Charts for S2:

Stereographic projection:
Uy=5"—-{N=(1,0,...,0)}.
¢N : UN - an

on(x) = (1:(1‘0)
Us=5"—-{S=(-1,0,..,0)}.
¢S’ : US - Rn:

¢s(%) = i¥ap)

Pre-atlas for S™: A; = {(Un,¢n), (Us,¢s)},

Projection:

Uzp = {(x7y7z) € S? | z> 0}7
Pzp : Uzp — {(z,9) | 2% +97 < 1},
%p(%yﬂ) = (‘Ly)

pr = {(':U7y?z) € S2 ‘ Yy > 0}7
Pyp : Uyp — {(2,2) | 2* + 2° < 1},
Qoyp(x7 Y, z) = (CE,Z)

Usp = {(z,y,2) € S? | z > 0},
Pap : Unp = {(y,2) | * +2° <1},
Pap(T,y,2) = (y,2)

zn—{(z Y, 2 )€S2|z<0}
(U = {(z,y) [ 2% +y° <1},
Apzn(l y7 ) ('/1:7 )

yn—{(wy,Z)eS |y<0}
Uyn_>{(w72)|1‘ +z <1}
Wyn(T77 ) (1:72)

Uzn_’{( )|y2+z2<1}7
som(fv y,2) = (y,2)

Compatibility:

Pzp © 901;111 : (pyn(Uzp N Uyn) - @szzp N Uyn)-

Usp NUyn = {(x,y,2) €S> | 2> 0 and y < 0}.

Oyn(Usp NUyn) = {(z,2) | >0 and 2% + 22 < 1}

Pzp © 90;73(% 2) = pap(w, —(1 - z? — z2)1/27z) =

(r,—(1 — 2% — z2)1/2).

Pre-atlas for S%: As = {(Usp, P2p)s s (Usns Pan) s

Polar coordinates

(x,y) = (rcosd, rsind), r > 0, € [0,2m),
(r,0) = (V2?2 +y2 tan™" (y/2)

U’Y = 51 - {(177)}7

Py : Up — (0,2m)

¢,y (r,0) =0 —~ mod 27

Pre-atlas for S*: {(U,, daqy | 7€ S}

Spherical coordinates

(x,y,2) = (rsingcos, rsingsind, rcosg), r > 0, 0 € [0,27), ¢ € [0, 7]

(T707¢):( x2+y2+z2,tan y/ib tan

UP =5 - {p}7
¢p 1 Up — ¢p(U)
Bp(r,0,0) = (0,9)

H/22 +y2/2)).

Cylindrical: (z,y, z) = (rcosf,rsin, z), r > 0,

(r theta, z) = (V&2 + 32, tan" (y/z), 2).

6 el0,2m), z€ R



G(p,N) = {[g] | g°™°°h : U — N, for some U°"®" such that p € U C M}

G(p) = G(p,R)

Let @ : I — M where I = an interval C R, «(0) = p. Note [a] € G[0, M]

Directional derivative of [g] in direction [a] =

d(goa
Dag = (gdt )‘tZO S R

T,(M) = {v: G(p) — R | v is linear and satisfies the Leibniz rule }

v € Ty(M) is called a derivation

Given a chart (U, ¢) at p where ¢(p) = 0, the standard basis for T,,(M) = {v1, ..., vm } ]
where v; = D,,, and for some € > 0, «; : (—¢,€) — M, a;(t) = ¢71(0, ..., 2, ...,0)

If v € T,(M), then v = X, a;v; where a; = v([m; o ¢])

Suppose f<meoth . M — N, f(p) = q.
The tangent (or differential) map,
dfp : TyM — TyN
df,(v) = the derivation which takes [g] € G(g) to the real number v([g o f])
Le., df, takes the derivation (v : G(p) - R) € T,M
to the derivation in T, N which takes

the germ [g] € G(¢) to the real number v([g o f]).



