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Existence and Uniqueness
1st order LINEAR differential equation:

Thm 2.4.1: pr) (a,0) — R andg3 (a,b) — R are
continuous and a < tg < b, then there exists a unique
function y = ¢(t), ¢ : {(a,b) — R that satisfies the
initial value problem
y' + p(t)y = g(t),
y(to) = yo

2nd order LINEAR differential equation:

Thm 3.2.1: ¥p D(a,b) —» Ryq ) (a,b) — R, and
g J(a,b) — R are continuous and a < ty < b, then
there exists a unique function y = ¢(t), ¢ : (a,b) — R
that satisfies the initial value problem
y" +pt)y + q(t)y = g(t),
y(to) = yo,

Y (to) = Yo 4

Thm 3.2.2: If ¢1 and ¢2 are two solutions to a homo-
geneous linear differential equation, the c;¢; + caodo
is also a solution to this linear differential equation.
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Solve: " +y =0, y(0) = —1, ¥'(0) = -3
r* +1 = 0 implies > = —1. Thus r = %i.
RECOMMENDED Method:

o .
Since r = 0 £ 1¢,Jy = kicos(t) +£s7;/n(jl_l_

Then y' = —kysin(t) + kqcos(t)

y(0) == —1: —1 = kyc08(0) + k2sin{0) implies -1 = &y
¥'(0) = —=3: =3 = —ki5in(0) + kacos(0) implies —3 = k»

e

Thus IVP solution] y = —cos(t) — 3sin(t) ?

LN,OT RECOMMENDED/work with y = ¢16 + ce ™"
Y =icet — icee™™

y(0)=-1: -1 = 1% + cqe® implies —l=ci+c. "

y'(0) = =8: =3 =ic;e® — icye” implies —3 = ic; — dcp.
—1i = ey + ey, &

—3 = ic; — ica.

21'(11 = —3 —1 1mphes C,ﬂ __E == =

4—24&62):{/‘3)(,1’11131168 5— ; — ::_ﬁ____
Euler's formula / = cos(z) + m

r E_ (3“" )e“ + (F3L)em = (85 [cos(t) + isin(t)] + (5 )[cos(—t) + isin(—t)]

= (&4 1)[cos(t) + zsm( )]+ (F8LY cos(t) — isin(2)]

Mﬁ $)isin(t) + (5 )cos(t) + (Shysti(t) + (52 os(t)—(‘Tﬁ)isin(t)—l—(%l)cos(t)—ﬁ)ieiﬂt)

= (¥)isin(t) + (_—)cos(t) + (B)isin(t) + (5 )cos(t)

2
= —{3)sin(t) ~ (3)cos(t) — (2)sin(t) — (3)cos(t)
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3.3: Linear Independence and the Wronskian

Defn: f and g are linearly dependent if there ex-
ists constants cj,cg such that ¢; # 0 or co # 0 and
c1 f(t) + cg(t) =0 for all ¢ € (a,b)

Thm 3.3.1: If f: (a,b) — R and g(a,b) — R are dif-
ferentiable functions on (a, b) and if W(f, g)(to) # 0
for some tg € (a,b), then f and g are linearly in-
dependent on (a,b). Moreover, if f and g are lin-
early dependent on (a,b), then W(f, g)(f) = 0 for all
t € (a,b)

If ¢ f(t)+cog(t) = O for all ¢, then ¢y f/(t)+cag’(t) =0

Solve the following linear system of equations for ¢y, coli

e1f (t0) + cag(to) =y
c1 f'(to) + cag’(to) =TF

flto) g(to) 1 2[@}
f(to) g'(to) || c2 B
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