
Charts for S2:

Stereographic projection:

UN = Sn − {N = (1, 0, ..., 0)}.
φN : UN → Rn,
φN (x) = x

(1−x0)

US = Sn − {S = (−1, 0, ..., 0)}.
φS : US → Rn,
φS(x) = x

(1+x0)

Pre-atlas for Sn: A1 = {(UN , φN ), (US , φS)},

Projection:

Uzp = {(x, y, z) ∈ S2 | z > 0},
ϕzp : Uzp → {(x, y) | x2 + y2 < 1},
ϕzp(x, y, z) = (x, y)

Uyp = {(x, y, z) ∈ S2 | y > 0},
ϕyp : Uyp → {(x, z) | x2 + z2 < 1},
ϕyp(x, y, z) = (x, z)

Uxp = {(x, y, z) ∈ S2 | x > 0},
ϕxp : Uxp → {(y, z) | y2 + z2 < 1},
ϕxp(x, y, z) = (y, z)

Uzn = {(x, y, z) ∈ S2 | z < 0},
ϕzn : Uzn → {(x, y) | x2 + y2 < 1},
ϕzn(x, y, z) = (x, y)

Uyn = {(x, y, z) ∈ S2 | y < 0},
ϕyn : Uyn → {(x, z) | x2 + z2 < 1},
ϕyn(x, y, z) = (x, z)

Uxn = {(x, y, z) ∈ S2 | x < 0},
ϕxn : Uxn → {(y, z) | y2 + z2 < 1},
ϕxn(x, y, z) = (y, z)
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Compatibility:

ϕzp ◦ ϕ−1
yn : ϕyn(Uzp ∩ Uyn) → ϕzpUzp ∩ Uyn).

Uzp ∩ Uyn = {(x, y, z) ∈ S2 | z > 0 and y < 0}.

ϕyn(Uzp ∩ Uyn) = {(x, z) | z > 0 and x2 + z2 < 1}

ϕzp ◦ ϕ−1
yn (x, z) = ϕzp(x,−(1 − x2 − z2)1/2, z) = (x,−(1 − x2 − z2)1/2).

Pre-atlas for S2: A2 = {(Uzp, ϕzp), ..., (Uxn, ϕxn)},

Polar coordinates

(x, y) = (rcosθ, rsinθ), r ≥ 0, θ ∈ [0, 2π),

(r, θ) = (
√

x2 + y2, tan−1(y/x)

Uγ = S1 − {(1, γ)},
φ(1,γ) : Up → (0, 2π)
φ(1,γ)(r, θ) = θ − γ mod 2π

Pre-atlas for S1: {(Uγ , φ(1,γ) | γ ∈ S1}

Spherical coordinates

(x, y, z) = (rsinφcosθ, rsinφsinθ, rcosφ), r ≥ 0, θ ∈ [0, 2π), φ ∈ [0, π]

(r, θ, φ) = (
√

x2 + y2 + z2, tan−1(y/x), tan−1(
√

x2 + y2/z)).

Up = S2 − {p},
φp : Up → φp(U)
φp(r, θ, φ) = (θ, φ)

Cylindrical: (x, y, z) = (rcosθ, rsinθ, z), r ≥ 0, θ ∈ [0, 2π), z ∈ R

(r, theta, z) = (
√

x2 + y2, tan−1(y/x), z).
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:

G(p,N) = {[g] | gsmooth : U → N , for some Uopen such that p ∈ U ⊂ M}

G(p) = G(p,R)

Let α : I → M where I = an interval ⊂ R, α(0) = p. Note [α] ∈ G[0,M ]

Directional derivative of [g] in direction [α] =

Dαg =
d(g ◦ α)

dt
|t=0 ∈ R

Tp(M) = {v : G(p) → R | v is linear and satisfies the Leibniz rule }

v ∈ Tp(M) is called a derivation

Given a chart (U,φ) at p where φ(p) = 0, the standard basis for Tp(M) = {v1, ..., vm},
where vi = Dαi

and for some ǫ > 0, αi : (−ǫ, ǫ) → M , αi(t) = φ−1(0, ..., t, ..., 0)

If v ∈ Tp(M), then v = Σm
i=1aivi where ai = v([πi ◦ φ])

Suppose fsmooth : M → N , f(p) = q.

The tangent (or differential) map,

dfp : TpM → TqN

dfp(v) = the derivation which takes [g] ∈ G(q) to the real number v([g ◦ f ])

I.e., dfp takes the derivation (v : G(p) → R) ∈ TpM

to the derivation in TqN which takes

the germ [g] ∈ G(q) to the real number v([g ◦ f ]).
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