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Differential Equations - Notes

Euler Equations

In this section we want to look for solutions to
ax®y" +bxy' +¢y =0 63
around x, =€, These type of differential equations are calied Euler Equations.

Recall from the previous section that a point is an ordinary point if the quotients,

bx b c
—_—=— and —
ax’  ax ax
have Taylor series around x, =0. However, because of the x in the denominator neither of these will have a Taylor series
around x, =0 and so ¥, =0 is a singular point. So, the method from the previous section won’t work since it required an

ordinary point,

However, it is possible to get solutions to this differential equation that aren’t series solutions. Let’s start off by assuming that
x>0 (the reason for this will be apparent after we work the first example) and that all solutions are of the form,

yx)=x @)

Now plug this into the differential equation to get,
ax*(r)(r-1)x"?+ bx(r)x ™ +ex’ =0
ar(r-1)x"+5(r)x +cx" =0
(ar (r-1)+d (r)+c)x’ =0

Now, we assumed that x>0 and so this will only be zero if,

ar(r-1)+5(r)+c=0 (3)
So solutions will be of the form (2) provided 7 is a solution to (3). This equation is a quadratic in » and so we will have three
cases to look at : Real, Distinct Roots, Double Roots, and Complex Roots.

Real, Distinct Roots
There really isn’t a whole lot to do in this case. We’ll get two solutions that will form a fundamental set of solutions (we’ll
leave it to you to check this) and so our general solution will be,

y(x)=gx" +e,xt

Example I Solve the following IVP
2x*y" +3xy -15y =0, y{)=0 y()=1 +J M )( ={>0
T imT

Solution <o Can a(m,a [ f

We first need to find the roots to (3).
2r(r—-1)+3r-15=0

2F +r-15=(2r-5)(r+3)=0 = f=z.n=-3

The general solution is then,
y(x)= c!.x; +6,x7°

To find the constants we differentiate and plug in the initial conditions as we did back in the second order differential
equations chapter, < O

?_x"yé’{—iz\y l;z,, ,[ ) =
—1y=
S, K

12:29 PM
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N |
1:3/(1):%;1_3.:2 = R TEACT
The actual solution is then, |

v U T EYERS
VIik|=m=Xt——x"~
i) 11 11 -

With the solution to this example we can now see why we required x>0. The second term would have division by zero if we
allowed x=0 and the first term would give us square roots of negative numbers if we allowed x<0.

Double Roots
This case will lead to the same problem that we’ve had every other time we’ve run into double roots (or double eigenvalues).
We only get a single solution and will need a second solution. In this case it can be shown that the second solution will be,
n(x)=x"Inx
and so the general solution in this case is,
y(x)=cx" +e¥ Inx=x" (g +c,Inx)

We can again see a reason for requiring x>0. If we didn’t we’d have all sorts of problems with that logarithm.

Example 2 Find the general solution to the following differential equation.

' Ty +16y=0
Solution RO X * O 0,77[(’)Qf‘y P\‘é{

First the roots of (3).
r(r-1)-7r+16=0

F—8r+16=0
(r-4°=0 = r=4

So the general solution is then,

x)=ex'+ox l“lrl

L

Complex Roots
In this case we'll be assuming that our roots are of the form,
Ho=Atpui
If we take the first root we’ll get the following solution.
Ak g
x

This is a problem since we don’t want complex solutions, we only want real solutions. We can eliminate this by recalling that,

x =elnx" . erln:c

Plugging the root into this gives,

At gei (It"'ﬂi)ll‘l.‘

X =€

- e).]nxemhx
=¥ (cos(;zlnx) +isin (uln x))

= x" cos( #In x) +ic* sin (uIn x)

Note that we had to use Euler formula as well to get to the final step. Now, as we’ve done every other time we’ve seen
solutions like this we can take the real part and the imaginary part and use those for our twe solutions.

20of4 3/23/2016 12:29 PM
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So, in the case of complex roots the general solution will be,
y{x)=cx* cos(ulnx) +e,x' sin{pln x) = x* (¢, cos{ aeln x) e, sin (u1nx))

Once again we can see why we needed to require x>0.

| Example 3 Find the solution to the following differential equation,
¥y +3g +4y =0
Solution
Get the roots to (3) first as always.
r(r=1)+3r+4=0
rP+2r+4=0 = na=-12+/3i
The general solution is then,

(5) =5 \mﬁ%.@i’/ il

We should now talk about how to deal with x<0 since that is a possibility on occasion, To deal with this we need to use the
variable transformation,

n=-x

In this case since x<( we will get #>0. Now, define,
u(n)=y(x)=y(-n)

Then using the chain rule we can see that,

w(m)=-y'(x) and  w'(n)=y"(x)

With this transformation the differential equation becomes,
a(-n) u"+ b(-n)(~u)+cu=0
anu’ +bmu’+cu=0

In other words, since #>0 we can use the work above to get solutions to this differential equation. We’ll also go back to x’s by
using the variable transformation in reverse.
n=-x

Let’s just take the real, distinct case first to see what happens.
u(n)=cof +car”

¥(¥)= a(-x)" +ey(-x)*

Now, we could do this for the rest of the cases if we wanted to, but before doing that let’s notice that if we recall the definition
of absolute value,

x ifxz20
l=5_, .
-x ifx<0
we can combine both of our solutions to this case into one and write the solution as,
y(x)=c |x[' +e,[x", x#0

Note that we still need to avoid x=0 since we could still get division by zero. However this is now a solution for any interval
that doesn’t contain x=0.

