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Abel’s theorem: if ¢; are homogeneous solutions to an
nth order linear DE,

Y™ 4 p1(8)y =Y + 4 po1 (DY + pa(t)y =0

then W (g1, @2, ..., 0n)(t) = ce_fpl(t)dt for some con-
stant c



Ex: Find the Wronskian of/a’fundamental set of solutions of
the DE

y" + 5y =0
Method 1: Find homogeneous solution
r? + 5r = 0 implies r = 0, —5

5t

homog sol'n y = c1€®® + coe ™" = ¢1(1) + cae ™" = ¢1 + coe™™!

A fundamental set of solutions: {1, e_5t}

—5t
Wronskian = W (1, e~ °%)(t) = det ((1) _656_&) — _5e—5t



Method 2: Abel’s theorem: Wronskian = ce f p1(t)dt

y" 4 5y’ = 0 implies p1(t) = 5.

Thus Wronskian = W (1,e °%)(t) = ce” J sdt _ ce—5t



Method 2: Abel’s theorem: Wronskian = ce f p1(t)dt

y" + 5y = 0 implies p1(t) = 5.

Thus Wronskian = W (1,e °%)(t) = ce” J sdt _ ce—5t

A fundamental set of Solution@

—5t
Wronskian = W (1, e °)(t) = det —=

B 0 —be

O



Method 2: Abel’s theorem: Wronskian

7
y" + 5y = 0 implies p1(t) = 5.

Thus Wronskian = W (1,e °%)(t) = ce” J Bt ce— 5t
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Defn: A set V together with two operations, called addition
and scalar multiplication is a vector space if the following
vector space axioms are satisfied for all vectors u,v, and w

in V and all scalars, ¢,d in R. e fom o\j

Vector space axioms:

a.) u+visinV

) (cd)u = ¢(du)
=

h.) (73/4—@: cu + du

i.) c(u+v)=cu+cv

cuisin V

d) (u+v)+w=u+(v+w) j.) lu=u

e.

b.)
c.)u+v=v+

)

)

There is a vector, denoted by 0, in V' such that
u—I—O—uforallumV

f.) For each u in V, there is an element, denoted by
—u, in V such that u+ (—u) =0



Linear Algebra Rai@: Eigenvalues and Eigenvectors %ﬁv

Defn: A is an eigenvalue of the linear transformation
T :V — V if there exists a nonzero vector x in V' such
that T'(x) = Ax. The vector x is said to be an eigenvector

G

corresponding to the eigenvalue A —~
et Av=v \
Example: Let T'(x) = X = ) is a1 e, vhag
5 0 AN
: i WNooe, veatfo\
1 [-1 1 1
Note . == .-i .
e Ny
. . —11 . .
Thus -1 is an eigenvalue of A and - | 1sa corresponding
— 5],

eigenvector of A.
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Thus 5 1s an eigenvalue of A and
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MOTIVATION: F %J l
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Finding eigenvalues:
——— -

Suppose AX = Ax (Note A is a SQUARE matrix).

il

Then AX\_A"; X where [ is the identity matrix. foom o5

Thus AIx — Ax = (Al — A)x = 02— 5}/{,70&% sy SE=n_

Thus if Ax = Ax for a nonzero x, then (M — A)x = 0 has a,pT

nonzero solution.

e A

Note that the elgenvectors corresponding to A are the nonzero

solutions of (Al — A)x =
L ] co ﬁ%\“fé

78 | § an, 6(/%/&4{ —1




Thus to find the eigenvalues of A and their corresponding
elgenvectors:

Step 1: Find eigenvalues: Solve the equation

det(\[ — A)=0for . or [A-2T[= O

—

oStep 2: For each eigenvalue A, find its corresponding eigen-
vectors by solving the homogeneous system of equations

(A@A)XzOforx. [A-71T [of

Detn: det(Al — A) = 0 is the characteristic equation of A.
S LA -2T) = O

Thm 3: TheGigenvalues)of an upper triangular or lower tri-
angular matri< (including diagonal matrices) are identical to

diagonap entries.




Deftn: T eigens@ corresponding to an eigenvalue A\g of

a matrix A is the set of all solutions of (Aol — A)x = 0.
(S h u//S/Q < €

Note: An eigenspace is a vector space

The vector 0 is always in the eigenspace. /4ol
— 4 A _

The Vector' never hn eigefivector A el A2

T » P4
: /
ﬁLTfl’le number@®be all elgen /N/ ol " ya/’%/!é

Thm: A square matrix is invertible if and only if A = 0 is not
an eigenvalue of A.







Example: Let T'(x) = [4 1] x.

5 0
SLeW 2 ] f:/m&( a N €, Veﬁzfij_\
@u\ ZACA € d |
Since ovr & Spice 1S ] -Avseng,
] A-2T = [V—(—O I
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—
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Example: Let T'(x) = [4

Can solve [5 quz j

(4 -2I1) X



Example: Let T'(x) = [é (1)] X.
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Suppose an object moves in the 2D plane (the z1, 22 plane) so that it
is at the point (z1(t),x2(t)) at time t. Suppose the object’s velocity is

given by /\/7/
(1) S mp> s
r5(t) = by — 47)(/
/ — 3

Write in matrix form: %)
></(%>7 B [ X,
X, (4 =
[ ‘ mﬁ ¥, (9 S O Yy

e Ve oy, per Wed o lis




Homogeneous vs non-homogeneous system of linear DE:

_/

DM 6 76/) e sUS

—————




7.1: Transforming cly nt" order linear DE, into a system of rder linear DEs.




7.1: Transforming an nt" order linear DE into a system of n first order linear DEs.
L — 2un Knaswn S w/ n vakaow

Ex: ¥)- 5y + 6y = 0, FO)=1, y'(0)=2
g/):’ég +50’1/
L

Lc%? = X/ 7</
////J/;’T, XZ— 7 /
j” :JL, — — é%,*/—S)(L )(/O) :[ZJ




7.1: Transforming an nt" order linear DE into a system of n first order linear DEs.

L hon Aaméj
Ex: y' -5y + 6y = sin(t) “TN\

j$ X




7.1: Transforming an nt" order linear DE into a system of n first order linear DEs.

Ex: y'""" - 5y" + 6y = sin(t) ‘—_—_/5 ; i - ‘60/7 4+ 57 "), /14)

0o
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