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Solve: ¢ +y =0, y(0) = ~1, ¥/{0) = -3 d @,

7* 4+ 1 = 0implies % = 1, Thus r = =i. n 7»

Since 7 = 0+ 14,y = kicos(t) + k:gsz'n(i‘f)T Then y' = —k;sin(t) + kacos(t)
y(0) = —1: —1 = k;cos(0) + kysin(0) implies —1 = &

Y'(0) = =3: =3 = —kysin{0) + kocos(0) implies —3 = kq

Thus IVP solution: y = —cos(t) — 3sin(t)

When does the following IVP have a unique solution:

IVP: ay” + by’ 4+ cy = 0, y{ta) = yo, ¥'(to) = 1.

Suppose ¥ = c1¢1(¢) + coba(t) is a solution to ay” + by’ + cy = 0. Then ¢ = c191(t) + cogh(2)
y(to) = yo: Yo = c11{to) + cadha(to)

¥'(to) = y1: 11 = ex¢ (Lo) + cagph (o)

To find IVP solution, need to solve above system of two equations for the unknowns ¢; and c,.

Note the IVP has a unique solution if and only if the above system of two equations has a unique solution
for ¢, and c,.

Note that in these equations ¢; and ¢; are the unknowns and yg, ¢ (to), dalto), y1, ¢ (t), dh(te) are the
constants. We can translate this linear system of equations into matrix form:

c181(to) + cagpa(to) = yo ¢1(to) ¢2(t0)] [Cl} _ [?JOJ
c1¢1(to) + c29(to) = 1 ¢1(to) 3 (to) Y

bilt) dalte)] _ (&1 o) .
¢’ (to) ¢'2(t0):|_ A G165 — iz # 0

Definition: The Wronskian of two differential functions, ¢, and ¢s is

implies

Note this equation has a unique solution if and only if det [

W (b1, ) = iy — dbn = ]f;i & ¢
Examples: é 4 Nia!
. D-.(. t
1.) Wronskian of cos(t), sin(t) = ‘ cos(t) zmin(t) ‘ = cos*(t) + sin*(t) = 1 > 0. PD

—sin{t) >tos{t)

2.) Wronskian of e®cos(nt}, |e¥sin{nt) = ‘ de%cost (:1 t\c O_SS?:) tsin(nt) e L@\Qde’ ”“é

de*sin{nt) + ne%cos(nt) |
= e%cos(nt)[de*sin(nt) + necos(nt)] — e%sin(nt)[decos(nt) — ne sin{nt)|
= e*®(cos(nt)[dsin{nt) + ncos(nt)] — sin(nt)[dcos(nt) — nsin{nt)])
= ¢**(dcos(nt)sin(nt) + ncos*(nt)] — dsin{nt)cos(nt) + nsin?(nt)))

= e?*(ncos’(nt) + nsin?(nt)) = ne*®(cos?(nt) + sin(nt)) = ne?® > 0 for all .
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