Thm 2.3 (Chain rule): Suppose U C R™ is open and f : U —
VcR™ g:V — RP. Let h =go f. Suppose f is differen-
tiable at a € U and g is differentiable at f(a) € V. Then h is
differentiable at a € U and D(h), = D(G) ¢0)D(f)a-

Let Ry (x, a) = £/ =0(/(@)-D(G) (o) Dlfa(x-2)

|[x—all

Let y = f(x),b = f(a)

—g(b)—D(G —b
Ry(y,b) = £)=9(b)-DiGhu(y-b)

where limyx_aR4(y,b) =0

Ry (x,a) = L0I=1(@)-D(f)s(xc—a)

l[x—al]
y=b=/f(x) - f(a) = D(f)a(x — a) + |[x — a||R;(x, a)

x))— a))—D(G)p[D o(x—a)+||x—al|Rs(x,a
Ry(y,b) = g(f(x))—g(f(a))—D( )t‘:‘[y_({))”( )+ 1Ry (x,a)]

where limx_aR¢(x,a) =0

lly—=bl[Ry(y;b) _ 9(f(x)=9(f(2))=D(G)pD(f)a(x=2)—D(G)p||x—a|[R;(x,a)

l[x—all [[x—all

lly—bl[Ry(y,b)+D(G)pl[x—al|Rf(x2) _ g(f(x))—g(f(a))=D(G)pD(f)a(x—2a)

|[x—all |[x—al|

—b||Ry(y,b)+D(G x—al|Rs(x,
Ra(x, ) = Ly=bls(y L D(Gpulbx—al ity (o

Ry (x,a) = IIf(X)—f(a)Ilfg(y,b) + D(Q)pRs(x, a)

[[x—a]

Rp(x,a) = ID(f)a(x—a)+|[x—a||Rf (x,a)|| Ry (y,b) + D(Q)pRs(x,a)

|[x—all

Cor 2.4: If f,g € C" on U,V respectively, then h =go f € C".
Proof by induction:
r = 1: Suppose f,g € C! on U,V respectively.

Then % exists and is continuous on U

Then % exists and is continuous on V.
K3

By Thm 1.3, f, g are differentiable on U, V' respectively.

Hence by Thm 1.1, f is continuous. By Thm 2.3 h = go f is
differentiable.

Thus by Thm 1.1, % exist.

By Thm 2.3 it’s Jacobian is D(h), = D(g) f(z)D(f)z-

Since gj:? are continuous on U for all 4,75, each entry of
J
D(f). = (gj:?) is continuous
J
Since % are continuous on V for all 7,5 and f is continuous,

J

each entry of D(g) () = (gij-

f(z)) is continuous.

Since the sums and products of continuous functions are contin-
uous, each entry of D(h)q = D(G)f(a)D(f)q is continuous.