We can do likewise for the other two cases and the following solutions for any interval not containing x=0,.

3/23/2016 12:29 PM
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y(x)=c x| +c;|x Infx|
y(x)=cfxl" cos(utnl]) +, |’ sin(uln|<)

We can make one more generalization before working one more example. A more general form of an Euler Equation is,
a(x- xu)2 Y +b(x-x)y +ep=0

and we can ask for solutions in any interval not containing x =x,. The work for generating the solutions in this case is

identical to all the above work and so isn’t shown here.

The solutions in this general case for any interval not containing x=aq are,
y(x)=cfx~d|" +¢,|x~a]*
y(x)=[x~d| (¢, +c, n]x -a])
y(x)=[x wal’1 (c1 cos( ulnfx —af)+¢, sinln e~ al))

Where the roots are solutions to
ar(r-1)+b(r)+c=0

Example 4 Find the solution to the following differential equation on any interval not containing x=-6.
3(x+6) y'+25(x+6)y —16y =0
Solution
So we get the roots from the identical quadratic in this case.
3r(r-1)+25r-16=0

¥ +22r-16=0
(3r-2)(r+8)=0 = ==, r=-8

The general solution is then,

y(x)=¢ |x—a]-* +r:2|3c—¢71r|'8

Differential Equations (Notes) / Series Solutions to DE's / Euler Equations [Notes]
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Ch.

3 /Y

Differential Equations

Solution

¥ 12y +1045 +408y" +1156y =0

The characteristic equation is,
r’ +12r* +104r° + 4087 +1156r =7 (12 +6r +34)' =0

So, we have one real root » =0 and a pair of complex roots 7 =—3+57 each with multiplicity 2. So,

the solution for the real root is easy and for the complex roots we’ll get a total of 4 solutions, 2 will be the
normal solutions and two will be the normal solution each multiplied by t.

The general solution is,
Y(1)=¢ +c,e7 cos(5t)+cie™ sin(5t) +c, re™ cos(5t) +c; e sin(5¢)

Let’s now work an example that contains all three of the basic cases just to say that we that we’ve got one
work here. jmea.(/\ A, bMog

(

q

Example 4 Solve the followingdifferential equation. GuvesS 2 ?\ e =
#9 =15y +84)0) ~220)"+275y 125y =0

Solution ¥ d 7;_( 4 /y/‘* 7€

The characteristic eqaation iz' r T

— =, = ¥ =

r* =15 +84r° —220r% +275r —125 = (r —1)(r = 5)’ (r* ~ 4r +5) = OW |
-

In thif case we’ve gaf one real distinct root, » =1, and-double root, » = 57Jand a pair of complex roots,

r =2+ that only occur once. / TV P
The general solution is then,

y ( 8§ =%
T e oty g ent) )t <5,
T N _— P TTts)=Y,

We’ve got one final example to work here that on the surface at least seems almost too e i
problem here will be finding the roots as well see. ( '62)) = y 3
Example 5 Solve the following differential equation, \ vy [%):_g

M +16y=0 J
Solution
The characteristic equation is

r*+16=0

So, a really simple characteristic equation. However, in order to find the roots we need to compute the
fourth root of -16 and that is something that most people haven’t done at this point in their mathematical
career. We’ll just give the formula here for finding them, but if you’re interested in seeing a little more
about this you might want to check out the Powers and Roots section of my Complex Numbers Primer.

The 4 (and yes there are 4!) 4™ roots of -16 can be found by evaluating the following,
416 = (~16)* = 416eT#) = 2(cos (3 +2£) +isin(§+2£)) k=0,1,2,3

© 2007 Paul Dawkins . 5
Pm//{f online nm(eg/




Differential Equations

Note that each value of & will give a distinct 4® root of -16. Also, note that for the 4™ root (and ONLY the
4™ root) of any negative number all we need to do is replace the 16 in the above formula with the absolute
value of the number in question and this formula will work for those as well.

Here are the 4% roots of -16.
=0: 2(cos %)+isin(%))=2( +%z)=«/—+1\/—
))=2(-F+%i)=—2+i2

k (

k=1: 2(cos( (

k=2: 2(005(57”)+isin(57")=2(—%—f1 =2-i2
k=3 2(cos(%) visin(F) =2( 1) =212

M

So, we have two sets of complex roots ; r = \/5 + i\/i and » = —\5 + i\/i. The general solution is,

y(f)=ce™ cos (JE t) +c,e" sin (\E t) +c,e™ cos (\/5 t) +c,e sin(\/f t)

So, we’ve worked a handful of examples here of higher order differential equations that should give you a
feel for how these work in most cases.

There are of course a great many different kinds of combinations of the basic cases than what we did here
and of course we didn’t work any case involving 6” order or higher, but once you’ve got an idea on how
these work it’s pretty easy to see that they all work pretty in pretty much the same manner. The biggest
problem with the higher order differential equations is that the work in solving the characteristic
polynomial and the system for the coefficients on the solution can be quite involved.
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