Introduction to Ordinary Differential Equations: Homework 1

Determine if the following functions are 1:1. Prove it.

1.

10.

R R, f(z)=€"|fis 1:1.

f:RSR, f(zx)=2% f is not 1:1.

Notice that f(—1) = 1= f(1) but -1 # 1.
fi]0,00) 5 R, f(z) = 2% | f is 1:1.

Indeed, suppose that f(z:) = f(x:). Then (z1)? = (22)2. Since 1,2z, > 0, when
we square root both sides, we obtain only the positive answers. In other words,
++4/(21)? = +2z; and ++/(23)2 = +x5. Thus, we conclude that z; = z».

. f110,00) = [0,00), f(z) = 2 [ f is 1L ]

The proof is the same as the previous problem.

F:RoR, flzy=2*|fis L:1.

Indeed, suppose that f(z;) = f(z2). Then (z1)® = (z3)®. After taking the cube
root of both sides, we conclude that z; = z,.

F:RR, f(z) =2|f is not 1:1.

Notice that f(—1) = 2= f(1) but —1 # 1.
F:R—R, f(z)=8z+2[fis L.

Suppose that f(z1) = f(z2). Then 8z, + 2 = 8z, + 2. After subtracting 2 from
both sides, we have 8x; = 8z,. Finally, after dividing both sides by 8, we have that
T1 = Za.

F:R=R, f(z) =2%+ 3z | f is not 1:1.

Notice that f(—3) = 0= £(0), but —3 #0.

Suppose that f(z1) = f(z;). Then et = ¢*2, Taking the natural log of both sides, we
conclude that 2, = .

fR—=R, f(z) =2+ 2%|f is not 1:1.

Notice that f(—1) = 2 = f(1), but —1 # 1.
FiR >R, f(z)=sinz|f is not L:1.

Notice that f(0) =0 = f(n), but 0 # 7.



Determine if the following functions are onto. If a function is not onto, prove it.

1.

10.

. f:R—=R, f(z) =e”| f is not onto.

f:R—=R, f(z) = z?| f is not onto.

Notice that —1 € R, but there does not exist an z € R such that f(z) = z* = —1.
(The imaginary number i would be a solution, but i ¢ R).

f:[0,00) = R, f(z) = 2? | f is not onto.

The same counterexample as the previous problem applies.

f:[0,00) — [0,00), f(z) = z? | f is onto.

f:R=R, f(z) =2%|f is onto.

f:R—>R, f(x) = 2| f is not onto.

Notice that —1 € R, but there does not exist an z € R such that f(z) =2 = —1.

f:R—R,f(z)=8zr+2|f is onto.

f:R—=R, f(z) = 22 + 3z | f is not onto.

Notice that —3 € R, but there does not exist an = € R such that f(z) = z*+ 3z = —3.
Indeed, suppose that £? + 3z = —3. Then z2 + 3z + 3 = 0. If we apply the quadratic
formula, we obtain z = (-3 ++/-3) ¢ R.

Notice that 0 € R, but there does not exist an z € R such that f(z) = " = 0.
Indeed, if e* = 0, then z = In(0), which is undefined.

f:R—)R,f(x)=x4+x2|fisnotonto.]

Notice that —1 € R, but there does not exist an = € R such that f(z) = z*+2? = —1.
Indeed, suppose that z* + 22 = —1. Then z* + 22 + 1 = 0. If we apply the quadratic
formula, we obtain z? = (—~1+ +/=3) ¢ R.

F:R—>R, f(z) =sinz | f is not onto.

Notice that —2 € R, but there does not exist an = € R such that f(z) =sinz = —2.
Indeed, —1 <sing <1for all x € R.



Determine if the following functions are invertible. If & function is nt invertible, state why
and determine if you can create an invertible function by changing the co-domain.

1.

10.

. F1]0,00) = R, f(z) = 22 | f is not invertible.

. fiR =R, f(z) = 2* + z* | f is not invertible.

F:R =R, f(z) = z*| f is not invertible.

f cannot be made invertible by changing the co-domain because its domain forces
it to not be 1:1.

f can be made invertible by changing the co-domain to [0, c0).

f:[0,00) = [0,00), f(z) = z? | f is invertible.

f:R—=R, f(x) = 23| f is invertible.

f:R—=R, f(z) =2|f is not invertible.

J cannot be made invertible by changing the co-domain since it’s a constant func-
tion and will never be 1:1.

f:R—=R, f(z) =82+ 2| f is invertible.

[ R =R, f(r) = 2% + 3z | f is not invertible.

f cannot be made invertible by changing the co-domain since its domain forces it
to not be 1:1.

J:R—=R, f(x) = €* | f is not invertible.

f can be made invertible by changing the co-domain to (0,00).

f connot be made invertible by changing the co-domain since its domain forces it
to not be 1:1.

f :R—=R, f(z) =sinz | f is not invertible.

f cannot be made invertible by changing the co-domain since it is 2n-periodic and
will never be 1:1 if its domain is R.






