22M:100 (MATH:3600:0001) Final Exam
May 15, 2013 SHOW ALL STEPS

[13] 1.) Solve: ty’ + 6t*y —t* =0, y(1) =3

y + 6ty =t, [6tdt = 3t?

Sy 4 6t =te3 implies  [¢*y) = te®  implies  [[e*y]'dt = [t dt
implies e’y = €~ e (via u- substltutlon) Thus y = ¢ + Ce3t*

y(1)=3: 3= % + Ce™3 implies C =

942
17 ,—3t243

Answer: y = % + %

[13] 2.) Solve: (223y? — 3x)dx + (zty —y Hdy =0

Note: aa (223y? — 3z) = 4o’y = L (z*y — y~'). Thus equation is exact.

Let v, = 223y? — 3z. Then ¢ = M +h(y) and o, =2ty + W' (y) =2y —y!
[W(y)dy = [ —y~'dy = —In|y| and M —Inly| =

4,2 o 2
Answer: %

—Inly| =

[14] 3.) Use the infinite series solution method (ch 5) about the point zy = 0 to solve the differential
equation, (z + 1)y’ — 2y = 0.

Suppose y = > 7 ja,xz™. Then v/ =37 najaz™!

(z+1)> 07 naga"t =23 a,z" =0.

S (@ + Dnaye™t =237 Ja,a™ = 0.

> o napx™ Y7 na,x™t =237 Jaza™ = 0.

Yoo nage" + > 00 (n+ Dagpax™ —2Y 07 ax™ = 0.

oo i napx™ + > 7 (4 Dagpa™ — 2 07 apa™ 4+ a; — 2a9 = 0.
> [na, + (n+ Dapy1 — 2a,)2™ + a; — 2a9 = 0.

hence a; — 2ag = 0 and na,, + (n + 1)a,4+1 — 2a, =0 for all n > 1

hence a; = 2ag and a,; = (2 ")a” for alln > 1

Thus ay = (2_21)“1 =49 = 2‘210 = ag. And a3 = (22?1 = 0. Thus a4 = (23?1 =0. Thus a,, =0 Vn > 3.

Thus y = agx? + 2apx + ag
Check: 3/ = 2a9x + 2ag
(x + 1)(2a0r + 2ag) — 2(agx® + 2apz + ag). = 2(agx® + agx + agx + ag — agx* — 2a9x — agy) = 0.

Answer:  y = agr? + 2a07 + ag




[20] 4.) Solve: y" — 3y — 4y = 8t, y(0) =5, ¥'(0) =3
r?—3r—4=0. (r—4)(r+1)=0. Thus r = 4, —1.
general homogeneous solution: y = c;e* + cpe™

Let y = At + B. Then ¢y = A and y”" =0

—3A—4(At+ B) =8t

A=-2,6—-4B=0. Thus B =3

Thus v = =2t + % is a non-homogeneous solution.

General solution to non-homogeneous DE: 3y = c;e + coe™" — 2t + %
y = 4ciett — coemt — 2

d=c+c+ %

3=4c; —ca—2

Thus ¢; = % and ¢y = %

Answer: y=q1te' +2et — 20+ 3

20] 5.) Suppose % = (z —3)(y +2) and ¥ = 27 —y.

(a.) State all critical points of this system of differential equations (3, 6), (-1, -2)

(x —3)(y +2) =0 implies x =3 or y = —2.
2x —y = 0 implies if x = 3, then y = 6 and if y = —2, then z = —1.

(b.) State two solutions to this system of differential equations.

()= ()= (5)= ()

(c.) For the critical point with negative x coordinate, find the corresponding linear system.

(y T2 e 3). For (z,y) = (—1,—2), the Jacobian matrix is (O _4) .

2 -1 2 —1
; 0 —4 . o . .
Thus x' = g _p)X1s the corresponding linear system where the critical point (-1, -2) has been

translated to the origin.

(d.) Based on the linear translated approximation found in part b, what conclusions regarding
stability can you draw about the nonlinear system near the critical point with negative x coordinate?

(=N)(=1=X)+8=(A+X?)+8=A+)X+8=0. Thus the Jacobian matrix at (z,y) = (-1, —2)

—1++/1-32
2

has two complex eigenvalues \ = that are neither real nor imaginary where the real part

is negative.

Hence the (-1, -2) is an asymtotically stable spiral source.



