0)(S
1) w.r.t. (U, φ) = {Dα} where

α : (−ǫ, ǫ) →M , α(t) = φ−1(t) = eit = (1, t)p = (cost, sint)E for
some ǫ > 0.

G((1, 0)) = {fsmooth : U ⊂ S1 → R}

Dα : G((1, 0)) → R

Dα(g) = d(g◦α)
dt

|t=0 = d(g(φ−1(t)))
dt

|t=0 = d(g(cos(t),sin(t)))
dt

|t=0

If v ∈ Tp(M), then v = cDα where c = v([π1 ◦ φ]) = v([φ])

Basis for T(1,0)(S
1) (projection):

ψyp : {θ | − π/2 < θ < π/2} → (−1, 1), φ(x, y) = y

The standard basis for T(1,0)(S
1) w.r.t. (U ′, φ) = {Dβ} where

β : (−ǫ, ǫ) →M , β(t) = ψ−1
yp (t) = (x, t) = (

√
1 − t2, t)

for some ǫ > 0.

Dβ(g) = d(g◦α)
dt

|t=0 =
d(g(ψ−1

yp
(t)))

dt
|t=0 = d(g(

√
1−t2,t))
dt

|t=0

If v ∈ Tp(M), then v = cDβ where c = v([π1 ◦ ψyp]) = v([ψyp])

3

Dα, Dβ ∈ Tp(M),

Dα ∈ Tp(M) implies Dα = cDβ where c = Dα([ψyp])

Dβ ∈ Tp(M) implies Dβ = cDα where c = Dβ([π1◦φ]) = Dβ([φ])

c = Dβ(φ) = d(φ(
√

1−t2,t))
dt

|t=0 = d(sin−1(t))
dt

|t=0 = 1√
1−t2 |t=0 = 1
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Thus if Axpolar = xproj , then A =

Suppose BxB = xS and CxC = xD

If TxB = yC , then TB−1BxB = C−1CyC

CTB−1(BxB) = CyC

CTB−1xS = yD

Suppose C = {3Dβ}

Then [3]xC = xproj

Suppose the derivative of f : S1 → S1 with respect to ψyp is Df

Then Dfvproj = wproj , then Df [1/3][3]vproj = wproj .

Hence (1/3)DfvC = wproj .
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